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AN INTRODUCTION TO BOOLEAN SEMIRINGS 


T. K. MUKHERJEE, M.K. SEN and S. GHOSH 


ABSTRACT. A commutative semiring R is called a boolean semiring if x? = x for all xe FL In this 
paper we study some properties of boolean semirings and characterize some special classes of 
boolean semirings. 
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1. INTRODUCTION 


In this paper by a semiring we mean an algebraic structure (R, + ,.) in which (R.+) is an 
abelian monoid witn an identity O (zero) and (R,.) is a semigroup, connected by the rng-like 
distributivity. Also Ox = Ox = 0 for all x e R. If moreover ab = ba for all a, b e R, then R is called 
commutative. 


~ 


A subsemiring ! of R is called an ideal of R if IR, RI ¢ |. An ideal I of R is called a k-deal 
4l ifx+y=z, y, ze 1, xe R implies xe |. 


A commutative semiring R is called a boolean semiring if x? = x for all x e R. Distibutive 
lattices with additive identity, boolean rings and any direct product of a distributive lattice witk additive 
identity and a boolean ring are common examples of boolean semirings. 


in this paper we study some properties of boolean semirings and characterize some special 
classes of boolean semirings. l 


Throughout the rest of the paper we consider R as a boolean semiring. 


2. IDEALS 2R AND 3R OF R 
Proposition 2.1. 2x = 4x for all x e R. 


Proof. Let x €e R. Then 2x = (x + x )? = 4x? = 4x. 


Definition 2.2 Let 2R = { 2x: xe R} 
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Proposition 2. 3. “(i). aR. ‘is: the set-of. all additive idempotents. of ree ee a ae { 
(ii) 2R ‘is an ideal of R: - UAE T ta ee E. 


Proof. (i) Follows from Proposition 2.1. 
(ii) Straightforward. 


Boume [1} defined a congruence relation p, (say) on a semiring S relative to an ideal | of S 
as {a, b) « p, iff a+ i, =b + i, for some i, i, e 1. We denote the quotient semiring S/p, by! 


_SA. Op, the equivalence class containing 0, is the smallest k-idea! of S, containing | and is denoted; 7 


by I, which equals to {x e S: x +i, = i, for some i, i, e I}. Also SA = Sil [4]. 
Proposition 2.4. R/2R is a boolean ring. | 


Proof. Follows from the fact that, for any x e R, xp, + XP on = 2xp,,= Op,, and OP». is. the! 
zero of the quotient semiring R/2R. 


For any semiring S, Z2(S) = {xe S:x+ z= z for some ze S i is called the zeroid of S [2]. 


ka 


“Proposition 2.5. 2R is the zeroid of R. 


resend ii 


Proof. Let x e Z(R). Then x + z = z for some z e R. Thus x + 2z=2z, which implies x € 2R. 


Conversely, let x € 2R. Then x + 2y = 22 for some y, z e R. Adding 2y + 2z to both sides 
we getx+2(y+2)=2(y+z). Thus x e Z (AR). 


Definition 2.6. Let p be a binary relation on R defined by ( x, y ) e p iff 2x = 2y, for each 
x ye R. l l . l l 


it is easy to verify that p is a congruence on R. . 
Proposition 2.7. p is the greatest additive idempotent separating congruence on R. 


Proof. Clearly p separates the additive idempotents of R. Let o be any additive idempotent 
separating congruence on R and (a, b) e o, a, b e R. Now | 


2a = (a +a)o (b + a) (b + Db) = 2b. l | 

Since 2a and 2b are additive idempotents, we have 2a = 2b wliich implies (a, b) € p. Hence | 
T 4 | 

Homomorphisms of semirings are defined in a natural way. A bijective homomorphism e. 
called an isomorphism. te 

Proposition 2.8. R/p.= 2R. | 


Proof. Simple verification shows that the mapping f : R/p > 2R, defined by f (xp) = 2x-is an 
isomorphism on R/p onto 2R, as required. 


Definition 2.9. Let lL, = {ae R:a+ax=a forallxe R} andB,={ae R:a+b- 


ae 
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= 0 for some b e A}. 
| i or 
La and B, are non-empty as they both contain 0. The following two propositions are obvious. 
Proposition 2.10. (i) L, c 2R. | 
(ii) L, is an ideal of R. 
(iii) L, is a distributive lattice. 


Proposition 2.11. (i) B, = {ae R:2a.= 0}. 
(ii) B, is a k-ideal of R. 
(iii) B, is the maximal boolean subring of R containing 0.. 


Let i, and |, be two ideals of a semiring S such that 1, ^ 1, = { 0}. Then | = 1; + l; is called the 
intemal direct sum of I, and I, if for each i e I, the representation i = i, + i, i, € |,, k= 1, 2 iS unique 
and is denoted by |, @ I, [2]. 


Proposition 2.12. (i) 2R ^ B, = { 0 } = (2R) By 
(i) 2R + B, = 2R @ B, 


Proof. (i) Lut x e 2R ^ B, . Then x + e = f, where e, f e 2R. Thus x + xe = xX? + xe = xf. 
Now xe =x(e+e)=(x+x)e= 0, as xe B,. Similarly, xf = 0 and so x = 0. 


The second part follows from the fact that (2R) B, & 2R n B, 


(ii) Let xe 2R + B, and so x = a, + b, = a, + b, for some a,, a,€ 2R and b, 3, € Bp 
This gives a, + a,b, = a,a, + a,b, which implies a, = a,a, by (i). Similarly, a, = a,a,. Thus a, = a, 


-Again a, = a, +b, + bi=a, +b, +b, Then b, +b, e 2R (VBa A O By Hence t= b,. 


Corollary 2.13. L, + B, = L, ® Bp- 
Definition 2.14. Let 3R = { 3x: xe R}. 
Proposition 2.15. (i) 3R is an ideal of R. 
(ii) 2R c 3R and 2R = 2 (3R). 
(i) B, œ 3R. 
(iv) 3a =a for alla e 3R. 
Proof. Straightforward. . 
Proposition 2.16. 3R is a union of mutually disjoint boolean rings. 


Proof. Let us restrict p (cf. Definition 2.6) on 3R. Leta e 3R and b, c e ap. Then 2b = 2c 
= 2a = e (Say). Now 2 (b + c) = 2b + 2c =e + e = e and 2bc = 2b.2c = e = e, which implies 
b +c, bc e ap. Also b +e = b + 2b = 3b = b and b + b = 2b = e. Thus ap is a subring and hence 
a boolean subring of re for each ae 3R. 
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An interesting property of the ideal 3R is that, it is not, in generai, a k-ideal (see Example 
2.18); but the following proposition shows that the only k-ideal generated by 3R is R itself. 
Proposition 2.17. 3R = R. | 
Proof. Let x e R. Then x + 2x = 3x, which implies x e 3R, as 2x, 3x € 3R. 
We close this section with an example which ‘shows that R is not always equal to 3R. 


Example 2.18. Let Z$ be the set of non-negative integers and y be a binary relation on Z5 
defined by (a, b) ey iff a = b or a, b > 1 and a — b is even: Then y is a congruence on Z, [3] and 
the congruence classes under y are {0}, {1}, {2, 4, 6, ....} and {3, 5. 7, ....}. It is easy to check that 
the quotient semiring S = Zt/y = (Oy, ly, 2y, 3y} is a boolean semiring and 3S = {Oy, 2y, 3y} + S. 


3. CHARACTERIZATIONS OF BOOLEAN SEMIRINGS 
Theorem 3.1. R is a distributive lattice iff R = L, f a + ax =a for alla, xe R. 
Proof. Immediate. 
Theorem 3.2. R is a boolean ring iff R = B, iff 2a = O for all a e R iff 2R = {0}. ` 
Proof. !mmediate. | 
Lemma 3.3. R is a direct product of a distributive lattice and a boolean ring iff R = L, + B}. 


Proof. By Corollary 2.13, it is clear that the condition is sufficient. Let R = £ x B, where £ 
is a distributive lattice and B is a boolean ring. Since R is a boolean semiring. O e R. Let O = (8, 
8,), where 0, e £ and 9, e B. It is easy to verify that 6, and 6, are the additive identities of £ and 
B respectively and L, = £ x {0,} and B, = {6,} x B. 


Also since for any x e £ and y e B, (x, y) = (x, 8) + (8, y) e Lp + Bp we have R= L 
+ Ba- 

Lemma 3.4. R = L, + B, iff for each a e R, there is an element b e R such that 2b = 0 and 
a + ax = a + abx for all xe R. 


Proof. Let R = L, + B, and a, x e R. Then a = I + b and x =!' + b' for some |, I' e L, and 
b, b'e B,. We first show that | + ix = l. Since L, is a lattice, we have | + II' = | and by Proposition 
2.12. (i) Ib' = 0. Thus 


P+ix= d+ ih e+ dboe=t 
Also a + abx = | + b + Ibx + b’x =] + b + bx = (1 + Ix) + Db + DX = a + ax. 


Conversely, let the condition be satisfied. Let a e R. Then there is b e R such that a + ax 
= a + abx for all x e R. This implies 2a + 2ax = 2a, as 2abx = 0, for all x e R. Then 2a L... Also 
we have 2a = a + aa = a + aba = a + ab and a = a + ab + ab = 2a + abe L, + B, Thus R = 
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Theorem 3.5. A boolean semiring R is a direct product of a distributive lattice and a boolean 
ring iff for each a e R. there is an element b e R such that 2b = O and a + ax = a + abx for all 


xe R. 
Proof. Follows from the above lemmas. 
Example 3.6. Let B be a boolean ring and O be the zero of B. 


Let B, be tha direct product of n copies of B for n = 1, 2, ...; and S = U B,- Than Sis a 
boolean semiring which is a union of mutually disjoint boolean rings with additions and multiplications 
defined as follows: 


Forx e Band ye B, (m <n), 


X+Y=(2Z,, Zy een 2) and xy = (W,, We .. Woh 
Where 
X% +y kom 4 k 
z = | yo k>m an We = XY K S m. 


A semiring S is called separative if 2a=a+b=2b.a,be S implies a = b. 
Theorem 3.7. The following statements are equivalent: 

(i) R is a uncon of mutually disjoint boolean rings. 

(ii) R is separative. 

(iti) a = 3a far all a e R. 


(iv) R = 3R. 


Proof. 

(i} => (ii): Let R =U B„ where {B_: ae A} is a family of mutually disjoint boolean rings. 
Let 2a=a+b=2b.a,be AR_ThenaeB,be B, for some a, B e A. Since 2a = 2b, we have 
œ = B. Thusa=a+0, =atataza+a+b=0, +b=b, as required. 


(ii) = (ii): We have for alla e R,a+a= 2a = 4a = a + 3a = 4a = ĝa = 3a + 3a which 
implies a = 3a. as F is separative. 


(iii) = (iv): Let a e R. Then a = 3a e 3R. Thus R = 3R. 
(iv) = (i}: Follows from Proposition 2.16. 


Let S and S' be two semirings. A surjective homomorphism of semirings y: S — S' is called 
a semi-isomorphism if kemel (y) = {xe S: 7 (x) = 0g } = { Og }. 
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Theorem 3.8. Any boolean semiring is semi-isomorphic to a boolean semiring which is a union 
of mutually disjoint boolean rings. . 


Proof. Let R be a boolean semiring. It is easy to verify that the mapping y : R ~ 3R, which 
sends x to 3x for all x e R, is a surjective homomorphism. Now, if 3x = 0 for some x e R, then 
X=X+0 =X + 3x = 4x = 6x = 3x + 3x = 0, as required. 
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A NEW REGULAR MEASURE 
ON 
A TOPOLOGICAL SPACE-II 


S. GANGULY, C.K. BASU AND S. SINHA ROY 


ABSTRACT. Abstract theory of regularity of measure has been studied extensively in [2] and all 
its applications wera with regard to Baire and Borel measure on locally compact T, spaces. Using 
abstract theory, in [3], 8-Baire measure has been introduced in locally @-H-closed spaces which are 
more general than locally compact T, spaces. This paper introduces 8-Borel measure on locally 6- 
H-closed space with the main intention to offer glimpses (a natural relationship) as to how a regular 
@-Baire measure cen be extended uniquely to a regular @-Borel measure. 


A.M.S. (1991) subject Classification Code : 28C15 


Key words and phrases : H-set, @open, @closed, H-G; set, @-Baire (resp. 6-Borel) measure (func- 
tion), regular 6-Borel (6-Baire) measure, Urysohn space, locally 6-H-closed, 8-CR and 6-T,,. 


1. INTRODUCTION 


The concept of H-sets and 8-open sets were first introduced by Velicko (5). it can be noted 
that every compact set is an H-set but not conversely ; so it is natural that the class X of all real 
valued continuous functions with H-set support is larger than the class of all real valued continuous 
function with compact support. Meanwhile, in [3), it was observed that every function in is 0-Baire 
function i.e., measurable with respect to the o-ring of all 6-Baire sets and a 6-Baire measure is 
regular on a locally 8-H-closed space. So one's objective would be to take the functions in X under 
integration theory and to find an analogue of the Riesz-Markoff representation theorem on iccally 6- 
H-closed space. With this motivation in mind, as a primary step, it seems necessary to introduce @- 
Borel measure on locally @-H-closed space and we have obtained different equivalent criterion for 

a 6-Borel measure to be regular. The main aim of this paper is how a regular 6-Baire measure can 
be extended to a regular 6-Borei measure in one and only one way. 


2. PRE REQUISITES AND DEFINITIONS 
By (x, T) or simply by x we shall mean a topological space and for any subset A of X, CIA 


t 
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(sometimes A) denotes the closure of the set A in X. A subset A of X is said to be 0-open [5] if 
for each x e A, there exists an open set U such that xeU, c clU_ cA. Complement of a 8-open 
set is called a 6-closed set. A set A in X is said to be an H- set [5] if any system v = { U,: & € 
l} of open sets in X covering A has a finite subsystem say { U, .... U, } of v such that- Accel (Ù 
U_). lf A = X, then X is called an H-closed space [1]. Although Hclosedhess is a generalization of 
compactness but in regular topological spaces, these two concepts coincide. 


A space X is said to be 6-completely regular [4] (6-CR, for short) if for any point p and a 8- 
closed set H in X with PeH, there exists a continuous function f: X -> [0, 1] such that f(p) = O and 
f(H) = 1. Clearly every completely regular space is 6-CR but not conversely [4]. A space X is said 
to be 0-T, [4] (resp. Urysohn [6]) if for x + y and x, y e X there exist 6-open sets U, and U, (resp. 
open sets U, and U) containing x and y respectively such that, U, ^U, = Ø (resp. clU, m clU, = Ø). 
Clearly every 8-T, space is Urysohn and an H-set in a Urysohn space is @-closed [4]; further in a 
Urysohn space arbitrary intersection of H-sets is H-set. 


A space X is said to be locally 0-H-closed [4] iff every point x of X has 8-open neighbourhood 
whose closure is an H-set. A subset A of X is called a G; [3] in case there exists a sequence 
(U, y „1 of 8-open sets of X such that Sa U_. It is to be noted that every G, set is G, set but not 
conversely [3]. A set A which is a G; as well as an H-set is called an H- G’ set [3]. The o-ring 
generated by the class of all H- -G, sets (resp. H-sets) jn X is called the class of all 6-Baire (resp. 
8-Borel) sets. A real valued function on X which is measurable with respect to the o-ring of @-Baire 
(resp. 8-Bore!} sets is called a 0-Baire (resp. 6-Borel) function. 


A 8-Baire [3] (resp. @-Borel) measure on X is a measure u defined on the o-ring of all 6-Baire 
(resp. 8-Borel) sets such that u(c) < + œ, for every H-G° sets (resp. H-sets) C in X. In a locally 8- 
H-closed, 8-T, and 8-CR space we have observed in [3] that the class of all 6-Baire functions is the 
smailest class of ali real valued functions on X which contains and is closed under sequential 
pointwise limit. A real valued function f on X is said to have H-set support if there exists an H-set 
C in X such that f = O on X-C., 


3. We now recall the abstract discussion of regularity (2] relative to a system (X 3, ut, g, 0) 
satisfying the axioms. 


Axiom 1. o u is a measure on X defined on a o-ring 3 of subsets of X. 


Axiom 2. is a subclass of 3 which is closed under countable intersections and finite unions. 
Further assumption is that the empty set belongs to g and that u (C) < + œ foral C e g 


Axiom 3. v is a subclass of $ which is closed under countable unions and finite intersections. 
Further, for each E in 3 there is a set U in v such that E c U. 


A set E in 3 is said to be outer regular in case (E) = inf{fu(U): E c U, U e v}, inner rregular 
In case, (E) = sup{u(C): CcE, Ceg and regular if it is both outer regular and inner regular. The 


a 
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measure u is regular if every set E in 3 is regular. 


Throughout the paper unless otherwise stated X denotes a locally 6-H-closed, 8-CR and 8- 
T, space. It is to be noted that a locally compact T, space is locally 6-H-closed and an example of 
a space exist [3], which is locally 0-H-closed, 6-CR, @-T, but is non H-closed, non-locally compact, 
non-regular and non-completely regular. 


Now if we consider g, the class of all H-G, sets (resp. H-sets) in X, 3, the o-ring of all 6-Baire 
(resp. @-Borel) sets, v, the class of all 6-open 6-Baire (resp. 0-open 6-Borel) sets and p any 8-Baire 
(resp. 0-Borel) measure on X then as an application to the abstract discussion of regulanty [2] with 
respect to the system (x. 3, u p, v) we get the next two theorems. 


Theorem 3.1. For a @-Baire (resp. 6-Borel) measure u on X and a 8-Baire (resp. @-Borel) set 
E, the following are true. - 

(i) if p(E) = œ, then E is outer regular 

(ii) if 4.(E) = O, then E is inner regular 

(iii) Every 0-open 0-Baire (resp. 6-open 6-Borel) set is outer regular 

(iv) Every H-G. set (resp. H-set) is inner regular 

(v) If {C} is a sequence of H-G_ seis (resp. H-sets) then U C is inner regular. 

(vi) If {U} is a sequence of 9-open 0-Baire (resp. 0-open 6-Borel) sets and u (U )< + œ then 
A, Un is outer regular. ` 


Theorem 3.2. (i) The union of a sequence of outer regular (resp. inner regular) 8-Baire (0- 
Borel) sets is outer regular (resp. inner regular). 


(ii) The intersection of a sequence of outer regular (resp. inner regular) 6-Baire (0-Borel) sets 
of finite measure is outer regular (resp. inner regular). 


The following theorem which was established in [3] will be frequently used. 

Theorem 3.3. If CcU, where C is an H-set in X and U a 6-open set, then there exist 0-Baire 
sets V and D stch that i 

(i) CeVcDeU 

(ii) V is @-open and is union of sequence of H-G° sets. . 

(iii) D is en H-G: set. 

Note 3.4. We have established in [3] without using any axiom that every 0-Baire measure on 
X is regular. In the system (X, 3, u. g, v), where X is just a non-empty set, S.K. Berberian introduced 


another four axioms and by the help of these axioms (1-6) he obtained simple criterion for regularity 
of u. 
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The other axioms are | 

Axiom 4. If Uev and Ce g, then U\Cev. A set E in 3 is bounded if there is a C in gst. EcC. 
Axiom 5. If Ce ç. there exists a bounded U in v s.t. CeU. 

Axiom 6. f Ce g and Uev, then C—Ue G 

Axiom 7. The a-ring generated by g is 3. 


To obtain simple criterion for regular 6-Bore! measure on locally 6-H-closed, 8-CR and 6-T, 
space X, we at first verify the axioms (4-6). 


Theorem 3.5. (i) if U is a 6-open 6-Borel set and c in an H-set then U\C is a 6-open 6-Borel 
set. ' 


(ii) If C is an H-set then there exists a @-bounded (a set A is said to be @-Bounded if there 
exists an H-set K in X s.t. AcK) set U which is also 6-open 6-Borel set such that CcU. 


(iii) If C is an H-set and U is a 6-open 8-Borel set then C\U is also an H-set. 


Proof. 


(i) Since C is an H-set in X and since X is 6-T, and hence Urysohn, so C is 6-closed, then 
U\C=Un (X-C) is 6-open. U and C being both -Borel sets, U\C is a 6-Borel set, then 
U\C is a 6-open 9-Bore! set. 


(ii) If C is an H-set, then by Theorem 3.3, there exist a 8-open 6-Baire set U and an H- 
G; set D such that CcUcD, obviously U is @-bounded since D is an H-set. 


(iii) Since U is 6-open, so X — U is 0-closed. Again C-U=Cn (X~U), which is intersection 
of an H-set and a @-closed sets, hence it is an H-set. 


As an application to the abstract discussion in (2}, we get the following theorem. 
Theorem 3.6. if u is a 6-Borel measure on X, the following are equivalent 

(i) u is regular 8-Borel measure 

(ii) every H-set C is outer regular 

(ii) every 8-bounded @-open @-Borel set is inner regular. 


4. in this section we shall establish that every regular 6-Baire measure can be extended 
uniquely to a regular 6-Borel measure. 


Definition 4.1. A non-negative real valued set function m on the class of all H-sets of X is 
called a 6-content on X if m is monotone, additive and subadditive. 


Definition 4.2. For a given 6-content m on X, the set function, m.(U) = sup{m(H): HcU, H 
is an H-set in X} 
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defined for every 6-open 9-Borel set U in X, is called a inner @-content inducec by m. 
Theorem 4.3. If m, is the inner 6-content induced by a 6-content m on X, then 


(i) m.(@) = 
(ii) m.(U)}<<, for every 8-bounded 8-open set U. 
(iti) m. is Monotone 
| (iv) Countably subadditive and countably additive. 
Proof. Proof of (i-iii) is trivial. We shall prove (iv). 
Let U anc V be 0-open 6-Borel sets and C be an H-set s.t. CcU u v. 


Since X is Urysohn, C\U = C m(X-U) and C — V = C ^ (X-V) are disjoint H-sets. As X is 8- 
T, there exist two 6-open sets A and B in X such that C — UcA, C — VcB. Defining D = C \ A and 
E = C \ B, we gett C = D ù E and D c U and EcV. Clearly D and E are H-sets. As m is subadditive, 
it follows that m{C) < m (D) + m(E) < m.(U) + m.(V). Hence m.(U U V) < m. (U) + m.(V). By 
induction, m. is finitely additive. Now suppose that {U F., is a sequence of 0-open 6-Bcrel Sets and 
U=U, U,- If C is any H-set s.t. CcU then ccU U, for sultable index n and m(C) < m. (UU Js È 
m.(U, j< i m.(U.) 


So m.(U)= x _m.(U, ). Therefore m. is countably subadditive. Countably additiveness of m, can 
similarly be tackied. 


Definition 4.4. A subset F of X is said to be o -bounded if there exist a sequence {H,}y_, of 
H-sets in X such that Fc U H; 


The collection of all o -bounded sets of X will be denoted by H°. From now on 6)" (resp. 6, ) 
denotes the collaction of all @-open 8-Borel sets (resp. 0-Borel sets) of X. 


If F is any o bounded set i.e., Fc U C , where C are H-sets, CcX then by Thaorem 3.3, 
there exists a 8-open 6-Borel set V, s.t. CcVcx Now Fc Ü CcU V and üv is a 8-open 6-Borel set. 


Thus a o -bounded set is contained in some 8-open 6-Borel set. We define the set function 
m'(B) = inf(m.(U) : BCU, Ue 6° ak for every BeH’. 


Note 4.5. It can be easily shown that H° is the heriditary o-ring and m” is the outer measure 
on H° and also m (B) is finite for every 8-bounded set B. From now on m is called outer measure 
induced by m. 


Theorem 4.6. m` extends m, i.e., m'(U) = m.(U) for every Uc@™ . Further if UeH, where 
U is 8-open and H is an H-set then m,(U) = m (U)s m(H) < m (H). 


Proof. Let U and Ve on. such that UcV. Then by monotonicity of m., m.(U) < m.(V) and 
hence m.(U) < m*(U). Obviously m'(U) < m,(U). So m(U) = m.(U) for every Ue Or. 
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For the 2nd part, as U is @-bounded and hence 6@-Borel so Ue 97 . 


So m,(U) = m‘(U). Let Vee such that HcV. Thus m(H) < m,(V) (by definition). Since m(H) 
is lower bound of {m,(V): Ve 6 and HcV}. m(H) < m'(H). Obviously as UcH, by definition of m,, 
m,(U) <m(H). Hence the result. 


As m is a outer measure on the heriditary a-ring of all a -bounded sets H9, we now apply 
general theory of outer measure to the set function m’. 


Definition 4.7. A set Be H” is m-measurable if m "(A) = m (AnB) + m (AnB'), where B' is 
the complement of B, for every AeH’. 


It is to be remarked that if the above relation is sin for all Ac oS then B is m -measurable : 


infact, if Ac HÊ then by Theorem 3.3, there exists Ue O° „ Such that ACU and for this U, we have 
m.(U) = m (U) = m (UAB) + m “(UMB') 2 m" (AnB) + m ARB). Hence m (A) > m (ANB) + m (ANB). 


Theorem 4.8. Every set in 6, is m “-measurable and m “lay is a reguiar -Borel measure. 


Proof. For the first part, because the class M of all m -measurable sets forms a o-ring it 
suffices to show that every H-set H is m- measurable. Let Ue 67 then obviously Ue H” as well and 
since X is Urysohn, H' is @-open. Hence UnH' is 6-open and as Ue H’, it follows UnH'e ae Let A 
be an H-set such that ACUOH', then as above UnA'e Or. if B is any H-set such that BCURMA’, then 
ANB = Ø and hence m(U) = m.(U) > m (AUB) = m(A)emn(B) and this relation holds for any H-set 
B for which BGUMA'. So by definition of m., we have m "(U) 2 m(A) + m.(UAA). Again as AcH', 
we have A'DH and fn (UnA') = m (UNH). So m (U) 2 m(A) + m (UAH) [. UnA'e 6% and hence 
m (UMA) = m(UMA’)}. Again varying A, we get m (U) 2 m.(UH'’) + m "(UAH) = m (UAH) + 
m (UH). So H is m -measurable. For the 2nd part, since we have noted that m` is finite for every 
-bounded set then m“ is finite for every H-set. Therefore m/9, is a 0-Borel measure. To show that 
n = m/6, is regular, it suffices to show (by Theorem 3.6) that every H-set H is outer regular. 


Now, {H} = m (H) = inf{m.(U) : HcU and Ue 6?? }. But by Theorem 4.6 (U) = m (U) = me(U) 
for every Ue 8%. So u(H) = inf{p(U) : HeU, Ue OF}. So p is regular 8-Borel measure and is called 
the regular 8- Borel measure induced by m. 


The last theorem asseris that to every 8-content m, the restriction of m to 6,., iS a regular 
0-Borel measure p. it is natural to ask when u will be the extension of m. Before further discussion 
we need some definitions. 


Definition 4.9. For two subsets A and B of X, A is said te be ~containad in B denoted by 
Ac. B if there exist a 6-open set U of X such that Ac U g B. 


Definition 4.10. A 8-content m is said to be regular if m(H) = Wiad) : H <. D and D is an 
H-set} for each H-set H. e 


Lemma 4.11. if u, and p, and @-Baire (resp. 6-Borel, “ures on X, such that u (H) = p (H) 
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for every H-G° (resp. H-set) H, then u, = p, i.e. u (E) = p, (E) for every 6-Baire (resp. 6-Borel) set 
E. : 


Proof. if R is the ring generated by the class of all H-G. sets (resp. H-sets), it can be easily 
shown ihat u (E) = u (E) for all E in R. So by Unique extension theorem, u (E) = u,(E) for all sets 
E in the o-ring generated by R. 


Theorem 4.12. If m is a regular 8-content on X, there exists a unique regular 6-Borel measure 
u such that y extends m i.e., u(H) = m(H), for all H-set H of X. 


Proof. The proof follows by three steps. 


Step-1. if is a 6-Borel measure on X and m is the restriction of u on the class of H-sets, 
then u is a reguler 6-Borel measure iff m is a regular 8-content. 


Proof. Let u be regular 0-Borel measure then the restriction of u on the class of H-sets is 
obviously 6-contert. We shall show that m is regular. Let H be any H-set and e>0 then by regularity 
of u, there exist a Ue a , such that HcU and u(U)<u(H) +e. By Theorem 3.3, there exist an H-set 
D and a 6-open set V such that HcCVcDcU. So H <. D and m(D) = u{(D) < u{U) < {H} + e = m(H) 
+£. So m is regular. On the other hand, if m is a regular 6-content we shall show that u is regular. 
Let H be any H-set and e>0. As m is regular 8-content, there exists an H-set D such that H <» D 
such that m(D) < m(H) + e. So there exists an @-open set U such that HcUcD and hence Ue 6° . 


Since u(U<u(D) = m(D) < m (H) + £ = u(H) + £. So u is regular. 


Step-2. If u is a regular 6-Borel measure induced by a 8-content m, then u extends m iff m 
is a regular u-content. 


Proof. Let m be a regular 6-content and let H be an H-set. For a given e>0. thera exissts 
an H-set H, such that H<. H, and m(H,) < m (H) + e. 


Let U be any 8-open set such that HCUCH, (such a set exists because H<.«H,), then by the 
monotonicity of m’, m’(H)<m'(U). Since UcH,, by Theorem 4.6 m,(U) = m'(U)sm(H.). Therefore 


m’(H)<m (L)sm(H,)sm(H) + £. Since e is arbitrary, m (H)<m(H). Also by Theorem 4.6, m(H) 
< m`(H). Hence rr’ (H) = m{H). The other part is obvious. 


Step-3. If u is any other regular 6-Bore! measure which extend m then p'(H) = m(K) = u(H) 
for all H-sets H and the uniqueness i.e., u =1' follows from Lemma 4.11. 


Theorem 4.13. If à is a 8-Baire measure on X, there exists a unique regular @-Borel measure 
u on X such that 1(B) = A(B) for every 6-Baire set B. 


Proof. Let 7. be a 6-Baire measure on X, we define the set function m on the class of all H- 
sets as follows: 


m(H) = inf{A{U) : HcU, U is 8-open 6-Baire set} we shall first show that m is regular €-content 
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- on X. Let H be any H-set in X them by Theorem 3.3, there exissts 8-open 6-Baire set U and an H- 
G; set D such that HcUcD. Therefore Osm(H)SA(U)SD)<+-. Monotonicity of m follows diigii 
by the property of infimum. 


Now if H, and H, are H-sets in X. Let U, i = 1, 2 be 8-open 8-Baire sets such that HU, for 
i = 1, 2 (such set exist by Theorem 3.3). Then U, U U, is 6-open 8-Baire set containing H, U H,. 
So, 


m(H, U H,) sA(U, U U,) SA(U,) + à (U,). 
Clearly m(H, U H,) <m(H,) + m(H,). 


Let H, and H, be two disjoint H-sets in X. Since X is Urysohn H, are 8-closed and hence by 
Theorem 3.3 there exists 6-open 8-Baire sets V, i = 1,2 such that H, c V, c X-H, and H, c V, c 
X-H,. Obviously V, ^ V, = 6. if W is any @-open @-Baire set containing H, U H, then Hc V, c W 
and H, c V, ^ W and hence A(W) 2 à [V AW) U (V,AW)] = à (V, ow) + à (V, AW) 2 m (H) + 
m(H,). Taking infimum, we have m(H, WH,)-2 m (H,) + m(H,). So by subadditivity of m we have 
m(H,UH,) = m(H,) + m(H,) i.e., m is’ 6-content. We shail show that m is regular @-content. Let H 
be an H-set in X and e>0. By definition of m there exists a 8-open 0-Baire set U such that HcU and 
A(U) < m(H) + ô. Since H œ U, by Theorem 3.3 there exists @-open 6-Baire set V and an H-set D 
such that HCVcDcU. Now H <: D and m(D) < A (U) < m (H) + £. Hence m is regular 6-content. 


Moreover, we shall show that m(D) = (D) for every H-G° set D. As D is an H-G* set, there 
exists a sequence {U} of 8-open sets such that D = nU, and for each i, by Theorem 3.3, there exists 
Ə-open @-Baire set V, and an H-G; set D, such that DeVcD cU, So each V, is 6-bounded. We may 
assume V 1D (i.e., monotone decreasing and D = A V) and so A(V ) J A(D) by finitencess of A 
and hence m(D) = = A (D). So m is a regular gomon and hence by Theorem 4.12, the restriction 
of m to the class of all @-Borel sets is a regular @-Bore!l measure u that extends m. If A' be the 
6-Baire restriction of pm, then for every H-G, set D, we have ì' (D) = (D) = m(D) = A(D) i.e., 
A=i', we also have (D) = A(D) for every 8-Baire set D and that u is unique follows from 
Theorem 4.12. l S 
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A CLASS OF ENTIRE FUNCTIONS OF BOUNDED 
INDEX IN SEVERAL 
COMPLEX VARIABLES 


B. C. CHAKRABORTY AND RITA CHANDA (NEE MITRA) 


ABSTRACT. in this paper we have established an inequality between maximal co-efficients 
in the power series expansion of a function f about two different points, where f ex, the class of 
all entire functions of bounded index (b.i) in several complex variables with at least one index < N 
= (N,N) € P, | being the set of non-negative integers. We have also obtained a necessary and 
sufficient condition for a sequence of functions f.e“y to be normal in C". Finally, a sufficient condition 
for the limit function of a sequence f,e%, to be of bounded index has been obtained. 


1. INTRODUCTION 


B. Lepson [2] first introduced the concept of an entire function of bounded index in C, the 
complex plane, in 1968. Following him many mathematicians like Fred Gross, S.M. Shah, G.H. Fricke 
etc. studied further properties and characterization of such functions. It turned out that solutions of 
a large class of differential equations in C are entire functions of bounded index. Unfortunately, 
almost no work was done on the corresponding theory in several complex variables. Till date, to our 
knowledge, only in one paper J.G. Krishna and S.M. Shah [1] generalized this concept for analytic 
functions in several complex variables with respect to an arbitrary given point a in C". But they did 
not proceed further. In this paper we shall introduce the concept of bounded index for entire functions 
in C° without reference to any given point. In fact, our defn. coincides with that of J.G. Krishna & 
S.M. Shah if the analytic function is, in particular, an entire function and the arbitrary given point, 


2. NOTATIONS 


C° and R° will denote respectively the complex and real n-space. We denote the points 


e C" and ae C we define az=(az.,......... OZ), ZEW = àZ W reer. ZEW) ZW = (Z WZW, +... tZ W), 
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|z| = (lz, f + ee + lz, |3)'2. The positive hyperoctant R+" in R'will be R+"= {x : xe R", x, 2 0, i=], 
n} and I° = {xixe P, x > 0, is 1. n}, | being the set of non-negative integers. For te R," 
we set itll=t, +... +t, and form e P, mi =mi aen M, ZT = Z Pue z™ forze Œœ me 
P (z=1 even if z=0;. For any ke R, k= (k, aoa, , k). In particular 0 and & will respectively cenote 
the n tuples (0, ...... , 0) and (e, 0... ic). Also, for x, y e R" we say that (i) x <y ffx <y, (ii) x 


< y iff x < y but x zy; (il) x < < y iff x < y, i=, n.. , n. For an entire function f with domein C°, 


Ik : 
f will denote the partial ei ae where k e P and f(0)=f. 


3. An entire function f in C" has a Taylor expansion about any point w e C" of the form: 


e Mew) 


f(z) = 2 a (z-w)™, wnere a,= al Since the power series of f about w is absolutely convargent 
` K=O A 





mw | 


everywhere tn C", the terms must tend to zero. Consequently, for each w e C” there exists 


an n-tuple (m,,....... m) = mel 


if(™) (wy) | 
—— 


ms m(w), such tha: is a maximal co-efficient. Thus, 


n n 
Definition 1. For each point we C there exists an n-tuple m(w) e | s.t 


max (p) if" 
ye ha la F yaen, 
p! q! 
There may be several tuples m for which the above inequality holds. A minimal element cf such 


tuples is called an index of f at the point w. 





+ 


n n 
Definition 2. An entire function fin C is said to be of bounded index Jff there exists an me! 
such that Y zeC , 





if (P) (z) az) R 
3.) s meaa ame Vae I 
p! q! 


There may have several tuples satisfying (3.1). A minimal element of such tuples is called an index 
of f and is denoted by I{f). An entire function which is not of b.i is said to be of unbounded index. 
Definition 3. A sequence {fp} of entire functions in c” is said to be almost uniformly conver- 
gent in a domain D in C’ if it converges uniformly on every compact subset of D. 
Definition 4. Normal Sequence : Let {fp} be a sequence of entire functions in C”. {f} is a 
to be normal iff there exists a subsequence {fn n } such that {fn is almost uniformly convergent in c” 
to an entire functior g.(say). 
QN : Q y will denote the class of all entire functions of bounded index i in © with at least one index 
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<N Nef, 


w). 
cø ) cw) will denote the maximal co-efficient of Taylor series si alas of an entire function f 


about the pon w, weC » Le. 
max 1¢@wy 


C{w) =j < N cc, for w e C. 
j! 
‘Theorem 1. Let f e Q, Then 
C4(z) < 2 Nien Ci(w) for any two points z, w e C” 
such that Iz-wi < 1/2. 
Proof: Let one of f be K < N. Then, 


(q) 





(3.2) f(z) = Mw (z-w)" for all z, w and 11 os <Cy(w) = qs k lf (w)! \7Pe j 
q 

Since the series (3.2) is absolutely convergent and the geometric series È Sii (Mi aZ wni Mn 
is convergent in D, D = {z: |zjwil < 1, i=1,......... n} it follows 
If (z)l < CWE [zowa M oe | aani 

Ce(w) 
n 
TI (1 - lz-wl) 


i=] 

for all z, w such that | z- w| < 1. 

Now, fP)(z) = Z my(my3) nen (M4 P4 tt) erescceeees Mp (Mpat) -eeeeeeee- (nn-Pn+i)amiz-w) mP. 
But the series 


$ my(My—1) . en (MP4) eccseeee Mp (Mpnl) oaeee: (My-Prtt) rmp, 


m=p 


which is obtained by differentiating term by term the geometric series È m p- times successively, 
converges to 


p! 
n 
i=1 
Hence 
fp) e] Cl) 
Se YY P E i" 
p! n 


I (4 — lzi 
a: 
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and all z, w such thai |zj-wjl < 1, i = 1, ........ N. 
Therefore, 
Cw) 
Cez) < —— < KN Gay 
n 
I] (1-/ 2; - Wj | kt 
i=1 
< 2lINil+n Cw) 
for all z, w such that |z; — wil < 1/2, (i=1, ....... , n) and hence for all z, w such that |z-w < 1/2 
Theorem 2. Let f € ON and S be a bounded set in C” 
Then there exists a positive integer t, depending only on N and S, such that the inequality 
(3.3) Cz) < t Cr(wi is true for any two points z, w e S. 
Proof. Let d be the diameter of S. Then there is a positive integer | such that 2d <1 Let z, 


w, be any two poinis of S. Then |z - wl < d. 
We can choose a finite sequence {z(P)} of points with z@=z z®=w and k < | such that each z(P) 


lies on the line segment joining z and w and |z(P) ~ 2(P-1)| < 1/2 for all Oe lennen iK 
By the Theorem 1 
Cølz) = Cy (0) < 2 INE + Gaal) < 22 CLINT + n) Cg (2) < nasasama, < 2K(| IN] [)+Mc, (2 (K) 


< 22 ([INI] + n) c). 
Choosing t = 2'||N |+n) we get the theorem. 
We now obtain a nezessary and sufficient condition for a sequence of functions fp € Qy to be normal | 
in CP. 

Theorem 3. Let {fp} be a sequence in Qy. The sequence {fp} is normal iff thee is a 
subsequence {C;, } of the sequence {C;,) which is bounded at a single point in C". 

Proof. First we let the sequence {fp} be normal in C^. Then there exists a subsequence {fp 
of {fn} which is almost uniforrmly convergent in CP and converges to an entire function g (say). 

Let w be a point in C° and e be a positive number. Now since the sequence fn 6 (w)/j!} 
converges uniformly to gi)(w)4!| j e I), we have that there is a positive integer ti corresponsing to 
jth partial derivative such that 


(3.4) lOp < IOWI je, Y peh ja, j= Gq A 
Let m = max {ij}. Then : 
O<j<W 


(3.5) Dap) lit < IgMwyl#+e,V pel Osj<Nn. 

Since each f-n„p€ Êy we have, from (3.5) 

Ce (w) < Coin) +e, Ype l, 

m+p 

which shows that the subsequence {Cs ng of the sequence {Cf } is bounded at the coint w. 
In fact, if {fai } is normal we have shown that {Cf } is bounded at every point of cn, 
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Conversely, let us suppose the subsequence (Cf, J of the sequence {Cy} is bounded at a 


point w e CA. 


Let D be an arbitrary compact set in C". We can find a bounded set G such that w e G and 


D g G. There is a positive number M such that 


C (w <M, Ykel. 
Now by the theorem 2., there is a positive number h depending on G (and hence on D) and 


N such that 


Ci (2) < h. Cy (w) 

<hM, Yke land V ze D. 

Since lf, (2)! < Ce (z), Vze D, ke 1. 
k Ty 

We have, 

fp (zl < Moh, ¥Vze DandVke |. 


The above inequality shows that the sequence {fn} is uniformly bounded on every compact 


subset D of C’. 


Hence by generalized Montel's theorem the sequence {fp} is normal in CP. 


entire function g, then g is of bounded index with one index < N. 


Proof: Let the sequence {fp} be almost uniformly convergent in C^ to an entire function g. 
To prove that g is of bounded index it is enough to show that 


Mg(z) = max { 192)! ) = og, vz € on, 
O<j<N |! 


If possible, let Mig (2) < Cg (z), for some zZ. 
Then Cg(z) = |g(S)(z)|/s!, for some $ > N. 
Now we choose a positive number £ such that 
2e <6, where 0 < § = Cy (z) - Mg(2) 


Since the sequence {£,U)(zyj)} converges to güz), for all j e I", arguing similarrly as in 


(3.5), there is a positive integer m such that 


Onel! < Ig) / jt + e, 
for all ke land 0 <j<N. 
Since each fp € © n, we have 


(3.6) Ci (2) < Mg z) +e, Ykel 
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Again there is a positive integer t tuch that — 
(3.7) {glS)'zyl/st < (#05) uks + e, Vk | I. 


Hence if ky and kp be two integers such that m+k; = t + kọ = q (say), then from (3.6) and 
(3.7) we obtain, ` 


Mg(z) + 5 = Cg (2) < qO zl /s! +e 
< Cy (2) + E 

< Mo(z) +E 

which is absurd. 

Therefore, 


Cg(z) = mex {igl(z)I I}, N e M, Y z CF. 
O<jcN 
in other werds, g is of bounded index with one index < N. 
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SOME RESULTS ON SUBSERIES OF DIVERGENT SERIES 


D. K. GANGULY AND CHANDANA DUTTA 


INTRODUCTION. Let E denote the metric space whose points are the permutation of the set 
of all positive integers endowed with the Frechet metric 


Ix; — yil ipis , 
p(x, y) = PE J a zT Where ei ¥ = Wiles 


-+ 


Agnew [1] proved that the metric space (E, p} is of second category at each of its points. For 
- xe E and r > 0, we denote by S(x, r) the set of points y of E such that p(x,y) < r. Thus S(x, r) denotes 
the open sphere in E with x as centre and r as radius. It follows easily that if x = {x k and y={y,}*, 
are points of E and y e s (X-i; smi), then x, = y, for n = 1, 2,.....N and if x, = y, for n = 1, 2, ...... i 
N, then ye s(x, x ). Also it may be verified that the sequence of points x = { xi”), XM... } of | 
E converges to a point X°={x°, X2,........... } of E if and only if x! = x°? for n>N, i=1, 2,........... 

In order to study some properties of the re-arrangements of a given conditionally convergent 
series La, Agnew [1] established a mapping between the space E and all possible rearranged series 
of py a, by associating to the point x = {x }«_,¢ E the rearranged series 2. Ay. 

He also proved that for all x = {x Xpres } e E with the exception of points of a set of the 
first category of the space E, lim sup Sa, = + ox, Jim inf Ba, = Sm Oe (1) 

This result was supplemented by ‘Sengupta [5] who established that the set over which (1) 
- holds is a G ; set and later on he [6] studied some properties of the rearranged series of a 
. conditionally convergent series from the point of view of the topology in E. 

For conditionally convergent series, it is known that i) a7>oasn« and ii) the series of 
positive terms of a, and the series of absolute value of negalive terms of > a, both diverge 
REA n=l ; nal 

Ganguli and Lahiri [3] proved that the sef of points of E which corresponds to those rearrange- 
ments of a series 2an satisfying conditions (i) and (ii) for which dim sup È as, = = + « and 
dim inf È ay, = — o is a dense subset of E. 

The purpose of the present paper is to improve the result of Ganguli and Lahiri taking weaker 
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condition and it also sharpens the result of Sengupta [5] and an attempt has made also to study 
some properties of che rearranged series from the point of view of the topology on E. 

Let $ a, be a divergent series. To each rearrangement of the series È a, there corresponds 
a complex {x,, Xps: } and conversely, where {x p Kyrenen }isa permutation of- all positive 


integers. A series x an with: real terms is said to be of type (A) if the condition (ii) holds. 


Theorem 1. Let È an be any series with real terms of type (A). Then the set A Ea: œ) of 
all points x = {x i. -of E ‘which corresponds to those rearrangements È as, for which Jim sup 2 ay 
= + oc and dim inf t$ 3x, = = — œ js a residual G, set. 


Proof. We can write 
A (~) = {xe E I fim, Sup. S (x) = + «, lim. inf S,(x)=-ee} 
Where S, as usual denotes the nth partial sum. 


Therefore, A(—«<, <)={xe E l lim. Sup. S (x)=+<} M {xeE | lim. inf. S,(x)=—ec} 

= Ale) n A (=) (Say). 

We first show that the set A (=) is a residual G; Set. 

If x= x y eA(=) then Him sup È a, = +œ jO. 

lim 1 Sup. S A) = + œ, Then corresponding to each positive integer k, there exists a positive 
misger. N. such that S (x) > k. Denoting by A, the set of all those x={x }-_€ E for which there can 
be chosen an integer N(x) such that S iX)>k. Then A, is an open set in E. in fact, if x = {x }* and 

= {y } , be any point of the open sphere S(x, 2") then Xay iSi, Qe , N and. so S; (y) 
> F ie. ye A; therefore S (x, 2%") c A. Now, A (=) = A A and each A is an open set. So 
A (~) is a Gs set in E. 

We now show that A (=) is dense in E. Let € > o be given arbitrary namga We choose 
a positive integer m such that 2™ < e. 

Let z = {z} , be any point of E. We construct a sequence {x X eevee X eo) as follows : 


X=Z i= i, 2, err m. 

Let, N_ = {iI a< o}. 

Put N_ — {z, Z oinor zZ}= {l [ prrerssaeses ;..} where 3 < har 

ifie {1, 2... M, (MHI), onnen r i-1} U (+1, | tRy L~1)U........ 


Sout Ufi +1 : | +2, . -H}U.......... 
then a >o. 
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By hypothesis -of the theorem, we can choose a positive integer m, such that the distinct 


positive integers Xa Smaps ae all are different from x (= 1, Ruses m) but 
{x Koersen: Xum) © l 2a m, M+1.:....... , 1~t} ‘for which 
mm4 
m+m 


>, 
>a +1 where x 
i==4 By Xm+m,+1 


Similarly, we determine the positive integer m, (>m,+1) such that the distinct positive integers ` 
but {x 


mam,” l 


X X aro aram from the integers X,, X,......., 


m+m,+2 a mem +3 Pee mee Xmem, +f m+M, +2! iia Sai ? nem! 


Cle a , L~-1} for Hn pA “a, > Bx nam, „+2 where x 


memz “17 


Proceeding in this way, ae determine the positive ne Mn (Mpy> Mp.4+1) such that the 
distinct positive integers| Xmamn.+2] acaba » Xmem, are ee from Xp Xps ,Xm+mp.t1 but 
Xmempeq4+2 eee »Xmamy} © (lett) pesos lq t} for which 2 ay >BXmam ott? where Xmem, stn 
If-this process is continued, we obtain a rearrangement of the given series which diverges to + œ. 
Clearly x = {xj}",e E and also x e A (cx). 

We see that x e S (z, £) and so x £ A (=) ^ S {z, £) 
which implies that A(e<) is dense in E. Therefore, A (=) is a residual Gs Set in E. 

In an analogous manner, it can be proved that A(-<) is also a residual Gs set in E. Hence 
the theorem follows. 

Theorem 2. Let > a, be a divergent series. 

Then the set of points x Š {Xni € E for which the series p aX converges is a set of first sedon 
of Borel Multiplicative class of type two. 

Proof: Let S denote the set of those points. 

={xj} of E for which È Ax, converges. then by Cauchy's criterion for convergence we can write : 


wef Yun EVIS YO aoc ii l 
S=(x=(xJ™ € E Da e Y "| 2xqemt*8xqemen | <1) 


Let Sp={x=(xJ* € E | ar, an xqemteFxgeman | SO 


“qE erara Pe € E | | axgym* out 


Therefore, 


Where 
Sgmn=x={xJ™ E E | | Axaamtt®xqamen | < 1. 
This Sgmn is a closed set in E. In fact, if {x} (x®={x"}~ ) is a sequence in Sgmn which converges 


to x={x }* then lim x “= x foreachi=qemq+tm+1, SOEN qmen. 
k—>oc . , 
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Therefore x € Samn. Consequently each set Samp is closed. Hence $, is an Fo set anc so S= A S, 


is an F oS Set ie., a Borel set of multiplicative class of type two. 


Now to show trat S is a set of first category, it is sufficient to show that the complemsnt of the set 


Sp = q2 Same 1 fst Sama is dense in E as Sp being already proved an Fg set [See [4], p-81]. For this 


let z= {z khai = E and S(z, £) be an open sphere with z as centre and e{>0) as racits. Let K be 


the smallest AA integer such that ¥ ree. 
i=k+1 


We define the sequence x = lni e E as follows: 


X= 2 tori= 1, 2 Aion K 
if Xy < k+1 we write x = is i = Ket, Ke2,o ue. 
if x > K+1, we put X = X for t = K+1. K+2,......... , t=1, 
where | is the smallest positive integer for which | = Xy à X; = | fori = 1, 1, [+2,0 
So we can find an integer N such that x = i for i = N, Neti. Obviously x e S 2,£). 


Hence for every q, there are m and n such that 


laxgim A onia tayqyman |F lagem Heee gunen 5 
This shows that x belongs to the complement of Sp and also Sp is an F 4 Set. Therefore Sp is a 
set of first category in E. Since each of the sets Sp is of first category in E, therefore the set 
S = tal 5p is First category in E. 

Note. it follows from the construction of the sequence Xnln=t e E that if & possible to 
establish that the set {xe E| lim x,= +} is dense in E. 

Theorem 3. Let > an be a series of real terms of type (A) and lim a, = O. If for each xe E, 
except those belonging to a set of first category, the sequence {S,,(x)} is compact, then the set of 
all limit points of {5,,(x)} is precisely <-«<, « > (under < ~ œ, x >, we understand ell real numbers - 
in (~<, œ) including + œ and — œ) where S,(x) = 2 OX (N=: 1402 halos ) 


Aiii We have proves in theorem 7. a the set of all those x= E for which 
lim int ars and lim sup A ay, = +e is a residual Gs set in E. Because 3l the condition 
lim a = O we have lim Sp.4X)—Sp(X) | = O Therefore by [2] the set of all limit points of {Spn 
is connected. As -~x and + œ are also limit points of {S,(x)}, hence {Sp(x)} = < — x, « > Where 


{Sq} stands for the set of all limit points of the sequence {S,(x)}. 


26 D. K. Ganguly and Chandana Dutta 
REFERENCE 


1. Agnew, R.P. "On rearrangement of series, 
Bull. Amer Math. Soc 46 (1940), 797-799. 


2. Barone, H.g. Limit points of sequences and their 
transformation by methods of summability. 
Duke Math. Joumal Vol.5 (1939), 740+752. 


3. Ganguli, P.L. Some results on certain sets of series. 
and Czechoslovak Mathematical Journal, 
Lahiri, B.K. 18(93), 1968, Praha, 589-594. 
4. Kuratowski, K. . Topology, Voi.i, Academic Press, N.Y, 1964. 
5. Sengupta, H.M. Rearrangements of series, 


Proc. Amer. Math Soc, 1(1950), 71-75 


6. Sengupta, H.M. On rearrangements of series, Proc- 
Amer. Math. Soc 7 (1956) 347-750. 


Department of Pure Mathematics. 
University of Calcutta, 

35, Ballygunge Circular Road, 
Calcutta-700 019 (INDIA) 





FURTHER CHARACTERIZATIONS OF 6, - CLOSED SPACES 


S. RAYCHAUDHURI AND M.N. MUKHERJEE 


ABSTRACT : The present paper is a continuation of.the study of 5,-closedness of topological 
spaces, a sort cf covering property strictly stronger than quasi H-closedness and independent of 
compactness, introduced and investigated in an earlier paper [4]. Such a space as studied earlier 
in terms of a generalized class of open sets termed 5-preopen sets, is characterized here via certain 
newly introducec concepts viz. p-continuity, and p-subclosedness and strong p-closedness of graphs 
of functions. 


Keywords : -closed space, p-convergence, p-adherence, p-continuity, p-subclosed graph, 
strongly p-closed graph. 
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1. INTRODUCTION AND PREREQUISITES : 


The concept of 6,-closedness was introduced in [4] by using the notion of 5-preopen sets and 
5-preclosure of such sets. In [4] we obtained a number of characterizations of 6,-closed spaces in 
terms of nets, subnets, filters, ultrafilters and a certain type of covers termed p-covers. It was also 
shown that a -closed space is quasi H-closed, although the former one is independent of each of 
compactness and near compactness. In this paper we continue the investigation by presenting some 
more characterizing theorems for a 6,-closed space in terms of certain newly introduced concepts 
viz. p-continuity p-subclosedness and strong p-closedness of graphs and allied ideas. Although the 
notions involvec are not topological in the sense that 5-preopen sets do not always form a topology, 
the results obteined for 5,-closed spaces resemble very much the corresponding ones for quasi H- 
closed or compact or nearly compact spaces. 


In Section-2, we introduce the notions of p-continuous functions and p-subclosedness of 
graphs of funct:ons. These concepts are characterized and studied to that extent which we require 
to characterize 4,-closed spaces in terms of them. Such characterizations are emboddied in Section- 
3. In the last saction we define strongly p-closed graphs of functions and ultimately charactenze a 
dp-closed space via such a notion, the result being an analogue to the following characterization 


28 S. Raychaudhuri and M.N. Mukherjee 


theorem for an H-closed space : A Hausdorff space Y is H-closed iff for every space in class ¢, each 
g: X — Y with a strongly closed graph is weakly continuous [1]. 


Throughout the paper, by X and Y we shali mean topological spaces. Let us recall certain 
definitions and results to use them frequently in the sequel. If A is a subset of X, the closure and 
interior of A in X are denoted by ciA and intA respectively. A point xe X is called a -adherent 
point [5] of A, denoted as x e 5-clA, if (int clU) ^n A #2, for every open neighbourhood (henceforth 
nbd, for short) U of x. The set of all 5-adherent points of A is called the -closure of A [5], denoted 
“by 5-clA. A set A c X is said to be -closed in X if A = 5-clA. A set A in x is called 5-preopen if 
A c inté-ciA, and the complement of a 5-preopen set is called 6-preclosed [3]. The collection of ail 
5-preopen sets in a space X is denoted by 5 PO(X) and that of all 5-preopen sets each containing 
a given point x of X is denoted by 5 PO(x). in this context, we note that for any topological space 
X, 5 PO(X) is, in general, a strictly larger class than that of open sets. Arbitrary union of 5-preopen 
sets is 5-preopen but intersection of even two such sets may not be d-preopen so that 5 PO(X) is 
not, in general, a topology on X. The intersection (union) of all 5-preclosed (6-preopen) sets each 
containing (contained in) a set A in X is called the 6-preclosure (resp. 5-preinterior) of A and denoted 
by -pcl A (resp. 5-p intA). A is 5-preclosed (8-preopen) iff A = 5-pcl A (resp. A = 5-p intA). A set 
A in X is called a &-prenbd of a point x of X if xe U e A for some U e ô PO(x). A set A in X is 
5-preopen iff it is a 5-prenbd of each of its points ; moreover, x e -pcl A iff every 5-prenbd of x 
intersects A [3]. A space X is said to be é-preHausdorff [2] if for any two distinct points x and y, 
there exist U e 6 PO(x) and V e & PO(y) such that U ^ V = Ø, A filterbase 7 on A c X is said to 
p-adhere at x, written x e p-ad 7, if for each U e 8 PO(x) and each Fe 7, F ^ &-p ciU z Ø, and 
7 is said to p-converge to x, denoted as 7 P, x, if for each U e 5 PO(x), there is F e 7 such that 
F cé-pel U. A net {x,: a e (D, 2) in A c X is said to p-adhere at x (p-converge to x), written x 
e p-ad(x,) (resp. x, 2, x), if for each U e ô PO(x) and each a e D, there is B > a (B e D} such 
that x, € d-pcl U (resp. if the net is eventually in 5-pcl U, for all U e 6 PO(x). For usual convergence _ 
and adherence of a fillterbase 7 we adopt the usual notations 7 — x and x e ad? respectively ; similar 
notations for net are also adhered to. 


2. p-CONTINUITY AND p-SUBCLOSED GRAPHS : 


Definition 2.1. A function f: X — Y is called p-continuous if for each filterbase -7 on X, f(ad 
7} c pad}. 


Theorem 2.2. A function f: X — Y is p-continuous iff for each x <= X and each W e & POX), 
there is an open nbd U of x such that f(U)c -pcl W. 


Proof. The proof is straightforward. 
Theorem 2.3. For a function f: X — Y the following are equivalent : 


(a) f. is p-continuous. 
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(b) For each x e X and each filterbase 7 on X with 7 — x, the filterbase f(7) P, f(x). 

(c) For each x e X and each filterbase 7 on X with 7 -> x, f(x) e p-adf( 7. 

(d) For each x e X and every net x, in X with x, — x, f(x,) P, f(x). 

Proof. (a) => (b) For any V e & PO(f(x)), there exists, by Theorem 2.2, an open nbd U of 
x such that f(U) c -pel V, and then F c U, for some F e % Hence f(F) c d-pel V. 

(b) = (c): Obvious. 


(e) = (a):  f were not p-continuous at some point x of X, there would exist some V e 
6 PO(f(x)} such that [X-f{8-Pcl V)] ^ U # Ø, for all open nbds U of x. Then 7 = {(X-f'(8-Pcl V)) 
N U:U is an oper nbd of x} 


is a filterbase on X such that 7 — x, but f(x) e p-adf(?). 
(a) = (d): Straightforward and omitted. 


Theorem 2.4. If f: X > y is a p-continuous mapping and Y is Hausdorff (6-preHausdorff), 
then the graph Gif) of f is closed (resp. 6-preclosed) in X x Y. 


Proof. Straightforward and omitted. 


Lemma 2.5. [3] If A, is a 5-preopen set in a topological space X, for i = 1,2......... ın, then 
A,X A,X wa x A, is also 5-preopen in the product space X, x X, x .... x Xo 


Theorem 2.6. Suppose f : X —> Y is a mapping and g: X — X x Y be the graph mapping 
of f, given by g(x) = (x, f(x)) for x e X. If g is p-continuous, then so is f. 


Proof. Let x e X and V any 6-preopen set containing f(x). Then by Lemma 2.5, X x Ve i 
PO(g(x)). Since g 's p-continuous there is an open nbd U of x such that g(U) c pel (X x V). It is 
easy to see that 6-pci (X x V) c X x -pcl V, and thus we have f(U) c 5-pcl V, proving the one 
of f. 


Definition 2.7. A function f : X — Y is said to have p-subclosed graph if for each x e X and 
each filterbase 7 on X — {x} with 7 -> x, p-ad (3 œ {f(x)}. 

An equivalent form of the above definition in terms of net is given by the following theorem, 
the proof of whick goes in the usual fashion. 

Theorem 2.8. A function f : X — Y has p-subclosed graph iff for each x e X and each net 
{x,} in X~-{x} with x, —> x, p-adf (x,) c {f(x}. 


Theorem 2.9. A function f : X — Y has a p-subclosed graph iff for each (x. y) e X x Y-Gif), 
there exist an open nbd U of x in X and some V e ô PO(Y) such that [(U~{x}) x 5-pel Y} œ Gif) 
= @, where G(f), as usual, denotes the graph of f. 
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Proof. First suppose that f: X — Y has a p-subclosed graph,and (x, y)e X x Y~G(f). Then 
y x f(x). Consider nt = {U~{x} : U is an open nbd of x}. If it is a filterbase, then n*.— x and hence 
y e p-adf(n’). So there are V e 5 PO(y) and U e nt such that d-pel V ^ f(U) = Ø. Then U, = U 
U {x} is a nbd of x and V e ô PO(y) such that [(U —{x}) x 5-pcel V] ^ G(f) = Ø. If n* is not a filterbase, 
then U = {x} for some open nbd U of x, and the rest is obvious. 


Conversely, suppose 7 is a filterbase on X-{x} converging to x e X and the given condition 
holds. Suppose y = f(x), i.e., (x, y) e X x Y-G(f}. Hence by the given condition, there are an open 
nbd U of x in X and a V e 6 PO(y) such that 


[(U-{x}) x -pcl V] n Gif) = Ø, or equivalently, 


f(U-{x}) n -pcl V = Ø. Since 7 — x, it follows that F c U-{x} for some F e 7z. Hence f(F) 
n -pel V = Ø. Then y g p-adf(7. Consequently, f has a p-subclosed graph. 


3. CHARACTERIZATIONS OF 5, - CLOSEDNESS VIA p-CONTINUITY 
AND P-SUBCLOSED GRAPHS 


Definition 3.1. A space X is -closed if for every cover {U, : œ e l} of X by d-preopen sets, 
there exists a finite subcollection {U,,, Uss ,......, Uan } (say) such that X = U ô-pol Un, 


_ We recall here some of the characterizations of & -closed spaces found in [4] to facilitate our 
discussion in the sequel: 


Theorem 3.2. For a space X, the following are equivalent : 
(a) X is a -closed space. 

(b) Every filterbase on X has a p-adherent point. 

(c) Every net in X has a p-adherent point. 


Theorem 3.3. A space (Y, T) is 6,-closed iff for any space X, every function f : X — Y with 
p-subclosed graph is p-continuous. 


Proof. First let Y be -closed and suppose that f : X — Y is a function with a p-subclosed 
graph, X being an arbitrary topological space. Let 7 be a filterbase on X and y e f(ad7). Then there 
is an x e ad? such that y = f(x). Let G = {U ^ F-{x}: F e 7 and U e n (x)} where n (x) denotes 
the system of all open nbds of x in X. 


First suppose that g is not a filterbase. Then for some U, e n(x) and some F, e 7 U, oF, 
= {x}. We assert that x €e F, for every F e 7 If not, then for some F, e 7, x ¢ F,. Choose F, e 
7 such that F, c F, A F,. Then U, o F, - {x} CU, F, — {x} = ©, ie., {x} = U, ^ F, (note that F, 
N U, # Ø), i.e. xe Fc F, So that x e F, a contradiction. Thus f(x) e f(F), for every F e 2 Hence 
y e p-adf(g). Next, let v be a filterbase on X-{x}. Clearly © converges to x in X. Since f has a p- 
subclosed graph, f(} has at most one p-adherent point viz. f(x) Since Y is 5-closed, it then follows 
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by virtue of Theoram 3.2 that p-adf(<) = {f(x)}. Thus {y} = p-adf(<) c p-adf(7. Hence in any case, 
f(ad7) c p-adf(7) and consequently, f is p-continuous. 


Conversely, to prove (Y, T) to be ô -closed under the stated condition it is to be one in 
view of Theorem 3.2, that every filterbase on Y has a p-adherent point. 


If possible, let there exist a filterbase 7 on Y such that p-ad 7 = Ø. Let us choose and fix 
some y, € Y. Consider the collection. 


T={AcY:y, e Y-A}U{AcY:y, € Aand FCA, for some Fe 4. 


Clearly T is a topology on Y. Now, consider the identity function f : (Y, T°) —> (Y, T). We show 
that f has a p-subclosed graph. For this let y e Y and 8 be a filterbase on Y — {y} such that 8 — 
y in (Y, T). Then by definition of T’, y = y,. For, otherewise {y} is a T’-open nbd of y and hence 
the filterbase B on Y-{y} cannot converge to y. Also, we have 7 c 2. In fact, fora given Fe 7, 
{y} U F is a T-open nbd of y, and hence contains some member B e @ (as 8 — y,) and then B 
c F. Now, in (Y, T), p-adf(@) = p-ad7 (as 7 c 9) = Ø. Thus f has a p-subclosed graph, and 
consequently by hypothesis, f is p-continuous. But y € ad? in (Y, T), whereas f(y) = y, € p-adf(7) 
(=Ø) in (Y, T). This contradicts the p-continuity of f. The contradiction proves that (Y, T) is ô -closed. 


Theorem 3.4. Let X be 6-closed. Then for all spaces Y and Z and all functions f : Y — X 
and g : Z — X with Saaubcloded es the set A (f, g) = {(y, z} e Y x Z : fly) = g(z)} is closed 
in Y x Z. 


Proof. Let (a, b) e cl A (fig). Then there is a filterbase 7 on A (f, g) — {(a, b)} converging 
to (a,b). If p, and p, denote the projection maps from Y x Z to Y and Z respectively, we have f(p (F)) 
= g(p,(F)) for all F e 7. First suppose that there is some F, e 7 such that p,(F,) = {a}. We obtain 
a filterbase 7 on A (f,g) — {(a,b)} by replacing only those elements F of 7 which contain b as the 
second co-ordinate of at least one element, by an F e 7 where Fc F, mF. Clearly, 7 converges 
to (a, b). Then p.(7) is a filterbase on Z-{b} converging to b (since projection maps are continuous). 
Since g has a p-subclosed graph, p-ad (g(p,(7))) c {g(b)}. In this case a e p,(F) for all F e 7 so 
that f(a) e p-adftp,()) = p-adg(p,(7) c p-adg (p,(7)) (since 7<7) c {g(b)}. Thus (a, b) e A (f,g). 
In case P (F) = {b} for some F e 7, we proceed similarly as above. 


Finally suppose that p,(F) # {a} and P,(F) + {b} for all F e 7 We replace each F e 7 by the 
subset F° obtained by deleting from F all those elements with first co-ordinate a, and thereby obtain 
a filterbase 7 on A (f,g) — {(a,b)} which clearly converges to (a,b). Obviously, f(p,(F)) = 9(p,(F)) for 
every Fe 7, and p,(7) is a filterbase on Y-{a} converging to a. In view of above, we can suppose 
without loss of gsnerality that {b} += p,(F), for all F e 7. Now, for each F' e 7, we consider the 
subset F™ of F’ 3y deleting from F° the elements with second co-ordinate b. 


Then 7 ={F"cF': F e 7}is a filterbase on A (f, g) — {(a, b)} converging to (a, 5). Clearly, 
f(p,(F)) = g(p,(F)) for every F e 7°, and p (7°) and p,(7°) are filterbases on Y — {a} and Z — {b} 
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respectively converging to a and b respectively. Since f has p-subclosed graph, we have p-adf(p (7°) 
c {f(a)}. By Theorem 3.3, g is p-continuous and hence by Theorem 2.3 we have, g fb) e p- 
adg(p,(7 )) = p-adf (p,(7")) c {f(a)} so that (a, b) € A (i, g). 


Corollary 3.5. Let a space Y be §,-closed. Then for any space X and any function f : X —> 
Y having p-subclosed graph, the set A(f) = {(x,, x)e XxX: f(x,) = f(x,)} is closed in X x X. 


Theorem 3.6. A space Y is 6,-closed if for any space X and any function f : X —> Y with p- 
Subciosed graph, the set A (f) = {(x,, x,) e X x X : f(x,) = f(x,)} is closed in X x X. 


Proof. Let the space Y be not 6,-closed so that there is a net S = {S_: œ e (D, 2)} in Y, 
which has no p-adherent point. We choose two distinct points Yp Y, in Y and assume without any 
loss of generality that S is a net in Y—{y,, y,}. Consider a space (X, T), where X = Y and T = {A 
CX: ANY, Y} = o) U {Ac X: ANA {y y,} # @ and T, c A for some o e D}, where T= {S,: 
B > a }. Consider the map f : (X, T) —> Y given by 


f(x) = (x, if x ¥y,, y, 
Ya if xX = y, 
y, ifx=y, 


In order to prove that f has a p-subclosed graph, let R = {R, : P e D,} be a net in X — {x} 
converging to x (e X). Then x = y, or y, (otherwise {x} is a T-nbd of x and hence R cannot converge 
to x). For definiteness, let x = y,. Suppose, if possible, f(R) p-adheres at some point y e Y. Since 
the net f(S) = S has no p-adherent point in Y, there exist U e 5 PO(Y) with y e U and a, e D such 
` that for ali œ > a, lae D), Se d-pel U i.e., T, c Y-õ-pcl U. Now, {y,} U T, is a T-open nbd of y, 
in X. Then {R, : B 2 B3 € {y,} U T, (since R — y, in X) for some B, € D,. Since T, c X — {y,, Y3} 
no R, can be y, for B 2 B, Thus {f(R,) : B 2 B3 = {R, : B 2 B3} c T, c Y-é-pel U so that f(R) cannot 
p-adhere at y, a contradiction. Thus f has a p-subclosed graph. Now, clearly (y,, y,) ¢ A (f). To arrive 
at a contradiction it suffices to show that (y,, y,) e cIA(f). In fact, let U be an open nbd of (y, y,) 
in X x X. By definition of T, there exist a, B e D such that (T, © {y,}) x (TU {y,}) c U. ye D 
such that y 2 a, B, then (S,.S) e U ^ A (f) proving that (y,, y,) € cl A (f). 


Combining Corollary 3.5 and Theorem 3.6 we obtain: ; 


Theorem 3.7. A topological space Y is -closed iff for any space X and any function f : X 
— Y with p-subclosed graph, the set A(f} = {(x,, x) € X x X : f(x,) = f(x,)} is closed in X x X. 


Again, from Theorem 3.4 and 3.6 it follows that 


Theorem 3.8. A topological space Y is -closed iff for any topological spaces X and Z, and 
all functions f : X — Y and g : Z — Y each having p-subclosed graph, the set 


{(x, z) e X x Z: f(x) = g(z)} is closed in X x Z. 
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Theorem 3.9. A space X is 6 -closed iff for any space Y and any functions f, g : Y — X with 
p-subclosed graphs, the set A’ (f, g) = {y e Y : f(y) = g(y)} is a closed subset of Y. 


Proof. Let X >e 6,-closed. Putting Y = Z in Theorem 3.4 we see that for any given space Y 
and any functions f, g : Y — X with p-subclosed graphs, the set A (f, g) = {{y,, y) e Yx Y: 


f(y,) = g(y,)} is closed in Y x Y. Now clearly 


A‘(f, g) = p[A(f, 9) 0 A], where A, is the diagonal in Y x Y and p, : Y x Y > Y is the first 
projection map. Since p,/A, is a homeomorphism, A’(f,g) is closed in Y. 


Conversely, suppose X is not 6 -closed. Then for some filterbase 7 on X, p-ad 7=). Select 
any two distinct points a, b e X and put Y = X. Let 


T,={AcX:be Y-AorF cA for some Fe J. 
Then (Y, T,) is a topological space. 
Consider the maps f, g : (Y, T,) — X given by 


x, for x e Y — {b} 
a, for x = b 

We show that each of f and g has a p-subclosed graph. Let y e Y and g be any filterbase 
on Y — {y} such that g — y in Y. 


f(x) = x, for x e Y, and g(x) = | 


If y + b, ther. {y} being a T,-nbd of y, g carinot converge to y. 


Hence y = b. Now, for each F e 7 F u {b} e T, so that p-adf(g) = p-ad g c p-ad 7 = Ø c 
{f(y)}}. Hence f has a p-subclosed graph. Similarly, g has a p-subclosed graph. Now, A‘(f, g) = Y - 
{b}, and we see thet for any open nbd V of b in Y, there is an F e 7 such that F c V, and Vn 
A’ (f g) > FO A’ C, g) # © (as F z {b}, for each F e 2. Hence Aff, g) is not closed in Y. 


4. STRONGLY p-CLOSED GRAPH AND 56,-CLOSEDNESS : 


Definition 4.1. A function f : X — Y is said to have strongly p-closed graph G(f) if whenever 
a net x, — x in X and f(x.) P, y in Y, it follows that y = f(x). 


Obviously, the above definition could equivalently be given in terms of filterbases instead of 
nets as enunciated below: 


Theorem 4.2. A function f : X — Y has a strongly p-closed graph iff whenever a filierbase 
z — xin X and f(A’, y in Y, it follows that y = f(x). ` l 


Proof. Straightforward and omitted. 


Lemma 4.3. A function f : X — Y has strongly p-closed graph G(f) iff for each point (x, y) 
¢ Xx Y — G(f), there exist an open nbd U of x in X and a 5-preopen set V in Y containing y such 
that (U x 6-pcl V) ^ G (f) = Ø. 
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Proof. Let the given condition hold for a function f : X -> Y, and !et x, be a given net in X 
such that x, — x and f(x,) £, y in Y. It then follows that for each open nbd V of x and each ô-preopen 
set W in Y containing y, (V x d-pel W) n G (f) = Ø. Hence (x, y) e G(f) and so, y = f(x). Hence 
f has a strongly p-closed graph. 


Conversely, suppose that a function f : X — Y does not satisfy the stated condition of the 
theorem. Then for some (a, b) e X x Y—G(f), we have (U x &-pcl V) n G(f).* Ø, for every open 
nbd U of a and each 5-preopen set V containing b. Suppose .7={U,: ae l, and U, is an open nbd 
of a} and 


7, = {6-pel V; Be |, and V,is a ô-preopen nbd of b}, and put 


7, = {Wa y=(U, x &pel V) A Gif) : (a, B) € 1, x 13). 


Then 7 = (Fa p: (a, B) e |, x 1}, where 


F. p7 {x e U, : (x, f(x)) € Wi. py: 


is a filterbase on X such that 7 converges to the point a in X, f (7°, b and f(a) + b. Thus 
in view of Theorem 4.2, f does not have a strongly p-closed graph. 


By virtue of Theorems 2.9 and 3.3 and Lemma 4.3 it now follows that 


Theorem 4.4. If Y is a 6-closed space, then every function f from any space X to Y with a 
strongly p-closed graph is p-continuous. 


The next theorem shows that the converse of the above theorem also holds if the given space 
is §-preHausdorff. 


Theorem 4.5. A 6-preHausdorif space Y is 5,-closed if each function f from any topological 
space X to Y with a strongly p-closed graph is p-continuous. 


Proof. Let x, e Y and let (x,, D) be a net in Y — {x,} with no p-adherent point in Y — {x}. 
Let X = {x,: a € D} ù {x} and let T be the topology on X generated by {(x} : a e D} U {TU {x} 
: R € D} as basic open sets, where T, = {x,: œ 2 p, a e D}. Let i : X — Y be the identity map 
and let (x, y) e X x Y—-G(i). if x # x,, then {x} is open in X. Choose, by 5-preHausdorffness of Y, 
a 6-preopen nbd V of y in Y with x ¢ &-pcl V. Then clearly ({x} x 6 — pel V) ^ Gil) = Ø. If x = X, 
then y + x,, so there is a V e 8 PO(y) satisfying x, € 6-pcl V, as Y is 5-preHausdorff. Again, y + 
X„ SO y is not a p-adherent point of (x,) in Y. Hence, there is u e D such that T, © d-pel V = Ø. 
Thus T, U {x,} is an open nbd of x in X and V a d-prenbd of y in Y such that [(T, U {x,}) x &pel 
V] AnG (i) = Ø. Hence the graph of i is strongly p-closed and by hypothesis, i is p-continuous. So, 
for any 6-preopen nbd V of x, in Y, there exists u e D satisfying T, c 5-pcl V. So, x, 2, x, in Y. 

Hence Y is 6,-closed. 

The following result shows that the assumption of 6-preHausdorffness on the space Y in the 
above theorem is, in fact, necessary. 
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Theroem 4.6. If a surjection f : X — Y has strongly p-closed graph, then Y is 5-preHausdorff. 


Proof. Let y and z be any two distinct points of Y. Then since f is onto, there is x e X such 
that f(x) = y. Hence (x, z) ¢ G(f). Since f has strongly p-closed graph, there exist an open nbd U 
of x and a d-prenbd V of z such that (U) ^ d-pcl V = Ø. Put 


W = Y-é-pel v, then W e ô PO(y) and Wn V = Ø, 
Hence Y is §-preHausdorff. 
Combining Theorems 4.4 and 4.5 we obtain: 


Theorem 4.7. A 5-preHausdorff space Y is ô -closed iff each function from any space X into 
Y with strongly p-clcsed graph is p-continuous. 
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GENERALIZATION OF A THEOREM OF S. KUREPA AND ITS 
CATEGORY ANALOGUE 


S. BASU 


ABSTRACT : In [4], Pal generalized a theorem of S. Kurepa. In this paper, we have gener- 
alized Kurepa's theorem from which Pals result follows immediately as a corollary. An almost 
analogous result in the setting of Baire category has also been presented. 
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Key words : Baire property, measurability, point of density, 
first ‘category, second category 


" INTRODUCTION 


Throughout this paper we shall be dealing with sub-sets of an n-dimensional Euclidean space 
R” where Lebesgue measure of any measurable set is denoted by m(A). Hence from now on, unless 
otherwise specified, the word ‘set’ will be used to interpret a sub-set of R° and the terms like 
‘measure’, 'measurability’ etc. shall be used in the sense of Lebesgue. 


S. Kurepa [1] proved that, if A be a set of positive measure, then for any system of p real 
NUMDbETS OL, O......... Of (0 # O), there exists a sphere K, of radius r with centre at the origin such 
that for any vector xeK,, there are vectors 


a(x), a(x), A(X)... , p(x) 
in A such that: 
a,(x)-a,(x) a (x)-a (x) a (x)ra,(x) 


1 a, a, 
Pal [4] has given the following generalization of Kurepa's theorem. 
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If A and B are sets of positive Lebesgue measure, Œp, Ogres.. , a, (œ, # 0) be any system 
of p real numbers and {8,}", be any sequence of non-zero real numbers containing 1 such that 
Lt B, = 1, then there exists a positive integer N, spheres K, with the centre at the originand K, such 
that for any vector x in K,, for a system of p vectors Z,, Zp... , Z, in K, and for a system of p 
real numbers By By, sides By of the sequence {R}, with k > N, there exist vectors 


a(X, Zig Zpree-e rB Bk,» Bk, Rawi By) e A and 
D(X Zir ae eee Zo Bko By sie B,) € B= 1, 2,........ , p) such that: 
1 p 

1 3 

Saan 4 
me eal | sei any Seen 2. Bk, Bk,» u » Bk) hes 7 Ee SARE s Za Bko Bk ERATA By) 

o x 
(i = 1, 2,......p) 


In this paper a result has been proved which includes Kurepa's theorem as a particuler case 
and from which Pal's generalization of Kurepa's theorem follows immediately. 

A point ‘a’ in R° is said to be a point of density of a measurable set A if Lt m (A ^ C,) / m(C) 
= 1 holds for all secuences {C,}" of cubes satisfying ae C, for all k and their diameters 8(C,) — 0 
[5]. Now for any twc measurable sets A and B, if we designate by (A) and $(B) respectively their 
sets of points of densities, then on the same lines as proved for the case of linear sets [3], it can 
be verified that o¢(ANB)=6 (A) ^ 6 (B). Furthermore, if ae ọ (A), b e  (B), then it follows by 
translation invariance of Lebesgue measure that ae $(B — c) and hence from above a e 6 (AN (B 
- c)). Nevertheless, we have made use of this deduction in proving our first theorem. 

Theorem 1. li A and B are measurable with m(A), m(B) (> 0), {a,},_, be any sequence of non- 
zero reals having a finite limit, then given any positive integer p, we can determine an interval | in 
R with positive abscissae and 1 as an interior point, spheres K, with centre at the origin and K, in 
R" such that for every choice of a vector x from K,, sequence {2,},_, of vectors from K, with a limit 
point at the centre of K, and a sequence {B}, of real numbers from I having 1 as a limi: point, 


there exist subsequences {z,},_, of {z,},., whose first p terms are Z,, Z,,......... Zos {Buh Of {B,},,.. whose 
first p terms are B, B,,......... , B, satisfying the following property : 
there exist vectors a(x) e A, b(x) e B (i = 1, 2.......) such that: 
b(x) Zy 
na (a(x) + Be ) 
X Sei = 1, 2... ) where {o,}-; is a subsequence of {o,),_, with its first p terms 


BS Cy, Osea a, respectively. 
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Lemma 1. If A be measurable and xe A, then 
Lt m(A\(A+x)) = 0 
x0 


Proof. Clearly m(A\(A+x)) ~- 
= J nX(Z)X, (z) — x,(2-x)}dz [x, is the characteristic function of A] 
áfa 1Xq(Z)-X,(2-x)|dz-O (as x > O) [6] 


Lemma 2. if A is measurable and àe R, then 
Lt m(A \ AA) = 0 
y 1 


Proof. For linear sets, a proof has been suggested in [2]. For sets in R", an analogous 
procedure may be followed. 


f 


Lemma 3. if C, (C0, C,,......C4 and C, (C, C,@,......CK) be two cubes of equal 
volumes, with there corners represented by vectors cl, c(i = 1, 2........ 2°) and centres by C, and 
c, respectively, C" be a proper subcube of C, and concentric with it and {à}, be a bounded 
sequence of reals, then we can determine an interval J in R with positive abscissae and 1 as an 
interior point, spheres S, with centre at the origin and S, in R° such that for every choice of vectors 
|X from S, z from S, and a real number B from J, the inclusions 


1 1) 1 ce 2 CG z 
CE e ie) Cah- ETAK a T GTA 


B P / 
Con z 
8 00 gn ime Teepe on A,X) 
P B 
2 C'{k = 1, 2,.....) holds 
P z oP z cz 
Co ay -5T Àk X, T -5T Ay Xyovves g Bo àX) being the cube obtained from the 


cube C, under the transformations Y — 5 = — ÀX in RP. 
Proof. If we set, à = sup {lA, |: k = 1, 2,.....}. 
1 
M = sup {Ikxl] : xeCq(o4, chm con) 
(where ||. || represents the usual norm in R’). 


d 


Max È (8(c,) — 8(c’)), SM}, J = (p, y) where 


Max (4, ML}, y = Min (2, 3™ 
H { LY Cer 


2'3M+5 





and S, = {xeR , IIx H< at) 
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S = {zeR, |lz— || <2} where 
c=c¢,-¢,. 
Then the comers. 


aa 
w 
— 


C, 


Sanai = A Xz essed Gee? ~ z. à x) satisfy the inequality 


Ge - Ea) ol e801, Bonn 2) ea a ) 


whenever xeS.. zeS, and Bed. Hence, for every choice of a vector x from S, z from S, and 
a real number B from J, the inclusion 


of the cubes C rom == nx 


C lei”, Cp. Ca) A CGE- S AX, go-z- A,X, 
(2 
C Z 


2 C’ (k=1, 2......) is satisfied. This completes the proof of the lemma. 
Proof of the Theorem. Let ac¢(a), be o(B) and we set E = A ^n (B~c) where 


c =b - a. Then ae 6 (E) (see Introduction). 





We choose 0<=< . Consequently, there exists cubes 


1 1 2 2 2 
C(c, : c , Fia cn) and C Ac, a ae Con ) of equal volumes with their centres repre- 


sented by vectors c, and c, respectively such that 
m(Cy\E) < em(C-) 
m(Ca\B) < em(Cz) 


For definitenesss, let a be a limit point of the sequence TANP in R and 2 vectors z and x in 
R’, real numbers A p B ta 0), we designate by the symboi X(B, 2., x, z} the set a me in general. 
Now since the cube & 3 =; = Ax is identical with the 

(2) 


ci?) d? cf 
cube Ca- Ax, EE E Bay 
g-i “ha Bp ee Y 


B 


virtue of lemma ©, we can determine an interval J in R with positive abscissae and 1 as an interior 


point and left hand end point greater than or equal to L, spheres S with centre at the origin and s, 
2 


where C is that subcube of C, which is concentric with C, and whose volume is equal to (1~e) m(C,) 


and 


A, 20, -a {k=1, 2,.....0) 
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Consequently, 

M(CAA, Colbe Ao x, 2 )H>(1-e)m(C,) 

But then, 

MENCIUA, (BiB Ay X 2) OC elBye Me X ZD 

MCN, Cabe Ay H Bl) = E MCB By X ZEB e ke % 2) #m(C 1) 
>(1-e-e- 2p)m(C,) = {1 - 2(p+t)}m(C,)>0 

Hence, MANIB-<INA, B(By, Ay X, 2,)})>{1-2(p+1)}m(C,)>0 


New by elementary properties of measure theory and lemma 1 we get a sphere S, with centre 


at the origin such that, 
M(AFXIAB-OINA, BB Aye % 2) 
>$- (p+1)}m(C,)>0 holds 
= G - (p+1)}m(C,)>0 holds 


for every choice of a vector x from S,, a system of p vectors Z4, Z,,....... Zo from S, and system 
of p real numbers B4, B,........ Bo from J. 

We relebel S, by K, S, by K, and J by I respectively. 

Now as 

(B-c)\B(B, A, x, 2) 

2 Boz _ 

=(B—c)\( BB AX) 

o{(B-e)\(B-2)}U((B-2\PF)} o (BENE — Ax)) 

(x, ZeR", A, BG#0)(e R) 


by a successive application of lemma 1 and lemma 2, we find corresponding to any real number 


ņ > 0 a vector x in A", a vector z and real numbers A and B (B # 0) such that 


m(B—c)\B(B, A, x, 2) < 7 
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A repeated application of this phenomenon yields corresponding to any given vector x in Ky 

sequence {Zee of vectors in K, with a limit point at the centre of K, and a sequence Bidk: of real 

numbers in 1 having 1 as a limit point, subsequences TA of CAND whose first p terms are 
} 


A A By hat of {B,},_, whose first p terms as B,, B,........ B, for which the inequality, 


is satisfied, where Ak; = 0 0 (i=1,2,.....) and its first p terms are A,, A,........ A, respectively. 
or, MANIA (BIB. Oe. X 2) ze — z (P+1)} m(C,)>0 
(By translation invariance of m). 
w € Zi ] l 
or m (A o Be Bi, KL 2 3 (p+1)}. m(C,)>0 
the remaining part is obvious. Hence the theorem follows. 


Note 1.1. When A = B, we may take a = b and consequently K, becomes a sphere with centre 


at the origin. Now if we choose 
(i) the sphere K as Min {K,, K,}, 
(ii) {o,},_, as the sequence aj, o,,......0. 
(iti) TA as the sequence 0, 0, Q....... 0; e EE 
and (iv) {B} -1 as the sequence 1, 1, 1)... 1p, Tresserre 
then theorem 1 boils down to what has been stated as kurepa's theorem [1]. 


Note 1.2. Let spheres K,, K, and interval 1 be choosen as in theorem 1. Then given any 
convergent sequence {B,},-4 of real numbers with Lt B.=1, we can find a positive integer N such 
that B € t for all kz2N_. Now if we choose xe K, a sequence Zi from K, such that z, = c (the centre 
of K,) for k=p+1, p+2,....... and a sequence {B,. Bon Bk 1,1.......} Of real number (k2N_) then a 


relation of the form: 





b.(x) z 
L -(a(x) + 
By By 
X= nnn (i=1, 2,.......p) is satisfied, where the vectors a(x)e A, b, (jeB (i=1,2, 


42 S. Basu 


eee p). This in fact, is Pal's theorem. 
We shall now state the Baire category analogue of theorem 1. 


A set is said to have the property of Baire [3] if it can be expressed as the symmetric difference 
of an open set and a set of first category. 


Theorem 2.-if A and B are sets of second category with the propertyof Baire and CAW be 
any sequence of real numbers with a finite limit point then given any positive integer p, we can 
determine an interval | in R with positive abscissae and 1 as an interior point, spheres K, with centre 
at the origin and K, in R” such that for every choice of a vector x from K, Sequence {2}, of vectors 


from K, with a limit point at the centre of K, and a sequence Belk- of rea! numbers from I having 





1 as a limit point, there exist subsequences {z, }4 Of {2,},.1 Whose first p terms are Z4, Zgr...--..:2p, 
z 1 
(8, }1 Of {B8,},., whose first p terms are B}, B,...... B, satisfying the following property : there exist 
j 
vectors a(x)eA and b(x)eB (i=1, 2,......) such that 
b.(x) Zz 
= — (a(x) +) 
ki ki ` z 
X E ae (id, 2,.......) where (a) is a subsequence of {a,},_, with its first p 
I 
a 


terms aS 01,, Qg... respectively. 


Proof of the Theorem: By the definition of a set with the property of Baire, we can write 
A = (G,\P,) U Q, and B = (G,\P,) U Q, where G, and G, are open and P,, Q,, Pa, Q, are first 
category sets. Moreover, as A and B are sets of second category, G, and G, are non-empty, hence 
we can fit in G, and G, cubes C, and C, of the equal volumes. Let a and b denote respectively 
their centres and we set c = b-a. Just as in theorem 1, we’ here also use the notational device X(f, 
A, X, 2) to designate the set 5 25 ~A x in general where x and z are vectors in R” and A, B (+ 0) 
are real numbers. 

Let C be a proper subcube of C, concentric with C,. Since the sequence {a,},_, has a limit 
point in R, we can extract from it a subsequence (o, Jat which is bounded in R and whose first p 
terms are 04, Mp,........0,. Hence by lemma 3 of theorem 4, we can determine an interval I in R with 
positive abscissae and 1 as an interior point, spheres K, with centre at the origin and K, such that 
for every choice of vector x from K,, sequence 53 of vectors from K, and a sequence Byes 


of real numbers from $, there exist subsequences Ce of (Zehat whose first p terns are Zy, Zar... 
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Zo Cae of {B,),_, whose first p terms are B4, B,,......8, for which the inclusion, 

Ga CAB, Oh, x, 2,)t26 holds. 

But then, 

aan BB, Oe x; ZGN Ca(B,. ety X, 2.) \ he {P, UP 2 (Bk; Oky X, ZW} 

The right hand side of the above inclusion being a set of second category it follow thet An { A 
jx 

BB, Opp X, 2,3 or ANAL -u -k x)} is a set of second category and hence non-empty for 

i= i 
every choice of a vector x from K,, sequence {z,},_, of vectors from K, and a sequence {B,},_, of 


real number from 1. The remaining part is obvious. Hence the theorem follows. 
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AC CONGRUENCE-FREE SEMIRINGS 


P. MUKHOPADHYAY 
1. INTRODUCTION 


A Semiring is a non-empty set R equipped with two binary operations, called addition, +, and 
multiplication (denoted by juxtaposition), such that R is multiplicatively a semigroup and additively a 
commutative semigroup and that the multiplication is distributed accross the addition both from the 
left and from the right. An element denoted by O is called the zero of R if a+o=a and oa = ao = 
o for all a e R. We do not generally assume that R has a zero element but throughout this paper 
we assume that R has a multiplicative identity 1. A semiring R is called congruence-free if each 
congruence p on R is trivial i.e., p coincides with the identity relation on R or with the universal 
relation R x R. A k-ideal | of a semiring R is an ideal such that, if a el and x e R and a+x e | then 
x e |. The zeroid of a semiring R is Z(R) = {re R |r +a = a for some a e RA). If Z(R) = R then 
the semiring R is zeroic. Otherwise it is non zeroic (cf. [1]). 


in a recent paper (cf.[2]), congruence free commutative semirings have been studied and 
categorized in three types. Our main objective in this paper is to concentrate on semirings free 
from proper additively cancellative congruences and analyse their_interiink with condition D (which 
we shall shortly define). 


2. CONDITION D 


Definition 2.1. (cf. [4]) A semiring R is said to satisfy “condition D” if for each a, b e R, a 
+ b, there exist r,,r,¢ R such that, 1+r a+r, b=r a+r b. 


Example 2.2. Every field is a semiring with condition D. 


Example 2.3. Let N be the set of all non-negative integers. We define a+b=max. {a,b} and 
a.b = usual product. Then N is a semiring with condition D, as can be easily verified. 


pog 
Cr : 
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Example 2.4. (cf. [3}) consider the semiring, 





Here, the sat is {0, x, 1} and + is the “sup” in the chain 0 < 1 <x and @k is the “inf” in the 
chain 0<x<1. This semiring satisfies condition D. indeed, it follows that, 


forx#1,° +1xX414.9 = 1.14 1x; 
forx #0," + 1.x% + 1.0 = 1.0 + 1.x; 
and for 1 #0, ~ + 1.1+10= 104 1.1; 
as can be verified easily from the tables. 
Following results are well known and can easily be verified. 
Result 2.5 A semiring R with 0, satisfying condition D does not admit divisor of zero. 
Result 2.6. (cf. [5]) A nonzeroic semiring R with condition D has no non-trivial k-tdeal. 


We now consid2r M (R), where R is a semiring with condition D and M (R) is the sei >f all n x 
n matrices over R. Then with respect to usual matrix addition and multiplication it is a serriring with 
identity and zero element. ) 


Result 2.7. the semiring M (R), as defined above has no non-trivial k-ideal. 
Proof. We first produce the proof for n = 2. 


Let | be a k-ideal in M,(R) such that | # {0} 











a b a b 0 0 
i.e., | le such that # i.e. not all of a,b,c,d are simultaneously zero. Now, since 
c d c d) (0 0 
1 0 1 Ol fa by fi 0 a 0 
o 0! €M,(R) and | is an ideal I | k di jo ol elie., lo oo] el. Similarly, téking 
0 0 


0 0 
0 sl into corsideration we can see that, lo i| is also in |. Now, without any loss of gener- 


ality we may assume that a # 0, d # 0; 
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Then taking a # 0, by condition, D, we get that there exist r,,r,¢R such that 1+r, a = r,a. Now, 


r, 4 a 0 ; fa j aed rad 
eM, (R) and e | implies] ' =|! imi 2 
i 0 , (R) h A p o ollo o o 0 e | and similarly f o el 


radi jira 0 1 0 rad 10 
but 2 = 1 se l : ¢ : . a 
b o b j k i J o) e | implies k a e | ( since | is a k-ideal). 


Similarly, taking d + 0. into consideration, we can show that j ° 


1 0 
e |. Consequently | 0 j 


e |. Hence | = M, (R): 
The proof for n > 2 can be done in esssentially similar manner and hence is omitted. 


Definition 2.8. A k-ideal | is called minimal if for any k-ideal A with (0) c A cl implies A = (0). 


Definition 2.9. Let l,l... | be k-ideals of a semiring R. We call R the internal direct sum of |,,I,,..., 


|, and write R= 1,6... ®© 1, provided that 
a)R=lt+li+..¢ I, 
DIA (+ | +... + bt Uy tee + 1) = {0} , for each i. 
Result 2.10. The semiring M, (R) , as defined above is a direct sum of n minimal left k-ideals. 
Proof. We first prove the result for n = 2. 


a 0 
Let us consirder | = it | :a,beR | Then I is a minimal left k- ideal of M,(R). In 
fact, that it is a left k- ideal follows obviously from the definitions. To prove the minimality we proceed 
as follows; 


0 
Let A c | be any other left k-ideal; A + (0) implies that there exists i l e A such that 


a 0 0 0 
i o # | 0 y . Without any loss of generality we may assume a + 0. Then by condition D, there 
exist rr, R such that 1 +ra = r,a. Then as before in 2.7 we can show |; d € A i.e., for any 


0 0 
i j e |, we see that [p | i oefe | which implies j | eA, so that | = A. 
q 0 q 0j io o] LQ 0 q 0 


0 
Similarly it can be established that , J = 1 :c, de R {is a minimal left k-ideal of R. 


0 
It then follows obviously from the definition of direct sum that, M, (R) =! pe || aan je. 
b 0 0O d 
M(R) =I @ J. 


The proof of this result for n > 2 being essentialllly similar is omitted. 
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3. AC CONGRUENCE ON SEMIRINGS 
Definition 3.1. A congruence p defined on R is a subset of R x R such that; 
i) p is an equivalence relation 
ii) (a,b) e p implies (c+a, c+b) e p , and (ca, cb) e p and (ac,bc) e p for all a, b, c e R. 


Definition 3.2. A congruence p on R is called additively cancellative (AC), if (a+c,b+c) e p implies 
(a,b) e p for all a. b, ce R. Following result can easily be verified. 


Result 3.3. A ccngruence p on a semiring R is cancellative if and only if (a+c, b+d) e p and (c,d) 
e p implies (a,b) € p , a, b, c, de R. 


Definition 3.4. ( cf, [2] ) A semiring R is Called a semifield if (R, ©) or (R \ {0} , ) is a group. 
Following example shows that a semifield is not necessarily congruence-free. 


Example 3.5.. Let Q’ be the semiring of all non- negative rationals with usual addition and 
multiplication. Then, it can be easily verified that Q° is a semifield. Define p = { (a,b) e Q°x Q}: 
ab > 0} { (0,0: }. Then p can be proved to be a proper congruence relation on Q°. 


We further point out that a semifield need not be free even from proper AC congruence as is 
evident from the following example. 


Example 3.6. Consider R = { (a,b) e Q* x Q:Q is the set of rationals and Q’ is that of the positive 
rationals}. Defining (a,b) + (c,d) = (a+c,b+d) and (a,b). (c,d) = (ac, ad+bc) it can be verfied to be 
a semifield. Define a relation p on R as (a,b) p (c,d) iff a = c for (a,b), (c,d) e R. It is a routine 
matter to check that p is a proper AC congruence on R. Indeed, fet (a,b) + (x,y) p (c,d) + (x,y) hold, 
for (a,b), (c,d), (x,y) e R. Then, a+x = c+x implies a = c (as Q* is additively cancellative). Hence 
we get, (a,b) p (c.d), showing that p is AC. Now (1,2) p (1,3) implies that p is not the ideniity relation 
and (3,2) p”(5,1/2) shows that p  R x R. Consequently p is a proper AC-congruence on R. 


Definition 3.7. Closure of a congruence p on R is defined as, p = { (a,b) : (a+x,b+x) e p for some 
xe R} 


By definition the closure of any congruence becomes an AC congruence and it also follows trivially 
that p c P for any congruence p on R. 


4. NON-TRIVIAL AC CONGRUENCE-FREE SEMIRINGS 


in this section we take R to be a semiring with zero element 0 +1. 


Definition 4.1. An AC congruence p on R is called a non-trivial AC congruence if gpg Rx 


R, where I, is the identity congruence on R. 
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Lemma 4.2. If an additively cancellative semiring R has no non-trivial AC congruence then it 
satisfies condition D. 


Proof For a,b e R with a + b we define a relation p on R in the following way 
P = { (x,y) : X+r, a+r, b = y+ratrb, for some rr, e R} 


It is a routine matter to check that p , as defined above, is an equivalence relation on R. Also, 
p is an AC congruence relation on R. In fact, (x,y) e p implies, x+r,a+r,b = y+r,atrb for some r,r, 
e R whence, c+x+r,atrb =c+y+r a+r b for all c e R showing that (c+x,c+y) € p and cx+cr a+cr b 
= Cy+cr,a+cr b i.e. cx+S,a+s,b = cy+S,a+s,bis,,s,¢ R (s, = cr s,=cr,) shows that (cx,cy) e p, and 
similarly we can show (xc,yc) e p proving that p is a cogruence relation on R. Also (x+c,y+c) €e p 
for any c € R implies x+c+r a+r b = y+c+r a+r, b for some r,r e R implies x+r a+r b = y+r a+r b (since 
R is additively cancellative) so that (x,y) e p proving there by the additive cancellativity of p and hence 
either p = |, or p = R x R. We assert that p = l. To prove our assertion we are to find some p,q 
e R with p + q such that (p,q) e p. Indeed, a + b serves our purpose with r, = 0, r, = 1. Hence 
pP =R xR, so that (1,0) e p implying that 1+r a+r, b = r,a+r,b for some r,r, e R which is percisely 
the condition D. E 


Theorem 4.3. A non zeroic semiring R satisfies condition D if and only if R is non-trivial AC 
congruence free. 


Proof. Let R be a semiring with condition D. let p be an AC congruence on R and let p # lp. We 
are to prove p = RxR. 


Now, there exist a,b e R Such that a p b and a + b (since p + I,). Then by condition D there exist 
some r,t, € R such that +r a+r,b = r a+r b. since p is an equivalence relation (1+r a+r b,r a+r b) e p. 
Now, since (a,b) e p and p is a congruence we have r,ap r,b and r,ap r,b so that (r a+r, b,r a+r, b) 
e p. Hence by Result 3.3 we get (1,0) e p. Let us now consider x,y e R. Then (x,0) e p and 
{y, 0) e p implies (x,y) e p. Since this holds for all x,y e R. we get p = R x R. Conversely, let us 
suppose that R has no non-trivial AC congruence. Now, we are to show that R satisfies condition 
D. We know I, is an additively cancellative congruence. Hence either I= Rx R or 1,=1,. We see 
that if l= R x R then, (1,0) el so that (1+x,x) e |, for some x e R which implies that 1+x = x; 
then for any a e R we get, a+ax = ax which shows that R is zeroic, since this contradicts our 
hypothesis we assert that I, =|. This indicates that R is an additively cancellative semiring. Then 
by lemma 4.2 we see that R satisfies condition D. 


Acknowledgement. The author is deeply grateful to his guide Dr. M.K.Sen of Dept. of Pure 
Mathematics, University of Calcutta for suggesting this problem. 
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ABSTRACT. The concepts of p-relations, p-transformations on a non-empty set and the weak 
regularity of a p-transformation have been defined. A criterion for weak regularity of a p-transforma- 
tion has been established. 
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1. INTRODUCTION 


For a monoid M with identity 1, a non-deterministic M-automaton & = (S,f) is the pair of set S and 
a mapping f from S x M into P(S), the set of all subsets of S, satisfying f(s,1) = {s} and f [f (s,m), 
m'] = f (s,mm') for all s e S, m,m' e M [1]. Every non-deterministic M-automaton & = (S,f) induces 
a relation between elements of S and P(S); an element s e S is related with A e P (S),.if there 
exists m e M such that f(s,m) = A. This motivates us to introduce p-relation on a non-empty set S. 


2. p-RELATIONS AND p-TRANSFORMATIONS 


A binary relation p on a set S is a subset of the cartesian product S x S. An operation o on the 
set B (S) of all binary relation on S is defined for every p , o e B (S) by 
pos = {(x,y) e S x S [there exists z e S with (x,z) e p and (z,y) € o} 
With this operation o, B(S) is a semigroup [1]. 


By a p-relation p on a non-empty set S, we mean a subset of S x P(S). We denote the set of 
all p-relations on S by 8,(S). For any p,o e B,(S), we define 


poo = {(x,A) | there exists non-empty B e P (S) and A, €e P(S) corresponding to every 
b e B satisfying (x,B)ep , (b,A)Jeo and y A= A} U { (xo) | (x) e p} 
and po@ = Ø = Doce, where Ø is the nuil p-relation on S. - . 
2.1 Theorem. ( B(S), o) is a semigroup. 
Proof. For any p, o, 6 e B (s), we take (x,A) e (poo) oò. 
if A = 6, we have the following possibilities. 


(i) (%,0) e poo (ii) there exists non-empty B e P(S) such that (x,B) e poo and (b,o) = 6 for all b 
e B. 
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if (x,p) € 200 then either (x,o) e p or there exists non-empty B e P (S) such that (x, B) 
e p and (b,g) e o for all b e B. If (x,@) e p then (x,o) e po (00d) from the definition of o. If there 
exists non-empty B e P(S) such that (x,B) e p and (b,ọ) e o for all b e B, then (x,B) e p and (b,o) 
e 606 for all b e 3 and hence (x,ọ) € po (cod). 


Now we consider the second possibility (x,B) e poo implies there exists non-empty C e 
P(S) and B, € P(S) corresponding to every c e C such that (x,C) ep, (c,B,) € o and iJ, B- = B. 


Here (b,9) e ô for all b e B. So (b,p) e ô for all b e B.. (c,B,) € o and (b,9) e ô for all d e Bo 
imply (c,o) € ood. (x,C) e p, (co) € ood imply (x,ọ) € po (cod). 


if A + @ there exists non-empty B e P(S}, A e P(S) corresponding to every b = B such 
that (x,B) e poo, (5,A,) € ô and i, Ab = A. Now (x,B) e poo implies that there exists non-empty 
C e P(S), B, e P(S) corresponding to every c e C such that (x,C) € p, (c,B.) eo and Me B, = B. 
Thus for each c e C we have (c,B) € o, (b,A,) e 6 for all b e B, which give (c, Za A,) = goð for 


all c e C. (x,C) e 3, (C, A A,) € o08 imply (x, U oc (Ya A e po (0o08). 


Ye (Va A = BEA, / be y, BJ= YA, = A. So (x,A) € po (008) 


cec 


Converse part can also be proved similarly. Thus ( B, (S), 0) is a semigroup. O 

The subsemigrocp 7,(S) of B(s) consisting of all binary relations f satisfying the conditions 

(1) for every x e S, there exists y e S, such that (x,y) e f, 

(2) (x,y) €e f and (x,y ') e f imply y = y ', is called the semigroup of all transformations on S [1]. 
The subsemigroup 7(S) of 8,(S) consisting of all p-relations f-satisfying the conditions. 

(1') for every x e 5, there exists A e P(S) such that (x,A) e f 

(2') (x,A) e f and (x,B) e f imply A = B 


is called the semigroup of all p-transformations on S. An element f €e 7,(S) acts on the set 5 on the 
right and this acticn is usually indicated by writing (x}f = A whenever (x,A) e f. A p-transformation 
semigroup on a sat S is a sub-semigroup of 7(S). Similarly, a p-transformation monoid on S is 
defined as a submonoid of the monoid .7,(S). 7,(S) is isomorphic to a subsemigroup of 7,(3) under 
the isomorphism f— 7, for every f e 7(S), where (s)f, = {(s)f} for every s e S. So 7(S) can be thought 
of as a p-transformation semigroup on the set S. 


For f, g e 7(S), we write f < g when (x)fc(x)g for all x e S. An element a of a semigroup S is 
called regular if there exists x e S such that axa = a. An element f e 7,(S) is called weakly regular 
if fogof < f for some g €e 7(S) with (x)g = ọ for all x e. S. Henceforth fg will stand for fog for any 
two p-transformations on S. 

Example. For S ={1, 2, 3, 4, 5}, f =((1, {1}), (2, {1, 2), (3, (1, 2, 3}), (4, (1, 2, 3, 4}), 5, (4, 2, 
3, 4, 5})} €7(S) is weakly regular. 
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e 


A p-transformation semigroup is weakly regular if each of its elements is weakly regular. 
The following definitions and notions lead to a characterisation of a weakly regular element in FS). 


For any f e 7,(S), we can define an equivalence relation = on S by stating that s, t (s = t e $) 
if and only if (s)f = (t)f. We call it as an f-equivalence on S and denote f-equivalence class containing 
se S by f,. 


From each of the f-equivalence classes we take exactly one element and form a set T, called an 
f-essential subset of S. For any s e S, an element t e T is denoted by t, when tef,. 


Henceforth the letter T will stand for an f-essential subset of S. 
We call the set C,(T) = {AeP(T)| caf # 9} as the set deriving intersecting f-images. 


A 

Fors e S and A e C,(T) we call the pair (s, A) effective if se ^A (a)f. For every Ae C,(T), there exists 
at least one se S such that (s, A) is effective, but for an element se 5S, there may not have an element 
A in CT) so that (s, A) is effective. 


For se S, BeC,(T), the pair (s, B) is said to be an effective extension of an effective pair (s, A) 
if 

(1) (s, B) is effective 

(22) AcB 


An effective extension (s, B) of an effective pair (s, A) is said to be maximal if BcCeC,(T) and 
(s, C) is effective imply B = C. Maximal effective extension of an effective pair (s, A) is denoted by 
(s, Ma). For A, B e C,(T) if (s, A) and (s, B) are effective then (s, M,) = (s, Mg). 


An element t e T is said to be a core of an A e CT) if (fc Ov, (a) f. The set of all cores 
of A is denoted by Cy. 

For every te Ca, AU{t}eC,(T). AUC, e C,(T) for A e C,(T) if and only if C, e C,(T). 

if f e 7, (S) be such that (x) f = (y)f or (x)fn{y)f = ọ for any x, y e S, then every element A of 
C,(T) is singleton and so C} = À # 9. 

2.2 Theorem. feC,(T) is weakly regular if and only if C, # ọ for every A e CT). 

Proof. Suppose the condition holds good for f e x(S). We are to construct g € 71S) such that 
fof < f and (s) gz 9 forałlse S. 


For this we fix an element x of S. Let y e S be arbitrary. If (y, A) is not an effective pair for any 
A e C,(T) we write (y)g = {x}. If there exists A e C,(T) such that (y, A) is effective we take the maximal 
effective extension (y, Ma) of (y, A). Clearly My, € C,(T). So by the condition Cu, + @. We write, (y)g 


= u Ñ. 
iec,, t 
E My 
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Now, for any s e S if (s) f = 9, (s) (fgf) = ọ for any g e 7,(S) and so fgf < f for any g € 7,(S): 
suppose (s)f + ọ for some s € S and y e (s)f be arbitrary. Then y e (t,)f and so ye nN „(aM for some 
A e C,(T), infact, it is true for A = {t} e CT). Then (y, A) is an effective pair. Sc, (y)g 


üi Yoy t 


Now T every z e (y)g, z e fi for some te Cm, and so (2f = (d fg Lp re (mfg | N „(@f [A 
c Mal g (t,)f = (s)f. This indicates that (s) (fgf) c (s)f for anys e S i.e. fof < f. 


Conversely let fof < f for some g e 7,(s) with (s) g = ọ for alls e S and A e C,(T) be arbitrary. 
We take ye n (a)f and we write (y) g = B, 

Now, y e (a)f for every ae A 

= (y)g c(a) (fg) for every a e A 

= (B) f c(a) (fof) for every ae A 

=> (By) t alaf for every a e A [since fof < fj 

=> (B) fc a, (al 

= (b) fc nm, (a)f for every b e B, (By + g] 

>fe , (art 

=> t,¢€ - 

» C z+. 0 

In [1], it has been proved that the semigroup 7(S) of all transformations on S is regular. Here we 
get the following result as a consequence of the theorem 2.2. 


2.3 Corollary. Semigroup 7,(8) of all transformations on S is a weakly regular p-transformation 
semigroup. 

Proof. For any f e 7,(S), either (xfs = (y)f, or AAY) = for any x, y e S. So C, + ọ for any 
A e C (T). Hence fo is weakly regular. Thus 7(S) is a weakly regular p-transformation semigroup. 
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JAYASRI SIRCAR AND A. DASGUPTA. 


ABSTRACT. A semigroup (G, +) consists of a non-empty set G on which associative- operation, +, 
is defined. Let (G, +) be a semigroup and Q be a class of n-ary (n > 1) operators. 


A semigroup (G, +) together with the operator domain Q will be called Q-semigroup 
(G,+,Q) if the following conditions hold. 


(1) 3 at least one element xeG/ax ....xaw, = a Vw, Q and for all a e G. 


(2) The following distributive law holds 


For any (n-1) elements a, a,, a, .... apy ee a, of G and for a, b e G, wie Q. 
Ag Bs eases (a+b) a, wW, 
SL hay atckinwanncay esos Bg AU Ag aeetenncass a, a, W, 
PA Ae O - 4b a, a,, a, Wn 


Our aim is to define the new class of algebra to study the common properties of a particular 
class of distributive lattices and rings. In this paper we have given some examples of 0-semigroups. 
We have also defined ideals and congruences and established sorne interesting theorems. 


Key words : Q-Semigroup, Idempotent, n-ary operators, 2-Sub Semigroup, K-ideal, congruence. 
Classification : 08 A 30 l T 
§1. DEFINITION Q-SEMIGROUP D y 


A semigroup (G, +) consists of a non-empty set G on which associative opertion, +, is 
defined. Let (G, +) be a semigroup and Q be a class of n—ary (n 2 1) operators. 


1.1 A semigroup (G, +) together with the operator domain Q will be.called Q - semigroup: 
(G,+,Q) if the following conditions hold. 


(i) 3 an element xe G/ax ....... xaw = a, Vw, EQ and for alla e G 
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(ii) The following distributive law holds : For any (n-1) elements a,, a, ........0.+. Pre: T 
a,€ Gand a, be G. wi eQ 


BiB E a, (a+b) a; eee A, Wp = By Bp srorerisesesssnsase 8, a apg csncvsesones a, Wp + Ay A, cemseeenens 
a, D 8p eee a, W, 


Ex. 1.1 Every semigroup (G, +) is an example of Q-semigroup. where Q = 9. 
Ex. 1.2 Every ring (R, +) with 1 is a Q-semigroup where Q = { .), since ax = a holds for x = 1. 
Ex. 1.3 Every distributive lattice (L, V, ^) is a Q-semigroup with Q = { ^ } and + = V. 
Ex. 1.4 Let J = positive intergers. 
Define a V B max (a, b) 
a 4 b = min (a, b) 
a. b = product of a, b 
a * b = h.c.t. (a, b). 
Here, +=VandQO{4,., } . 
it is easy to see that “,., Æ distribute over’ + '. 
Hence (J, Y. Q) where Q ={4,., Æ}, is a Q - semigroup. 


Propostioon 1.1. -et a Q - semigroup G be such that G itself is a group w.r.t. the operacion '+' 
then G becomes a £2 - group. 


Indeed, 8 e G, w, e Q is n-any operator. i 


=> OO isssscicsssstscsaszin 9 (0 + 8) 8 onosnesnsee 6 W 
= OO is cississ senascacnesnt OW, + 88 neeese, 8 w, 
As G is a group we have by cancellation law 66................ Ow_ = 6 
§ 2. DEFINITION O-SUBSEMIGROUP " 


2.1 Let G be a' Q -semigroup. By a Q-subsemigroup H, we mean a non empty subset H of G, 
which is itself a Q - semigroup. 


2.2 Let J = set of intergers, Let S = J x J, S is a Q - semigroup w.rt (+, Q .) where Q={. } 
Le R =Jx 0. 


Then (R, -, .) is a Q - subsemigroup of (S, +, .). 
§ 3. DEFINITION 


3.1 By an ideal of a Q ( + 8) semigroup G, we mean a non-empty set 
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: | such that 


1) | is itself a Q - semigroup 


oe Se ent A 0 E eaten x wie | Vw, e Q. 


to 


if Q= 96, then lis a subsemigroup which is a very trivial case, so in case of ideal it 
is assumed Q + 6. 


Definition 3.2. K-ideal 
By a k:ideal of a Q - semigroup G we mean a non-empty set | such that 
I is an ideal in G 
2).x +ye¢'| and either of x, y € | ==> the other aiso belongs to | 
We now study the relations between the k-ideals in any ring with 1 or k-ideals of distributive lattices 
with ideals of the corresponding system. 
Example 3.1. Let R be a ring w.r.t. +, and | be any ideai in R, in which the equation ax = a is 
solvable 
Then, 1)x,ye | =» x+y é | 
2)x,ye lixe [=> -x e | hence y el 
3) xX, X% € Rand x, € | = x, xe |, xx, € | 
4) The equation ax = a is solvable in | by hypothesis. 


Thus every ideal in R in which the equation ax = a is solvable is a k-ideal in R, Conversely. 
let | be a k-ideal in R and let a,b e | andre R. 


As@eR, | eo>4xe loxe |. 

Let. ae |»-ae | 

Indeed, 6 e |,a+(abe |» -ae | 

Now, a, b € l> abe l =»a -be | 

Algo ¢ aa re |. Thus lis an ideal in R. 
; Example 3.2 Let L be a distribuive lattice w.r.t. V and a. 


Let, J be an ideal in L. 


Then 1) Let x ye Joxvyed 
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2) Let x, e L and xe Jthenx,axsx=>xaxod 
3) Le xvye J, xe J, thenysxvy=syeJd 


4) Also a A x = a is solvable, in J, as every element of J is idempotent. Thus J is a k-ideal 
of L. Conversely, let J be a k-ideal in L. 


Then 1) x yeJ>xvyed 
2) Let xe L anda e J such that x < a. Then xaae J 
In this case also the two notions concide. 
Definition : 
Let G be a Q - semigroup. If G contains an elements an elements 6 such that 


a, a,.a, 0a,- aw = @ where a,, ap... a, E G, Vw, E Q, and n (W,)=n >1 then 6 is 
called an absorbing element of G. If the absorbing element 6 is such that@+a=a+6 ‚Vae G 
then 0 is callled the absorbing element 6 is such that@+a=a+96 , Aa Gis called the absorbing 
zero. | 


Remark 1. 96......... Ə w, = @ holds for all w, e Q 
Example 3.3. 


Let E be a set and M = [0, 1] its associated membership set. We consider the set of fuzzy subset 
PIE]. 


Let A.B e P(E). we define the fuzzy suset A U B whose membersship function HAUB is as follows: 
HAUB™ = Max (HA, HBh 
Then, (P (E), U ) is a semigroup. 


We define A+ B, A B and A ^ B in the usal way . We take the operator domain Q = {+ , O}. 
It can be easily seen that (P(E)) u) with operator domain Q = {+ , ^} is a Q-semigroup. Here 6, 
the empty set, is the absorbing zero. it can also be seen that (P(E), ©) is also a Q-semigroup with 
the operator domain Q = {fq +, .) but (P(E), ) is not a Q-semigroup with (Q = U A, ,). 


Proposition 3.1. If G be a Q-semigroup. then (6) is an ideal in G. 
Proof : By the definition of 8 we have 68............ Ow, = 8 
Also, 968........ 6(6 + 6)8@............. Ow, = 4 


or ,6+0=6, 
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It is not true that x+ye ( 0) and xe ( 6) =y e( 6). 

Hence ( 8) is not a k-ideal. 

Example 3.4. Example of an absorbing element 
Let X be any set.P (X) denotes the set of all subsets of X. 
We define A+ B=ANB 
AxB=AvwuB 


P(X) is a Q -semigroup w.r.t + and x Evidently X e P (X) is the absorbing element of 
Q-semigroup (P(X),+ X). | l 


§ 4. CONGRUENCES ` 


Definition 4.1. Let (S. Q ) be a Q-semigroup. An equivalence relation p will be called a congruence 
if 


DX PY, +X PY >X +O PY, +y 


where w,€ Q and n (w) = n 2 2. 


Proposition 4.1 : if | (#0) cC (G) .ideal in Q-semigroup. G. where C (G) = {xe G/x+a= 
a+ x vae G) then | defines a congruence in G., 


Proof. Define a p b iff a + x =b + y, where x, y, e | If suffices to prove only transitivity. Let a 
p b, b pc, hold, then 3 x, y, w, v e I such thata+x=b+y,b+w=c4v. 


Thenasx+w=b+y+w 
o =b+w+y=C+v+y so apc holds. . 
Let x,py, and x py then 3 u, v, w, te I such that x +uUsy,+Vv, x, + Wey th 
Adding. x+ U+X%,+W=y¥,tV + Yoel. : 
= Xp te MPUtWay, +y +V +t 
= X; + Xo P Y; + Yo 
Let x4 P Yis Xo P YaoreeeeXn P Yn 
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X, + U, = Y, + V, 


LEF EEEETEETEEFETEETETEETETFEEZEFEETESEEE) 


Xn + Un = Yn + Vpn 


(X4 + Uy) (Xo + Uy) sesesessosrsoneconreeesosas (x, + U,) W, 
= (Y4 + v4) (Yo + Va) vasosovavsosonaansosare (Yo + Vn) Wa 
ON. Ki Xosecarssseaee 4, Wa + E Wp (Xp U) + Uy Ug ooeec UnWpn, (where W,(X,U;) = A)... a,W, 
(all possible sum) a is either x, or u) 
= Yy Vor rccsserees YeWy + E Wp (Ygs Vy) + Vy Voeeeeseseeee VaW,, (Where WalyiV:) = bbg .......008 b.w,, 
(all possible sum) b; is either x; or v,) 
= XyXoereeky Wn P Vy Yoeeee Yan 


Thus | defines a congruence p in the Q-semigroup G. ///. Now let us denote the equivalence class 
containing y by yi i.e. yi contains all the elements s satisfying y + u = s + v, where u, v e |. Evidently 


ye yl 
Note that y/ is not the class of elements of the form. y + | but a set containing y + |. 


Define yl + s/ = (y+s)/1 


The operation is well defined. 


Let yi=y, and s/l =s,/l where Y, Y. S, S, e G. soy+u=y, +v, for some u,v e 1 ands + 
r= 8s, + t, forscmer,te | 


= ytUtS+r=ay+V4+5, +t 

= (y+s)eutre= (y, +S) +v +t 

=> (y+ s) A= {y} +$,)/1 

Hence, yl + sil = (y + s) /l = (y +5) /l=y/1les, /| 


Let y,/l,......v,/l are n elements of the congruence classes, then define 
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(YA) (YA)... (YA) Wy = Y4Y2 Yn WWE Q.n(w,) =n and n 2 2 
Let y/I = s/l 


=> y% + u = S; + v, where u, ve | 


NOW, Yy Yooo WoT Y + U) Vipper Yon 
Ya a I ETT YitlS4+Y) Vg qeeerceeree MWn 

OF a E Vu a PE ALP 

HY a e SEE Jii Wan Yn Wa 

a eee W1 Si Vg WhWn 

rie Za erent Vea Vianan YW, 


Thus this operation is also well defined. 

Leta e G, J xe G/ azx........... xaw,, = a. 

then (a/l) (x/\).......... (xf) (afl) Wp = aX........%,Wpll 
Thus the congruence classes form a Q-semigroup G/p 


Let x e I, then x/ = 1, Indeed pe [=> x +p=p +x, as | c C(G) = pexA conversely, let p 
exli>iduv,6¢lprusx+v,>p+ue l, As lis a k-ideal, and ue l=pe i. 


Thus we see that x/i = I, when x e |. Thus we have 
(xA) (Xp/l)......... (x) OI) (%), ,4).......(x,/l)w,, 


= Kla Xing X Ki qeceeceers x, Wo! 
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Thus x / | is an absorbing zero of G/p. 
Thus we have the following theorem :- 


Theorem 4.1. 


If G be a Q-sem:group and if | (= @) be an ideal of G such that | œ C (G), where C(G) is the 
center of G, then G/p will form a Q-semigroup where p is a congruence in G, defined by I. 
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NONLINEAR ANALYSIS AS AN AID TO LINEAR ANALYSIS 


Jyoti Das (NÉE CHAUDHURI) 


1. INTRODUCTION 


The first step of the qualitative analysis of a nonlinear differential equation (NDE) 
generally consists of finding a suitable linear differential equation (LDE), which is sufficiently 
close to the given NDE in some sense. This step is obviously taken with the presumption that 
the analysis of the corresponding LDE is fairly well-known. In other words, for the analysis 
of a NDE, we seex help of a LDE. Unfortunately, there are many LDEs, much of the analysis 
of which are yet to be known. 


In view of this, a pertinent question is : may we seek help of NDEs in analysing LDEs? 
The present endeavour is to investigate the prospect of this idea of utilizing NDEs in deriving 
information regarding the solutions of a given LDE. 


Weconcentrate here on thesecond-orderlinear homogeneous ordinary differential equation 


. -(p@&)yOY +qWMy@=0, xe[0, ~), wud) 
where (i) p,q: [ 0,. )—> R (the set of real numbers) are 
continudus, 
(ii) p (x) > 0 for all x e [0, œ) 
and y x) = z 


It will be shown that (1.1) can be associated with a suitable Riccati’s differential equation 
(RDE). By analysing the RDE, which is nonlinear, we derive various knowledge about the 
solutions of the ziven LDE (1.1) in regard to boundedness, monotonicity, square-integrability 
and oscillatory behaviour. Also, we can obtain from the RDE some results regarding the zeros 
of the derived functions of the solutions of the LDE (1,1). New information regarding the 
eigenfunctions of an eigenvalue problem associated with (1,1) can also be derived through the 
corresponding RDE. Finally we compare the solutions of two LDEs of the form (1.1) through 
the corresponding RDEs. 


2. THE RICCATI’S DIFFERENTIAL EQUATION ASSOCIATED WITH (1.1) 
Let y : [c, B]— R be any solution of (1.1) such that y (x) # 0 for all x € [ ©, B]. 


r 
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Write z (x) = p (x) y (x)/y (x) for all x e [a, B]. (2.1) 
It can be easily verified that, for all x € [a, B], 
z (x) = q (x) - 27(x)/p x). l n (2.2) 


This is the RDE associated with the given LDE (1.1). 


Conversely, for any solution z : [a, B] —> R of (2.2), 1f we define y : [a, B] —> R by (2.1), 
we find that y is a solution of (1.1) with y (x) # 0 for all x © [a, B]. It is to be noted here that, 
(1,1) being homogeneous, if y : [a. B]— R is a solution of (1.1), then for each real number k, 
ky : [œ Bl R is also a solution of (1.1). In fact, given a solution z of (2.2), we get the set 
S, = tky: k e R-{0}} of solutions of (1.1), each member of which is linked with z by the 
relation (2.1). In view of this, a one-one correspondence is established between the solution- 
space of (2.2) and the solution-space of (1.1), grouped in the fashion mentioned above. 


In the sequel, we consider a solution 6: [a, B]— R of (1.1) such that (x) = o for all 
x £ [a, B]. Let & : [a, B]— R be defined as follows : for all x e [a, B], 


E (x) = p (x) Y 00/6 C. “a. (2.3) 
Then §& (x) = q (x) - & (x) /p (). ~ (2-4) 


3. THE LDE (1.1) WITH q : [oœ B]J—> R OF ARBITRARY SIGN 
Using (ii) of §1 in (2.4), we get, for all x e [a, 6], 








r E (x) < q (x). l sa OL) 
Integrating twice we get, for all x e [x, B], 
(2) x t 
Bos J { p (a) ¢ (0) / 6 (a) + J q {u) du } /p (t) dt. (3.2) 
Hence, 


x t 
0 So (x) So (œ) exp S [p (Œ) ¢ (œ) / (œ) + I- q (u)du] / p (t) dt}, 
for all x £ [a, B] according as ọ (x) Z 0 on [@, B]. 


These lead to the following results : 
Theorem I. If (i) the LDE (1.1) is nonoscillatory on [0, ©), 


(ii) j 1/p (x) dx < os, 
a 0 roy 


(ii 





fefacman, p(x) 
9 8 





00 


then all the solutions of the LDE (1.1) are bounded on {0, J. 
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Theorem IJ. If (i) the LDE (1.1) is nonoscillatory on [0, œ }, 


Gi) pq: [0, = J R is monotonic decreasing, 


(iii) exp tJ (p (a) q (a))/%, + j q (t) dt} / p (x) dx] £ L? [a, œ) for some 
a> Q, 
then the LDE (1.1) is in the limit-circle case at infinity. 
Remark : The results of Theorems I and II are new. These are the direct contributions of the 
nonlinear RDE (2.2). 


4. THE LDE (1.1) WITH q NONNEGATIVE ON [o, B] 


Let q (x) = 0 for all x e [a, B]; let > be a solution of the LDE (1.1) with 9 (x) + 0 for all 
x £ [a, B]. Without loss of generality we may assume that 9 (x) > 0 on [a, B]. The three cases 


(1) o’ (a) > 0, (2) ¢ (a) < 0, (3) o' (® = 0 are to be considered separately. 
(1) o (a) > 0. 
It follows from the LDE (1.1) that 9’ (x) > 0 for all x e [a, B]. 


Therefore 9 is strictly increasing on [a, 8]. Again q being nonnegative on [a, B], we 
have, for all x € [a, B]. 


G(x) 2 -Exp x). .. AT) 
Intergrating (4.1) we get, for all x e [a, B], 


YD > [6 (@/p (oe) H+ S Up O dtp &. ~ (£2) 
Intergrating again we have 
DO =o (+ p po) f Yp O dt . 43) 


As 9' (x) > 0 on [a, B], we know that 9 (x) 2 6 (a) for all x £ [a, B]. Note that (4.3) is 
a better result. If q (x) 2 0 for all x £e [@, ~) for some a> 0, it follows that no solution of the 
LDE (1.1) can be square-integrable. 


(2) 6 (œ) < 0. 
In this case we can find ye (a, B] such that, for all x e [a, Y}, 


$ (a) p (œ) p (œ) + J. 1/p (t) dt < 0. 
Integrating (4.1) we now find that (4.2) holds on {o, y]. Integrating again we get, for all . 
XE [a, yl, i 


$ x) 2 (Œ) +p Œg (a) f i 1/p (t) dt. : .. (4.4) 
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As 6 (x) < 0 on [a, y}, we have 6 (a) 2 @ (x); sca (4. 4) provides a bound on the other 
side. 


(3) @/ (a) = 0. 


In this case, there exists ye (a, B) such that, for all ae (a, y), either ¢/(a,) > 0, or 
( (a,) < 0. Hence proceeding as in the cases (1) or (2), we can prove that, for all x e [a y] 


6) > 4 (a+ p (0 Yaf, -Vp dt 
whence, making «>g we get, 


O> AO) + poe @ f Ype dt 


Incorporating the above discussions, we have the following results : 
Theorem III Let (i) q (x) 20 for all x e [a, B], 
(ii) : [œ B]— R be a solution of the LDE (1.1), 
(iii) (x) > 0 for all x e [«, f]. 
Then, (a) there exists y e [a, B] such that, for all x € [a, Y], E 


Y) > &) 2 [6 (a) / {p (%) p (œ) } + f i 1/p (9 dt Jp 0%, 
(b) [i] if ¢ (œ) > 0, 


P> $) +p) p) f Up dt 2 ¢ (0, 
for all x e [a, B]; 

[ii] if ¢ (a) <0. 

D > $ 9) > A+ py f p O dt 


for all x e [a, y), where y is the first zero of 


o (a) + p (a) ¢ (a) f ; Dp (t) dt on the right of a. 


Theorem IV If (i) q (x) 20 forall x £ [a, œ}, for some a> 0, 
then (a) all solutions of the LDE (1.1) are eventually strictly monotonic, i.e. the LDE 
(1.1) is non-oscillatory, 
~ (b) no solution of the LDE (1.1) can be square-integrable on [0. +); so the LDE 
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— (P Hy y + aqy = Ay o), x e 10, -), 
À being a complex parameter, is in the limit-point case at infinity, 


O PD I$ (0 p (0) Y t+ f Up warp 0, 


for all x € [a, œ), when 6 (œ) > 0 and @/ (a) > or < 0. 


Remark : For the results Theorem III(a) and Theorem IV(c), the help of the RDE (2.2) is 
essential; the other results can also be derived strainghtway from the LDE (1.1). 


5. THE LDE (1.1) WITH q NONPOSITIVE ON [a, B] 


Let q (x) = 0 for all x £ (a, B] and ẹ be a solution of the LDE (1.1) such that (x) # 0 
for all x e [a, B]. Without loss of generality we may assume that (x) > 0 for all x e [q, B]. 


As q (x) < 0 for all x e [a, B], we have 
E (x) <- ¥ (x) / p (x) forall x e [a, 8]. (5.1) 
We are tc consider separately the following three cases : 
(a>, (2) <0, (3) ¢ (a) = 0. 
(1) ¢ (x) > 0. 
As ¢/ (&) > 0, is increasing in a neighbourhood of a. 


If y e (a, 3] is the first zero of ’ to the right of a, it can be proved from (5.1) that, for 
all x £ [æ, Y), 


p (x)/ o œ < [6 (@)/ p(® g (a) + f f 1/p (t) dt]? / p &). „. (5.2) 


Hence, cn integration, we have, for all x e [&, Y), 


0< 40) <$ S Htp f pO dt 


(2) ¢ (a <0. 
Here $ is decreasing in a neighbourhood of a. 
It can be proved from (5.1) that ¢ (x) < 0 for all x e [a, B]. 


Obviously, ¢ (x) < @ (@) for all x e [a, B]. Integrating (5.1) it can be proved that (5.2) 
holds on [a, yi where ye [a, B] is such that 


$ (a) + p (a) P (%9 f 1/p (t) dt > 0 for all x e [a, Y. 


Integrating (5.2) we then have, for all x e [a, Y 
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0<o®) < tp f pO dt < oo. 


(3) ¢ (a) = 0. 
In this case, either $ (x) = 6 (a) in a neighbourhood of œ, or 9’ (a) < 0 for all a, € (a, 
B]. Then, as in case (2), we have, for all x = [a, Bj, 


60) <o (a) +p) Y @) f Vp dt 


` Hence, making 0,0, we get, for all x e [o, B], 


D <o@+p@y@ J, up i dt 
This discussion leads to the following result : 
Theorem V. Let (i) q(x) < 0 for all x < [q, 8), 


(ii) ò: [œ, BJ] R be a solution of the LDE (1.1), 
(iii) (x) > 0 for all x e [a, B]. 


Then (a) there exists ye (a, B] such that, for all x = [a, Y], 
D (9/ $ C <1) / fp) (0) + ftp © a/p (ws 
(b) ify (a) > 0, for all x e [a, Y], 
0<4@<d6MSd@M+pMY@ f p O di, 


where y is the first zero of 9’ on the right of a; 
[Il] if o' (œ) < 0, for all x e [a, y] 


0< 66) <+ p y o f p dt 
where yis the first zero of 


ò (œ) + p (œ) ¢' (0) i I/p (t) dt 
on the right of a. 


6. BEHAVIOUR OF ANY SOLUTION OF THE LDE (1.1) IN 
THE VICINITY OF A ZERO OF IT 


Let 6 £ [a, B] be a zero of a solution 9 : fa, B]— R of the LDE (1.1). Then we note that 
there exists 1 > 0 such that 
ò (x) ¢ (x) > 0 for all x £ (6, 8 + n), 
< 0 for all x e [6 — n, 9). 
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Clearly, the investigations of the behaviour of a solution @ of (1.1) on the left, and on 
the right of a zero 6 of it are to be carried out separately. Further the analysis depends heavily 
on whether 


O q&) 20, or @q <0, 
on [5 — n, ô or (5, 6 + n], as the case may be. 


As for example, let us suppose that q (x) 2 0 for all x e [6 ~n, ô. Using (2.4), we can 
deduce on integrating twice that, for all x e (6 — n, 9), 


either 9 (x) 2- p (ô) (8) f i I/p (t) dt 2 0, 


a) 
or 6) <-pO¢v® f Vp O dt <o. 


Similarly far the other three cases. The results obtained are presented in the following 
theorem : 
Theorem VI. Le-(i) 9: [a, B]—> R be a solution of the LDE (1.1), 
(ii) ôe (a, B) be such that 9 (6) = 0, 
(iii) 1 > 0 be such that [8 - n, 8+ n] c (œ, B) and | 
$ (x) o (x) > 0 for all x e (8, 5 + n], 
o (x) o' x <0 for all x e [6 — n, ð). 


Then the fllowing will be true : 
(a) (1) If q (x) 20 on [6, 8+], then, for all x £ [6, 6+ n] 


either ġ (x) 2 p (5) 0’ (6) f I/p (t) dt 2 0, 


rA PAVO f Vp Hdt so. 
(2) Ifq (x) <0 on [6, 8+ n], then, for all x e [8, ê + n], 


either oSA SPOLO S, Vp H dt 

ĝi 026WM>paVv@ f i Vp (9 dt. - 

b) (1)  Ifq(x) 20 on [8— 1, 4], then, for all x £ [è — n, 8], 
either VERTOON] “Up (9 dt > 0, 

or OS POVO f upwmatso 


(2) If q (x) So on [6 — n, ò], then, for all x e [6 — n, 5], 
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either — O<o (x) <-p (©) ¢ (8) f ° ip (t) dt, 


ð 
or 0 >0 6 2> -p OV J 1p (t) dt. 


If we normalize the solution @ by stipulating @ (5) = 0, ¢ (8) = 1, and if y : (8 - n, 6 
+1)— R be defined by 


yo =p @® f vp @ at J for allx e (6-0, 8+ n), 


then the curve y = y (x) serves as a guiding curve to the solution-curve y = 9 (x), both 
on the left, as well as, on the right of a zero of it. 


7. THE DERIVED FUNCTION OF ANY SOLUTION OF THE LDE (1.1) 


In this sction, we investigate the zeros of the derived function $'of any solution 6 of 
the LDE (1.1). Some of the results are deduced directly from the LDE (1.1), while some 
insights are achiveved if the associated RDE (2.2) is taken into consideration. The following 
result can be deduced directly from the LDE (1.1). 


Theorem VII. If (i) ọ is any nontrivial solution of the LDE (1.1), 
(ii) a, B (a < B) are two consecutive zeros of 9, 
(iii) q (x) #0 forallx e [a, B], 
then ¢ vanishes exactly once in (a, 8). 


If we use the RDE (2.2), we may allow q to change sign in between two consecutive 
zeros of ġo as revealed below : | 


Theorem VIII. If@) is any nontrivial solution of the LDE (1.1), 
(ii) a, B (a < B) are two consecutive zeros of 6, 
(iii) pq: fa, Blo R strictly monotonic, 
then ' vanishes exactly once in (a, P). 


Corollary. If pq is strictly monotonic on [a, BJ, then any nontrivial solution @ of (1.1) has 
exactly one extremum between any two consecutive zeros of it lying in [a, B]. 


Remark. The stipulation “pq is strictly monotonic on [a, B]” does not exclude the possibility 
of q changing sign. However, the sign of q does govern the behaviour of a solution of (1.1), 
which has been depicted in the following theorem : 
Theorem IX. Let (i) 6: [a, B]— R be a nontrivial solution of (1.1), 

(ii) c,d e [o, B], (c<d) be two consecutive zeros of Q, 

(iii) (x) > 0 for all x e [c, d]. 
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Then (a) there will be odd number of zeros of q in (c, d); 
b)  ifq (a = 0 = @ (0, then 
y’ (c) = 0 and q'(c) (c) < 0; 
(c) there exists g > 0 such that 
q (x) $ (x) > 0 for all x e (œ c+e) U (d-s, d). 
Proof. (a) From the LDE (1.1), we have 
P (© p (d) o” © 6") = q (c) q (d) 6 © 6 (d). 


c, d being two consecutive zeros of ¢', we have 6" (c) ¢” (d) < 0. Hence q (c) q (d) < 0. 
Consequently q vanishes odd number of times in (c,d). 


(b) Eq (c) = 0 = ¢ (c), then from the LDE (1.1) we have 
$" (c) = 0 and q (¢) ¢” (c) < O; 
(c) Let u be the first zero of q on the right of c. The cases 
(1) $ (c) > 0, (2) %9 < 0 
are to be considered separately. 
(1) As 6” (c) > 0, there exists ye (c, u) such that o” (x) > 0 for alf x e (c, Y. Then, for all 
xe yl, o (x) > 0. 
Now, if q (x) < 0 on [c, yl, we have from (2.4) 
G (x) <- & (x) /p (). 
Then, force <t <x < y, 


1 1 fdu 


SD —— 


E(x) E(t)” 4 p(w) 


Making t> c + 0 in the above inequality we arrive at a contradiction since € (t) > + 
co as t> c + o. Hence q (x) £0. on [c, Y]. 


The other cases can be dealt with similarly. 


8. THE ASSOCIATED EIGENVALUE PROBLEM 
In this section, we consider the eigenvalue problem (EVP m) consisting of zhe LDE 
- Wy WY +a Wy W& = Ay), x e Ta, b), Bl) 
where (i) p,q: [a, b]>R are continuous, 
(ii) p (x) > 0 for all x e [a, b], 


(iti) 4 is a parameter, 
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associated with the following boundary conditions : 
a, y (a) + ay (a) = 9, -» (8.2) 
b, y (b) + b, y Œ) = 0, „. (8.3) 


where a, ay b, b, are prescribed real numbers. 


It is wellknown that there exists an increasing sequence {A} of real numbers, such 
that (8.1), with 4 = A~ has a nontrivial solution y_, that satisfies (8.2)-(8.3). Each such A. is 
called an eigenvalue and y_, an eigenfunction corresponding to the eigenvalue À , of the EVP 
T. 


Usually investigations are carried out to determine the orders of 4, and y as ne, 
While we know that the eigenvalues {A} obey the inequality A, < À „for all positive integers 
n, surprisingly no such comparison result is known for the eigenfunctions {w_}.. The following 
theorem reveals an attempt in this direction. It is to be noticed that the role of the corresponding 
RDE 


z (x) = q (x) - å- 2 (x)/p (x), x €[a, 8), (8.4) 
is crucial in deriving this result. 
Theorem X. Let (i) y, be the nth eigenfunction of the EVP n, 


(ii) a’ € (a, b] be such that none of w_, Was Wagy Yag Vanishes on (a, a ‘J. 


Then 
(2) Vf &)/ VW, 0) > Woy C) War 00, for all x € (a, a! (8.5) 
C) Iy, C9 Ya OLS Wye C Var | (8.6) 
for all x e [a, a], for any «œe (a, a]. 
Proof. Let € (x) = p (x) w’, (x)/ y, (x), neN, xe (a, a’). (8.7) 
We consider the two cases (I) a, #0 and (I) a, = 0 separetely. 
(I) a, # 0. 
As both w_ and w_,, satisfy (8.2), we have € (a) = §,,, (a). (8.8) 


Then the fact that A. < A ,, implies, for all x € [a, a], 
6 x) > Es (x). 
Hence, y (x) / w, 00 > Yan &)/ W,,, (), for all x £ [a, al. (8.9) 


Wn (x) 
(I) a, = 0. We write n, (x) = p(x)w’, (x) ’ (neN) 


Then n, (a) = 0 = n,,, (a). 
and 1', (x) = Vp (x) - (q &%) ~ 4,) 17, 09. 
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As before it follows that 
Tia &) S Nay (x) for all x € [a, a’]. 
Hence (8.9) follows. 
Thus (a) is proved whether or not a, = 0. 
Then (b) follows on integration of (a) on [o, x] for any a € (a, a’] 


and any x e [c, at]. 


9. A COMPARISON RESULT 


In the Sturm comparison theorem, attention is paid to the number of zeros of the 
solution of two linear second-order ordinary differential equations. In the following we derive 
a comparison result between the said solutions, valid at each point of a certain interval. 
Theorem XI. If (i) L fy] = -(p, yY +q,y i= 1,2, 

GÈ p,q :I— RK: continuous, i = 1,2, ICR, 
(iii) p, (x) > 0, forallx el, 
(iv) $6, : I> R : nontrivial solution of L, [y] = o, 
(v) ae: Lis such that 9(a) # 0, 
(vi) 6,: I> R: a nontrivial solution of L, [y] = 0, 
such that p, (a) , (a) / 6, (a) = p, (@) #,(a)/ 4, (a), 
(vit) belis such that o (x) #0 for all x e [a, b] CI, (i = 1, 2), 
(vii) p, &) <p, (x), q, ) < q, (x) for all x e [a, b], 
then 
(a) p, ©) 4, 0/4, C) <p, 6) 4,00/6, (x) for all x e [a, b] 
©) 1, 69/9, @I < l, &)/ 4, (@)| for all x e [a, b], 
provided p, (x) = p, (x) for all x e [a, b]. 
The proof follows using the same technique as in Theorem X. 


10. EXAMPLES 
Example 1. Taking p (x) = 1, q (x) = -1, 6 (x) = sinx, 6=0 in Theorem VI (a) (2), 
we have 0 < sinx < x for all x e [0, 1/2]. 
Taking (x) = cos x, 6= 7/2 there, we get 
(i) 0 2 cosx 27/2 ~ x for all x e [n/2, x] 
and (fii) O<cosx < 7/2 ~ x for all x e [0, 1/2]. 
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Example 2. Taking p (x) = 1, q (x) = 0, y (0) = 0 = y (x) in the EVP (n), we get 
Icos nx| > |cos(n + 1) x], (n £ N) for all x e [0, a, where a’ > 0 is such 
that none of cos nx, sin nx, cos (n + 1) x, sin (n + 1) x vanishes on (0, a’. 


Similarly we can prove that |sin nx| 2 [sin (n + 1) x|, (n £ N). 


11. CONCLUSION 


The investigations elaborated above do indicate that sometimes the study of nonlinear 
differential equations proves to be quite fruitful in respect to the study of linear equations, 
although the customary procedure is exactly in the opposite direction. There are scopes of 
extending the idea to higher order differential equations and to some qualitative analysis not 
touched upon in the present endeavour. 
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SEMI-SYMMETRIC NON-METRIC CONNECTION IN AN 
SP-SASAKIAN MANIFOLD 


S. C. Biswas!, U. C. De’ & B. Barua? 


Abstract : In the present paper we have studied some properties of the curvature tensor 
and the Weyl conformal curvature tensor of a semi-symmetric non-metric connection in an 
SP-Sasakian manifold. 


1. INTRODUCTION 


Let M" be an n-demensional C*-manifold. If there exists in M" a tensor field of type 
(1,1), a vector field € and a l-form n satisfying. 


(Il) X =X-n00B, X defo 0, n&= 1, 
then M" is called an almost paracontact manifold. Let g be the Riemannian metric on M 
satisfying 

(1.2) n(X) = g (X §), 

(1.3) n(oX) = o, > (5) =0, rank ($) = n-1, 

(1.4) 80X oY) = 8 X V - n) n) l 

The set (¢, &, n, g) satisfying (1.1), (1.2), (1.3), and (1.4) is called an almost paracontact 
Riemannian structure and the manifold wıth such a structure is called an almost paracontact 
Riemannian manifold [1]. 

If we define ‘o (X, Y) = g(¢(X), Y), then in addition to the above relations the followings 
are satisfied, 

(1.5) PCY) = “OY, X) and $ (x, Y) = “0% Y) 

Now, let M" be an n-dimensional Riemannian manifold with a positive definite metric 
g admitting a 1-form n which satisfies the conditions 


(1.6) (Vn) (Y) - (Vn) (X) = 0 
and, 
(1.7) (Y, Vn) (2) = -8 X2) nM - g OY) NZ) + mM nY) n2) 


where V denotes the operator of covariant differentiation with respect to the metric 
tensor g. If, moreoever, we put 
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then it can be easily verified that the manifold in consideration becomes an almost paracontact 
Riemannian manifold. Such a manifold is called a para-Sasakian manifold or briefly a P- 
Sasakian manifold [2]. 


Let us consider an n-dimensional differentiable manifold M” with a Riemannian metric 
g and a 1-from 1 satisfying 


(1.9) (Vn) 0 = -BX + 1X) 1(Y). 


Putting nX) = g(%€) and (Vn) (Y) = (XY) it is easily verified that the manifold in 
consideration is a P-Sasakian manifold. Such a manifold is called an SP-Sasakian manifold [2]. 


So, in an SP-Sasakian manifold, we get 


(1.10) OY) = -g(X¥) + N 1%) 


$ 
A semi-symmetric non-metric connection V in an almost paracontact metric manifold 
can be defined by [3] 


(111) V, Y= V.Y + (Xx 


where V is a Riemannian connection with respect to the metric g. 
2. CURVATURE TENSOR 


k $ 
Let R and R be the curvature tensors of the connections V and V respectively in an 
SP-Sasakian manifold. Then 


2.1) RXYZ= V, V,Z- V/V, Z- Vy 


y x [xy] 
and 
(2.2) RXMZ = VV Z- VVZ- Vi Z 


xy] 


Using (1.11) and (2.2) in (2.1) we get 
(2.3) RXYZ = RIXY)Z + 10%Z)Y - 1Z)X 
where | is a tensor of type (0,2) defined by 


(2.4) 106) = (Vn) Y -nN 1M) = (Vn) Y) 


From (2.3) we get 
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25) S (WZ) = S2) - (w-1) 142) 


% * 
where S and S denote the Ricci tensors of V and V respectively. 


Again, from (2.5) we get 


* 
(2.6) r = r(n-I)a 
where a is the trace of 1. 

Let us consider M” to be SP-Sasakian. Then from (1.9) and (1.10) we get 

(2.7) (Vm) (Y) = OOCY) = -gOCY) + nX)n(Y) 

which gives 

(2.8) (V,n) (€) = 0 

and 


(2.9) VE= ¢{X) 
From (2.4) and (2.7) we have 


(2.10) 1%) = -gY 


Equation (2.3) can now be written as 


Q11)'R KY, Z, W) = 'R %GYZ,W) + 10%Z) gW) YZ) gW) 


x x 
where’ R (X,Y,Z) = g( R (XY)ZW) and 'ROGY,Z,W) = g(ROCY)Z,W). 
Using (2.10) in (211) we get 


212 R YZV) = "RKYZ,W) -gX Z) BW) + g(VZ) gX W) 


* 
Theorem : 2.1. In an SP-Sasakian manifold with semi-symmetric non-metric connection V we 


have 
* * * 

(a) RXYZ +RYZJX+R(ZXY=o0 
+ * 

(b) R OY,Z,W) + “ROY,WZ) = 0 
x x 

(c) R(X YXZ,W) -' R (ZWX,Y) = 0 


Proof- Using (2.12) and the first Bianchi identity with respect to the Riemanian connectionV, 
we have 


16 S. C. Biswas, UC De! & B. Barua? 


* * * 
R (XXW) + 'RYZ,X,W) +’ R(Z,X,Y,W) = 0 
and hence 


$ * * 
(2.13) ROYZ+ RYZX + R(ZNY =o 
From (2.12), we have 


* $ 
(2.14) ’R(XYZ,W) +’ R(XYWZ) = 0 


and 


x xX 
(2.15) “R OCY,Z,W) -” R (Z,WX,Y) = 0 
This completes the proof. 


Remarks- The above properties of the curvature tensor of V does not hold, in general, in a 


Riemannian manifold admitting a semisymmetric non-metric connection. 
Theorem 2.2 In an SP-Sasakian manifold the Ricci tensor of a semi-symmetric non-metric 


x 
connection V is symmetric. 


Proof. From (2.5) and (2.10) we get 


(2.16) : (¥,Z) = S(Y,Z) + (n-1) g(¥2) 
From (2.16) we have 


217) $ (XZ) = 5 (ZY) 


x k 
Hence the Ricci tensor § with respect to the semi-symmetric non-metric connection V is 
symmetric. 
This completes the proof of theorem. 


* 
Remarks : The Ricci tensor of V in a Riemannian manifold admitting a semi-symmetric non- 


metric connection is not, in general, symmetric. ; 
Theorem 2.3. If an SP-Sasakian manifold admits a semi-symmetric non-metric connection 


* 
whose curvature tensor’ R vanishes, then the manifold is of constant curvature - 1. 


* 
Proof. Putting’ R = o in (2.12) we get 
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(2.18) "ROLY,Z,W) = (1) [g(%Z) gOCW)-8%Z) 804W) 
The equation (2.18) shows that the manifold is of constant curvature- 1. 
Corollary 2.1. If an SP-Sasakian manifold admits a semi-symmetric non-metric connection 


* 
whose curvature tensor’ R vanishes then the manifold is an Einstein manifold. 


Theorem 2.4. In an 5P-Sasakian manifold the conformal curvature tensor of a semi-symmetric 


non-metric connection V is equal to the conformal curvature tensor of the manifold. 


x i l * 
Proof. Let Cand C denote the conformal curvature tensors of V and V respectively. Then 


we have 


x $ 1 * x x $ 
(2.19) C (XYXZ,W) =' RKYZW) -n2 LS (XZ) BOW) - S XZ) gW) + S (XW) BZ) 


+ 


— S YW 8X2] + goray BYZ 80W) - gZ) BOW) 
From (2.5) and (2.10) we get 


(2.20) 5 (X,Y) = SiX,Y) + (n-1) g(X,Y) 
Also from (2.6) and (2.10) we get 


* 
(2.21) r = r+n(n-l) 
Using (2.12), (2.20) and (2.21) we get 


(2,22) ' C XX ZW = 'C(X%Y,Z,W) 


This proves the theorem. 


” 


* 
Theorem 2.5. If an SP-Sasakian manifold admits a semisymmetric non-metric connection V 


i 
whose Ricci tensor vanishes, then the curvature tensor of V is equal to the conformal curvature 


tensor of the marifold. 


* 
Proof. Since S = 0, (2.19) gives eG y nian 


(2,23) "C OCY,Z,W) = ‘R (XY,ZW) 
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From (2,22) and (2,23) we get 
(2,24) ’ R(XYZ,W) = ‘CO. Y,Z,W) 

This completes the proof of the theorem. 

If in particular ’ R = 9, then from (2,24) we have 
(2.25) ‘COCY,Z,W) = o and hence we have the following 


' * 
Corollary 2.2. If an SP-Sasakian manifold admits a semi-symmetric non-metric connection V 
whose curvature tensor vanishes, then the manifold is conformally flat. 


From Theorem (25) we have 


Theorem 2.7. If an SP-Sasakian manifold with vanishing Ricci tenor with respect to the semi- 
; Æ 
symmetric non-metric connection V is conformally flat, then the curvature tensor with respect 
* 


to the semi-symmetric non-metric connection V vanishes. 
Hence from Theorem (2.6) and (2.7) we have 


Theorem 2.8. If an SP-Sasakian menos with vanishing Ricci tensor with respect to the semi- 
symmetric non-metric connection y exists, then the manifold is suena flat if the 


curvature tensor with respect to the semi-symmetric non-metric connection y vanishes. 
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ON GROUP-PSEUDO-IDEALS OF SEMIGROUPS 


M. K. Sen anp T. K. DUTTA 


Abstract : The aim of this paper is to characterise those congruences § on a semigrcup S for 
which S/§ is a group of exponent two. For this purpose we define group-pseudo-ideal in a 


semigroup. We show that the congruences of the above type on a semigroup can be completely 
characterised by the group-pseudo-ideals. 


1. INTRODUCTION 


A nonempty subset I of a semigroup S is called a left pseudo-ideal if i) ab € I for all a, 
b eI and ii) x a el for all x €S and a eI. The right pseudo-ideal and the two sided pseudo- 
ideal or simply a pseudo-ideal are defined analogously [6]. 


In [2] - [6] we studied different properties of pseudo-ideals in semigroups and groups. 


In this paper we define group-pseudo-ideal in semigroup and study some properties 
of it. We obtain that if lis a group-pseudo-ideal of a semigroup S then there exists a congruence 
§, on S such that $/§, is a group of exponent two and conversely if §is a congruence on a 


semigroup S such that S/ §is a group of exponent two then there exists a group-peseudo-ideal 
Tin S such that §= &. Lastly we obtain a necessary and sufficient condition for the existence 
of a group-pseudo-ideal in a commutative semigroup S. 


2. GROUP-PSEUDO-IDEAL 


Definition 2.1. A pseudo-ideal I (two sided) of a semigroup S is called a group-pseudo-ideal 
if xa El for x, a eS implies that a el. 


Example 2.2. Let S = {x:x eJ orx = a,/2 where a eJ, the ring of all integers}. Then Sis a 


noncommutative semigroup with respect to the multiplication defined by xy = Ixly where x, 
y eS. Let I = {x : x eJ}. Then J is a group-pseudo-ideal of S. 

We are familiar with the Rees-congruence that corresponds very closely to an ideal of 
a semigroup. 

If I is an iceal of a semigroup $ then §, = (Ix I) U Is is a congruence on S which is 
the Rees-congruence. 


20 M. K. Sen & T K. Dutta 


From the above example it follows that corresponding to a pseudo-ideal which is not 
an ideal of a semigroup there does not exist Rees-congruence since (2,3) eland so 2 § 3 but 


2/2 8,3/2 does not hold. 


Again every pseudo-ideal in a group is a normal subgroup [6] and so there exists a 
congruence corresponding to a pseudo-ideal in a group. The group-pseudo-ideal in a 
semigroup possesses some properties which the pseudo-ideal in a group possesses. So we 
want to investigate whether there exists a congruence corresponding to a group-pseudo-ideal 
of a semigroup. 

Let H be a nonempty subset of a semigroup S. Then we have a congruence @,, = {(a,b) 
eSxS|H..a = H. b} where H .. a = {(x,v) eSxS|xay e H} on S[1]. We shall now show that 


the congruence f, on a semigroup S where H 1s a group-pseudo-ideal of S is a congruence 
for which S/g,, is a group of exponent two and any congruence §on S for which S/§ is a 
group of exponent two is of the form g, for some group-pseudo-ideal H of S. 


To show this we require the following lemmas. 
Lemma 2.3. If I is a group-pseudo-ideal of a semigroup S then xIxcl for all x €S. 
Proof. Let a el and x eS. Then a(ax)* eI i.e. a*(xax) e I which implies that xax eI Hence xIxcl. 


Lemma 2.4. If I is a group-pseudo-ideal of a semigroup S then axel for a, x eS implies that 
a el. 


Proof. From lemma 2.3, it follows that axe! implies that a(ax’)a e I i.e. a*x’ael which implies 
that a elI. 
Lemma 2.5. If I is a group-pseudo-ideal of a semigroup S then § cI where 5 ={x? |xeS}. 


Proof. Let xeS. Then for any ael, a’x’eI which implies that xeI. Hence $c 1. 


Lemma. 2.6. If I is a group-pseudo-ideal of a semigroup S then abe] if and only if baeI for 
a, bES. 


Proof. Let abe I. Then by lemma 2.3, it follows that a(ab)aeI i.e. a*(ba)eI which implies that 
bael. 


Lemma 2.7. Let I be a group- psenan: -ideal of a semigroup S; then abel if and only if axbxeI 
for all xeS where a, beS. 


Proof. Suppose abe I and xe S. Then by lemmas 2.5 aná 2.3 it follows that bxaxab = bíxa}be I. 
Hence bxax(ab)* eI. This implies that bxaxeI i.e. axbxeL. 


Conversely-if axbxe I for all xeS then in particular a*baeI which implies that bae I i.e. abel 


Definition 2.8. Let I be a group-pseudo-ideal of i a semigroup S. We define a relation §,onS 
as follows: a 6 ,b if and only if abel. 
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Lemma 2.9. Let I be a group-pseudo-ideal of a semigroup S. Then § = #,. 


Proof. Leta § b. Then abel. Let (x,y)eI.'a. Then xay e I which implies that yxae I. So yxa’beI 


ie., byxa’eI.This implies that byxeI i.e. xbye I. Hence (xy)eI .. b. So I.. acl .. b. Similarly I 
. bel .a.Sol..a=I..bie.agb. Again ifag,b then I.a =1.. b. From lemma 2.5 it follows 


that a*b*el i.e. a(a)b’eI. So (a,b’)eI .. a = 1.. b i.e. abb*eI which implies that abel. 50a § p. 
Hence §,=@, 
We now recall the following definitions. 


Definition 2.10. ({1]). Let S be a semigroup and U a subset of S. U is said to be left (right) 
unitary (in $) if ue U and uxe U [xue U] imply that xe U when xeS. A subset U of § which is 
both left and right unitary is said to be unitary. 


Definition 2.11. ([1]). Let H be a subset of a semigroup S. Then the biresidue W of H is the 
set W = {aeS|H .. a =p}. 


Definition 2.12. ([1]) Let H be a subset of a semigroup S. The set H is said to be bistrong (in 
S) if, for any a, beS, (H .. a), (H .. b) # [] implies that H .. a = H .. b. 


Lemma 2.13. (i) Let I be a pseudo-ideal of a semigroup S. If I is left unitary or right unitary 
then I is a group-pseudo-ideal of 5. 

Conversely every group-pseudo-ideal of 5 is unitary. 

(ii) If I is a group-pseudo-ideal of a semigroup S then I is bistrong and the biresidue of I is 


empty. 


Proof. Let I be a pseudo-ideal of S and also I be left unitary. Let x’ae I for x, aeS. Let a,el. 
Then a,x’e I. Since Iis left unitary it follows that xe I. Again x’ael. So ae I. Hence Iis a group- 
pseudo-ideal of S. 


Conversely let I be a group-pseudo-ideal of 5 and aeI and xace I. Then xa’e I which implies 
that xe I So Lis right unitary. Similarly we can show that I is left unitary. Hence I is unitary. 
(ii) Let (I .. a) n (I. b) # [] and (p,q) e(1.. a) a(l.. b). Then paq, pbgel. 

Now (~y)el..a <= xayel < yxael (lemma 2.6) & yxa’qpel (since pagel > agape) Pa 
gpyxa’e1 <> qpyxel = qpyxbaqpel (since pbqe J = yxb(qp)*el = yxbeI = xbyel = (x,y)el 
. b. It is to be noted here that to obtain = we use the unitarity of I. ThusI..a =1..b. Hence 
I is bistrong. l 
Lastly, for any a, b in S, a.a.b? = a*b’e I, so (a, b*JeL..ai,el..a # [. Hence biresidue of lis empty. 
Theorem 2.14. Let I be a group-pseudo-ideal of a semigroup S. Then there exists a congruence’ 
§ ,on S such that $/§, is a group of exponent two. 

Proof. The Proof of the existence of a congruence §,in S for which S/§, is a group follows 
from lemma 2.9 and lemma 2.13 of this paper and the theorem‘10.34 of [1]. Also it follows 
from the same theorem that I is a congruence class of §, and for ael,a§, = Iis the identity 
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element of S/§ ,. Now for every rô EeS/8, £ §,)? = r’§, = aĝ, since r*el. Hence S/§, is of 
exponent two. 

Theorem 2.15. Let § be a congruence on a semigroup S such that S/§ is a group of exponent 
two. Then there exists a group-pseudo-ideal I in S such that § = §,. 


Proof. Suppose a is the identity element of $/§. Let I={xeS|x6 =a5}. Then I is a group- 
pseudo-ideal of S. We shall now show that § = §,. Let cd where c, deS. Then cd § dł but 
d*§ a where ael. So cd§ a. Hence cdelie. c§ d. Conversely if c§ d then cde I. So (cd) § =a § 
i.e. cd § a. This implies that cd? § ad i.e. (c8) (d§)* = (a8) (dë) which implies thatc§ =d§ 
ie. cd. Hence ô = §,. 

Theorem 2.16. Let S be a semigroup. There exists a one-to-one correspondence between the 


set of all group-pseudo-ideals of S and the set of all congruences § on S for which S/§ isa 
group of exponent two. 


Theorem 2.17. Let G be a nontrivial group of exponent two. If G is a homomorphic image of 
a semigroup 5 then S has a proper group-pseudo-ideal. 


Proof. Let f be the homomorphism of S onto G. Let I={a ega) =e, the identity element of G}. 
Then Į is a proper group-pseudo-ideal of S. 
Combining Theorem 2.14 and Theorem 2.17 we get the following theorem. 


Theorem 2.18. A semigroup S has a proper group-pseudo-ideal if and only if there exists an 
epimorphism from 5 onto a nontrivial group of exponent two. 


In [7] Sen defined generalised left semi (g. l. s) ideal of a semigroup as follows. 


A nonempty subset I of a semigroup S is called a g. 1. s (g. r s) ideal if x’IcI (resp. bech 
for all xe5. I is called a g.s. ideal if it is a g. 1. s.. ideal as well as a g r. s. ideal of S. 


Theorem 2.19. A pseudo-ideal I of a semigroup S is a group-pseudo-ideal if and only if S is 
a g. s. ideal of S. 


Theorem 2.20. A semigroup S is a group if and only if every one sided pseudo ideal of S is 
a two sided pseudo-ideal and every pseudo-ideal is a group-pseudo-ideal. 


Remark. We can show by examples that both the conditions stated in Theorem 2.20 are 
necessary. 
Before proving the next theorem we consider the following example. 


Example 2.21. Consider the residue class ring J/(3) modulo 3. J/(3) is a multiplicative 


commutative semigroup. UZ = {x?|x eJ/(3)} ={(0),(1)} where (a) denotes the residue 


class containing the integer a. {0} and Vy are the only two proper pseudo-ideals of J/(3) and 


} 
none of them is a group-pseudo-ideal. 
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Theorem 2.22. (Existence). Let 5 be a commutative semigroup. 5 contains a proper group- 


pseudo-ideal if and only if there exists an element aeS such that SansS= 0 


Proof. Suppose S has a proper group-pseudo-ideal I. Then by lemma 2.5, S C I. Since I 


is proper, S \ I= O Leta e S/A. Then SaCS\I (lemma 2.19). Hence SaNS=O0 


> 


Conversely let there exist an element a in S such that SaNS=C. Since S is commutative, 
S isa pseudo-ideal of S. Also S is proper. Let 3={IiI is a proper pseudo-ideal of S with scl 


and San I =O }. 3# O since Se 3. Applying Zorn’s lemma we can find a maximal 
element P in 3. We shall show that P is a proper group-pseudo-ideal of 5. If poss-_ble, let 


x*be P but be P Set A = Pu Pbu {b}. A is a pseudo-ideal of S with S c Aand PẸ A. So Sa 


NAO. Let cESanA. Then x cE S a and also x*cex*(PUPbU{b}CP. So S aN -20, a 
contradiction. Thus $ contains a proper group-pseudo-ideal P 
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A B*-ALGEBRA AND A BANACH LATTICE OF A CLASS OF ENTIRE 
FUNCTIONS IN SEVERAL COMPLEX VARIABLES 


B. C. CHAKRABORTY 


OX 


ABSTRACT. We consider a family Q of functions f(z) = % amz™ in n complex variables 
=0 

for which the sequence {m! lam! } is bounded. We show that the members of Q are entire 
functions in C™. Introducing usual addition, a special multiplication called star- 
multiplication and a norm function in Q we show that Q is a commutative B*-algebra with 
identity. We then restrict ourselves to the subfamily F of Q for which the coefficients am are 
real. Defining a partial order relation in F we show it to be an Archimedian function ring 
and also a Banach lattice. We also study a few properties of two important sublattices of F. 


1. NOTATIONS 


We denote complex and real n-space by C™ and R” respectively while I" will be the 
Cartesian product of n copies of I, the set of non-negative integers. We indicate the points 


(Z1, u Zn) (1,...,.Np) etc. of C™ or R” by their corresponding unsuffixed symbols z,m etc. 


1/2 


For z e C™ [zl = {!z,1*+...+1z,!7}'/. The positive hyperoctant R in R” will be RI = 


{ōx: xe R”, xi 2 0, i = 1,...,.n}. For t € R, we set [iti] = ti +...+tn and for m e€ G 


m!=my!...my!. 
Forze C" me P, 2M = 2,1, zn (z? = 1 even if z; = 0). 


2. Let Q be the family of functions in C™ represented by a multiple power series of the 
form 
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(2.1) f(z)= È amz™,am € C, where 
m=0 

(2.2) {m! lam |} is bounded. 

g 1 

lim] , 

The condition (2.2) implies lim lam! = 0 and hence f is an entire 

| |m I le 

function. [2] Thus Q represents a family of entire functions in C™. Throughout the paper f 


will be represented by (2.1). Let fig € Q, where g(z) = 2% bmz™. We define addition, 
m=0 
scalar multiplication and star-multiplication in Q as follows : (f+g)(z) = 2% (amtbm)z™ 
m= 
Af(z)= È Aamz™, Ae Cand (Ae)(z)= L mlambmz™. 
m=0 m=0 


OO 


1 
The function e(z) = exp(zi+...4Zn) = È B z™ is the identity element w.r.t. 


m=0 "7 


1° 4) 


star-multiplication while the function 0(z) = ©} Omz™ where Om = 0 for all m e I” is the 
m=0 
null element in Q. It is easy to see that Q is a complex linear space. We define the norm of 
fe Qby | 1fl I =sup {m!lay!}. 
m 


Theorem 1. Q is a complex Banach space. 
Proof. We need to prove the completeness only. Let the sequence {fp}, where ip(z) = 


2, am P2™ e Q for p = 1,2,..., be a Cauchy sequence. Then for every € > 0 there exists an 
m=0 : 
integer N > O such that I !fp-fq! l <€ for pq 2N. That is, sup { m! amP’ - am P I} <e for 
pq 2 N. This implies 

(2.3) m! | am? m am D | <e forallm e I” and hence 
(2.4) | am? ls am? | <e forp,q2Nand for all m e r. 


We fix m and consider the sequence { am’), am. ..}. Due to (2.4) this sequence will 
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oO 


converge to a limit, say, am. We now form the multiple power series f(z) = © amz™. 
m=0 
From (2.3) we have, 


(2.5) m! | am? -Am!<e for p2kand forall m. 


Hence m! lam! <m! lam | +e forallm.But È amz" e Q implies {m! | an? I} 
m=0 
is bounded and hence f € Q. 


From (2.5) we have sup{ m! | am? -aml} <€ forp 2k; thatis, lfp- fl] < e for 
m 


p 2k. Thus, fp -> fe Q as p -> æ. Hence Q is complete and so a complex Banach space. 


Theorem 2, Q is a commutative B*-algebra with identity. 


Proof. It is easy to see that Q is a commutative ring with the identity element e(z). Also, for 
any fg e Q, 


llf+gll = sup { (m)? lambm l} <sup{ m! lam}. sup {m!lbm!} 
m m m 
= fg tis 

We now define a mapping ¢ in Q by 9: Q — Q such that o(f) = f* where 
f*(z)= 2 amz™. Clearly is an involution in Q. Again for any fe Q, | lm x fll = 

m=0 
sup{ (m)? lam?) = |1 f 117. Hence Q is a commutative B*-algebra with identity. 
m 


3. In this section we restrict ourselves to the family F c Q of entire functions with real 
coefficients. We first show that 


Proposition. F is a lattice. 
Proof. We introduce a partial order relation in F as follows : 


oO 


Let fig e F where g(z)= È bmz™. Then f< g iff am $ bm for all m e I”. 
m=0 
Let p(z) = È cmz™ and q(z) = È dmz™® where cm = min(ambm) and dm = 
m=0 m=0 


max(am Pm) for all m. Clearly the sequence {m!1cm,!} and {m! | dm! } are bounded and hence 
p,q € F. Since cm < am and cm < Dy for all m e I" it follows that p is a lower bound of f and 
g and evidently it is the g.l.b of f and g. Similarly, q is the l.u.b of f and g. That is, f A g =p 
and f v g = q. Hence F is a lattice. 
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We observe that f+g = (fag) + (fvg) and f +g = (fag)* (fvg). It is easy to show that F is a 


oo 


commutative ring in which negative of fis-f(z)= È (-am)z™. 
m=0 


Lemma 1. F is an Archimedian /-group. 

Proof. In F, f< g => u+f+v < u+g+v for all u,v e F. Hence every group translation :n F is 
isotone. Also, if f < g, then j.am < bm for every integer j implies am = 0 for all m e I”. Hence, f 
<< g => f = 0 and 30 Fis an Archimedian /-group. 

Theorem 3. F is an Archimedian function ring. 


Proof. Evidently, 72 g=>h+f2h+gforallhe Fandf20,g20=> f*g 20 in F. Hence by 
lemma 1, F is an Archimedean l-ring. Again, 


oO 


let fA g=Oandh20 where h(z)= 2% cmz™. Then, min(am,bm) = 0 and cm 2 0 for all 
m=0 
m. It follows am 2 3, by, 2 0 and at least one of am by is 0 for all m. Hence min(m!cmap, bry) 
= Q for all m whick. implies (h*f) a g = (fh) a g = 0. Thus, 


fa g=Oandh20= > (h*f) ag = (fth) a g = 0. Hence F is an Archimedean function 
ring. 


Lemma 2. Fis a vector lattice. 


Proof. We restrict the scalars À in the field of real numbers. Clearly, F is a real linear space. 
Also, fsg=>f+hsg+hforallhe Fandf<sg=>AaAf<dg foralla20. 


Hence F is a vector lattice. 
Theorem 4. F is a Banach lattice. 


Proof. We can show, as in theorem 1, that F is a real Banach space with 


IIfI| = sup{ m!lag!}. For any f e F we define the absolute value by If! = f v (-f). 
m 
Obviously, IfI (z = È lamlz™ Also, Ifi < igl = > lam! < Ibm! for al m= 
m=0 
sup {m!lam!}Ssup{m!lby!};thatis, If] < igl => Ifl] < ligil. 
m m 


Hence by lemma 2, F is a Banach lattice. 


4. We now consider two important sub-lattices of F. Let T be the subset of F 
consisting of the functions in the form (2.1) where am € R4 . Then for f, ge T, fag, fyger. 
Thus T is a sub-lattice of F and has the least element 0(z). Again, let A be the subset of F 
consisting of the functions with non-positive coefficients. Then A is also a sub-lattice of F 
possessing the greatest element 0(2). If f € A, g e F,thengsf=>geAandfhe A=>fvh 
€ A. Hence A is an ideal of the lattice F. In fact, it is the principal ideal generated by 0(z). 
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Theorem 5. T is a commutative l-semigroup. 


Proof, It is easy to show that closure, associative and commutative laws for star- 
multiplication hold in F. We need to prove only 


(4.1) f(g v h) = (fg) v (f+h) and 
(4.2) (fv g) *h = (fh) v igh) forall figh erT. 
Let f{gvh)= È dmz™ and (feg) v (feh) = È tmz™ 
m=0 m=0 
where g(z)= 2 bmz™ and h(z)= È cmz™. Then, 
m=0 m=0 


tm = max(mlambm, Mla mem) = mlamimax bm Em)? 
= dm for all m e I" which proves (4.1). The proof of (4.2) is similar. 
Hence T is a commutative l-semigroup. 
Lemma 3. In A, the following hold : 


(4.3) f+g=fag+fvg 
(4.4) (fve)v(vh=fv(gvh) 
(4.5) (£ g) +h =(f+h) ` (g+h) 


Proof. The proof is straightforward and hence omitted. 
Theorem 6. A is a distributive lattice. 


Proof. The null function O(z) is the universal upper bound in A. It is known [1,P,34] the A 
will be a distributive lattice if the following four conditions are satisfied. 


For f,g,he A, 


(4.6) fAf=f 

(4.7) fv0=0v f=0 

(4.8) fa0=0af=f 

(4.9) falgyh)=(fag)v(fah) and 


(gvh)af=(gaffv (haf. 

To verify (4.6), (4.7) and (4.8) is a routine affair. We prove ist part of (4.9). Clearly, 
fa (gvh)2fag,fah. Hence fa (g vh) is an upper bound of f a g and f Ah. Let p be an 
arbitrary upper bound of f a g and f a h. Then, p2fag=f+g-fvg;thatis,f+g<spt 
f v g. Similarly, f +h < p + f v h. Hence by lemma 3, 

p+lfvg)yv(fvh)=(p+fvg)v(p+fvh)2(f+g)v(f+h)=f+ (g vh). Thus, 
p2f+(gvh)-fv(gvh)=fa (gvh). Hence, f a (g v h) is the lu.b of f a g and fah ; that is, 
falgyh)=(fag)v fah). 

The 2nd part of (4.9) follows from the first part due to the commutativity of the meet 
operation. Hence A is a distributive lattice. 
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A NOTE ON CONTRACTIFIABILITY OF SELF-MAPPINGS 


AMITA SEN AND M. K. CHAKRABORTY 


INTRODUCTION 


The notion of contractifiability of a self-mapping in a metric space was first 
introduced by Meyers in connection with the investigation in the converse problem of 
Banach contraction mapping principle. Some of his most significant results are stated in the 
following section. During a similar investigation in [11] an operation (*) on non-negative real 
numbers proved to be very fruitful. This paper deals with the interrelation between 
contractifiability and the operation (*). Although not dealt with here, the interrelation bears 
some consequences to the converse problem of Banach Contraction principle. 


SECTION 1 


Definition 1 Let (X,d,) and (X,d.) be two metric spaces. If the identity mapping I: (X,d,) > 
(x,d2) is a homeomorphism, then dj, dz, are said to ke equivalent on X. 


One can easily observe that following statements are equivalent. 
(1) The metrics dj, d; are equivalent on X, 


(2) the sequence {Xn} converges to x in (X,d,) if and only if it converges to x in (X,d3). 


We write d, = d; to indicate that d; and d; are equivalent. 


Definition 2 Two metrics d,, d; on the set X are said to be uniformly equivalent if and only 
if the identity mapping I: (X, d1) —> (X, d2) and the inverse mapping I~! : (X, d2) — (X, d;) are 
uniformly continuous. 


We write d, = d; twhen d; and d; are uniformly equivalent. 
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Definition 3 A continuous self-mapping T is said to be contractifiable in a metric space (X, 
d) if and only if there exists an equivalent metric d; such that T is a contraction in (X, d4). 


One significant result on contractifiably was established by Meyers [8]. This is stated 
below. 


The following results are equivalent. 
a) T is contractifiable in (X, d), 
b) there exists w e X such that 
i) Tw=w, 
ii) T"x—~w, forall xe xX, 
iii) TPU — w for some neighbourhood U of w. 
Leader has offered a set of simplified conditions in this respect [6] viz. 
(L,)T"x — w, for all x e X, 
(Liy)T"x -> v, uniformly, for all x in some neighbourhood of w. 


SECTION 2 
In this section a binary operation is defined on which rests the main results of this 
paper. 


Definition 4 * is a binary operation on non-negative real numbers satisfying the following 
conditions 


i) u*0 = kiu, kı > 0, 
ii) O*v=kv,k>0, 
iii) US uU,—-Uy,V S Vi +V2 imply u* v <u, * Vv4+U, * V2 for all u, uy, Uz, V, Vy V2 - 
Remark 1 0*0=0. 
Examples. 
1. u*v = ku + kv, kı > 0, k> 0. 
2. u*v = max(u,v). 
1/p f , 
3. u*v = (kuP + kvP) ,k>0, k2>0, p being any integer > 1. 
1/2 
4. u*v = (u +uv+v?) . 
The following properties of the * operation are interesting and useful. 
P: ‘ (uy +U2) i Vi < Uy ‘i Vitu x Vie 
P : u * (v+) Su * v+u * vo. 
P3:uSujz,\¥ <v implyu*vsu,*v;,. 
Pi: ku, kau <u * v s kyu + kv. 


P; : * is neither commutative nor associative generally. 
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Po: For ky +k, 21, k,"us((...((u * u) * u)...) * u) S (krtk2)™u [operation being n times]. 
P; : For kj +k, 2 1, k,"u < (u * (u * ... (u * (u * u))...)) < (ki+k2)®u [operation being n 


Pg : For ky +k, $ 1, u 2 u* u 2 ({u * u) * u) 2 (((u *u) * u) * u) 2.. 
Po: Fork, +k, S 1, u 2 u *u 2 (u * (u* u)) 2 (u * (u* (u* u))) 2... 
Pig: Fork; 21,usu*us((u*u)*u)s(((u*u)*u)*u)s... 
P,,: Fork, 21lusu*us<(u*(u*u))s(ur*(u*(ur*u)))s... 
Definition 5. Let d; and d; be two metrics defined on the same set X. We define a function 
d by 
d(x,y) = dı * doy) 
= dy (x,y) * Co(xy) 
Theorem 1. d is a metric on X. 
The proof follows immediately from the defin:tion. 
But the converse is not true i.e. under some operation D, if d;(x,y) O d2(x,y) is a metric 
for two metrics d; and d; then 01s not necessarily a *-operation. 
Example d; and d; are metrics on the real line defined by 
ditey) = {0 for ney 
and d2(x, y) = Ix-yl. 
Let d(x, y) = dy(x, y) 0 da(x, y) = min(di(x, y), d2(x, y)). 
Then d(x, y) is a metric. 
But u D 0 = min(u,0) = 0 # ku for any k,> 0, and this implies that O is not a 
*-operation. 


Theorem 2. The topology on a set X induced bv the metric dı * dz is finer than the 
topologies induced by the metrics d; and d3. 


Proof. Let tı, t and T3 be the topologies induced by the metrics d,, dọ and d, * d3 
respectively. 
Let S *(x) be an open sphere in (X, dı). 
Now by the property P4 
kıdı(w,x) < di({w,x) * da(w,x) = d; * do(w,x). 
So, d; * da(w,x) $ kir} _— that d;(w,x) < r}. 
Thus .. rw) g sf (w) 
Similarly from _— < di(w,x) * d2(w,x) = d; * d2(w,x), it can be ere that 


d,*d 
Skr, (WS s$ (w), , 
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d l , 
where S n ~) is an open sphere in (X, dg). 
Hence t; is finer than both 7, and 7). 
Theorem 3. If dı = d, then each of dj, dz is equivalent to d; * d2. 


Proof. Let {xy} be any sequence which converges to x with respect to d; i.e., 


lim d4(Xp, x) = 0. 
n—-co 


Since dı = d», lim dz(Xpn, x) = 0 
Then lim (kid: (Xn, xX) + Kyd2(Xn, x)) = 0. 
n—>o0 


i.e., lim d; ê dz(Xņm x) = 0 since d; * dz(xr X) < ky dy (Xp, x) + kzd2(Xn, X). 
n—% 


Conversely, let a sequence fyn} converge to y with respect to d,*dp. 
i.e., lim dı* d2{¥n, y) = 0. 
N—oo 
So, kidi(Yn- Y) < di* da(yn, y) implies that dim ai y) = 0. 
Hence d; ~d,* d; and so dy=d,* dz. 
Corollary 3.1. Putting d, d.=d, we get that d--d* d. 
Definition 6. A word of metrics d; and d; on the same set X is defined recursively by 
i) dj ;1=1,2, is a word. 
ii) If d and d’ are words, then d* d’ is a word. 


Definition 7. The length of a word is the number of *’s in the word. 


Theorem 4. If d; = d; , then any two words are equivalent to each other. 
The proof follows from theorem 3. 
Towards the converse, we state the following theorem the proof being omitted. 


Theorem 5. Let d; = d; * d; and d,* d}<d,, then d, % d; 
Theorem 6. If d; =d;°, and d,--d,° then d,* d, =d,°* d3’. 


Proof. Let {xn} be a sequence which converges to x with respect to dı* d, Le. 
lim d,* d2(xp, x) = 0. 
N— oo 

Hence lim di (Xn, x) = 0, lim do(Xn, x) =QOas kd, k jd, < d,* d. 

n--¢*o noo 
Since d; = dy*, dz ~dy’, lim d,“(xn, x) = 0, lim dz'(Xn, x) = 0. 
n—-co n—oo 
Since d,* C3 < kı dı “+kody limd, fies d, (Xn x) = 0, 
N—oo 


i.e. the sequence {xp} which converges to x with respect to d,* d} also converges to x 
with respect to dy* d’. 
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Hence d,* d; =d,* dy’. 
Theorem 7. If d) ~ dz, then they are uniformly equivalent to d; * db. 
Proof. We take any arbitrary £ > 0 and 0 < 6 < £ so that € - 6, > 0. 
Since d; is uniformly equivalent to dz. | 


I: (X, di) > (X, d2) is uniformly continuous. For =~ 2 there exists 5) such that for all 


kz , 
x,y £ X, d(x, y) < & implies d(x, y) <E i.e., Kodo(x, y) < &. 


Let ô= mi A T] 





kı 
Then d,(x, y) < 6 implies that kpd2(x, y) < & 
and dı(x, y) <4, implies that d(x, y) <£- — = „ie. wa y) <£- ô. 


Therefore, if dı (x, y) < 6 then kid} ( x, y) + keda(x, A <£- ĝ +6, = 

Hence by Pg, di” do(x, y) <€. 

Hence I: (X, di) > (X, dı * dz) is uniformly continuous. 

Again, given € > 0, we take 0<d<kje. 

Then d; * do(x, y) < ô< kı e implies that kidi (x, y) < kı eie. dix, y) <€. 

So, I : (X, di * dz) > (X, dı) is uniformly continuous. 

Hence d; = d; * dz. 

The following theorems can be proved in a straight forward way. 
Theorem 8. If d} = d; then any two words are uniformly equivalent to each other. 
Theorem 9. If d, < dj, then d; = d, * d; and d} = d; * d}. 


SECTION 3 


In this section some results on contractifiability are established. 


Theorem 10. Let a self mapping T be a contractifiable in both the metric spaces (X, d,) and 
(X, dz). Then T is so in (X, d; * d3). 


Proof. We first prove that if T is continuous in (X, d,) and (X. dz), then T is continuous in 
(X, d j dy). 


Let x be an arbitrary point in X. 
Then given € > 0, there are 8, & such that 


if d(x, y) < 8, then dy (Tx, Ty) oo 


and if d2{x, y) < & then d2(Tx, Ty) <5, forall y e X. 


A 
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Then d; * d2(Tx, Ty) < k,d,(Tx, Ty) + kzd2(Tx, Ty) < €. 

Now by P,- d; * do(x, y) < k18, implies that d;(x, y) < 6; 

and dı * dx, y) < k28, implies that d(x, y) < &. 

So, when d; * d(x, y) < min(k,, k282), we have both d;(x, y) < & 
and d(x, 7) <& . 

and then d * d2(Tx, Ty) <e. 

Hence T is continuous in (X, d, * d2). 

Given that T is contractifiable in (X, dı) and (X, d2), 


we have 
i) Tw=w, 
dı 
ii) Tx 9 w, 
dz 
iii) Tx —> w, since w is the unique fixed point. 
d ag 
iv) Tax 3 w uniformly in some neighbourhood U of w 


d 
and v) T®x bw -o in some ei V of w. 


From (ii) and (iii), given |— 2 > Oand =~ Te > 0, there exist N,, N- such that 


d,(I™x, w) <S, p for n2 N; 


and d(T”x, w) <k, i for n 2 N2. 


Let us take N = max(Nj, N3). 
Then, d; * da (T?”x, w) <e forn 2 N 


d 
Hence T'x——5 w. So (L,) is satisfied for d; * dz. 


Finally, we know that d; * dz generates a topology finer than the topologies generated 
by d; and d; (section II, Theorem 2). 


e as U a V are neighbourhoods of w in (X, d,) and (X, d2), there are open 
spheres s$ (w) and sd (w) such that l 


dı d2 
Sr (w) c U and Sr, (w) c V. 


As d; * d generates a finer topology, there is an open spheres 3 1" de (w) such that 


sot" Aw) © sd '(w) CU 
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and a dew) = s-(w) gV. 


x 
So, gd * dz (w) CUNY. 


ig 
This means that U ^ V is a neighbourhood of w in (X, d, * dy). 
Letxe xX. 


Then from (iv) and (v) we obtain for e (> 0), there exists n 2 N such that for all x in 
UaV. 


€ 
dy (Tx, w) <a 


and d)(T®x, w) < Fe 
Then d; * d; (IT™x, w) <£ forn 2 N and forallxin UNV. 
Thus the condition (Lj;) is satisfied for d, * dy. 
Hence T is contractifiable in (X, d, * do). 


Corollary 1. Under the conditions of the theorem, T is contractifiable in (X, D), where D is 
any word of d; , dz. 


Corollary 2. Let d; = d; = d. 
We get: 


let T be contractifiable in (X, d), then T is so in (X, d * d) and in (X, D^), where D’ is 
any word of d. 


Theorem 11. Let a self-mappint T be contractifiable in (X, d3). 
If d; < d}, then T is contractifiable in (X, d, * dy). 
Proof. Given that T is contractifiable in (X, dz) we have 
Gi) Tis continuous in (X, d2), 


(ii) Tw =w for some we X. 
sas dz 
(iii) Tx —> w forallxe X. 


d 
and’ (iv) Tx LSW uniformly in some neighbourhood V of w. : 
Also it is given that d; < do. 


From (i), given € > 0 there exists 6 such that d2(x, y) < 6. This implies that d,(Tx, Ty) 





< for some arbitrary but fixed x. 


€ 
kı $ kz 
Let 0 < ô <k é. 
Then d; * dz (x, y) < & implies that kzd; (x, y) < & < kz ô. 
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E€ 
So d; (x, y) < ò and hence d; (Tx, Ty) < EE, 


Also from (v), d; * d (x, y) < 6; implies that d; (Tx, Ty) ok E 


So, 
if dı i d> (x. y) < Ô- then 
€ € 
d = d, (Tx, Ty) < k,d, (Tx, Ty) + kod, (Tx, Ty) < as oe + kz Gk, €. 
Hence : ıs continuous in (X, dı * dz). From (iii), given e > 0, there exists N such that d3 


(Tx, w) < ~ ka a “or some n 2 N and for arbitrary but fixed x in X. 
Since d, < d> 


d; (T?x, w) < d, (T™x, w) Skok F forn > N. 


Then dı : G3 (TX; w) < kid, (T™x, w) + kd, (Tx, w) < krk + ky -+ koa a kı pi T = £ for 


n2N. 
dı * də 
Hence TPx ee wW. 


From (iv), since V is a neighbourhood of w, there exists an open spheres J * (w) such 
that 
dz 
S i (w) CV. 


Since the topology of dı * dz is finer than dz, we can get an open spheres S p : (w) 


such that 
d,* 
S Ci IE 5 (w) cV. 
Hence V is also a neighbourhood ae w in (X, d} * i) 
From (iv), given € (> 0) there exists N such that d, (I™x, w) ar Po for all n 2 N and 
for all x in V. 
Since dı < d3, 


d; (T?x, A E {Tg fT n Nand for all x in V. 


Hence k,d,(T"x, w) + kad; (T™x, w) <e, forn2N, for all x inV. 
This implies d; * d (T™x, w) <e, forn2N, for all x in V. 


dı * d; 
ie. T8x — 5 w ‘uniformly in V. 


Hence the theorem is proved. 
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Theorem 12. Let a self-mappint T be contractifiable in (X, dı * dz) and let d; < d;. Then T is 
contractifiable in (X, d4). 


Proof. Since dz < d4, by theorem 9, d; = d4 * dz. Since continuity is a topological property, T is 
continuous in (X, d4). 


Now T is contractifiable in (X, d, * d2) implies 
(i) Tx =w for some w in X, 


dı * d2 
(ii) Tx ———> w 
di*d) . 
and (iii) Tx -————> w uniformly in some neighbourhood V of w. 


Let x be an arbitrary but fixed point in X. 
Then from (ii), given e (> 0) there exists N such that d; * d; (TPx, w) < ky £ for n 2 N. 
90, by Py, dı (T™x, w) <e for n 2 N, i.e., condition (Li) holds for the metric d; . 


Again by (iii), g% d (w) c V, for some r. 
d 
Now consider $ a (w), where rı = r/2k, k = max (k; , kọ). 


dı 
Then forxe S r; (w), we get 


d(x, w) <r/2k and since d; < dy’ d(x, w) < r/2k. 
So, kidi(x, w) + kodo(x, w) <r. ' 


dı * dz 
Hence x € S, (w), by P4 again. 


d d,*d 
This implies that S (wes, 2 iw) cV. 


Hence V is a neighbourhood of w with respect to d; . 

Now from (iii), we get that given e (> 0) there exists N such that for all x e V, 
dı * d2(I"x, w) < k; £, when n2 N. 

So, k,d,(T™x, w) < kı £, when n2 N. 

This implies that d,(I™x, w) <£, when n 2 N and forall xe V. 

Thus (L,,) is established for d, . 

Hence the theorem is proved. 
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LOCALLY HAUSDORFF SPACES 
S. K. ACHARYYA AND PARTHA PRATIM GHOSH* 


Abstract : In this paper the notion of “LOCALLY HAUSDORFF SPACES” has been introduced. 
A topological space X is called Locally Hausdorff, if each point has a neighbourhood, which 
is a Hausdorff subspace of X. These spaces are seen to lie between T, and T, spaces. A space 
is seen to be locally Hausdorff, if and only if, the diagonal A(X) = {(x, x) : xe X}, happens 
to be a locally closed subset of the product space XxX. Locally Hausdorff spaces are seen to 
be only finitely productive (i.e. Tychonoff productive) and arbitrarily box productive. Finally 
a characterisation of the epimorphisms in the category LHAUS of all locally Hausdorff spaces 
and continuous functions between them has been furnished. 





1. INTRODUCTION 


This paper is an outcome of an attempt to localise the celebrated Hausdorff separation 
axiom. The class of spaces so obtained in the process are seen to lie strictly between T, and 
T, spaces. In §1, we have shown that locally Hausdorff spaces stand independent of a few 
other well known separation axioms between T, and T,. In §2, a characterisation of a locally 
Hausdorff space X via the diagonal of the product space XxX is given; in the same section an 
extrinsic characterisation, also of such spaces in terms of the kernels of continuous maps into 
these spaces is furnished. In § 3, it is shown that local hausdorffness of a topological space is 
finitely Tychonoff productive, but arbitrarily box productive topological property. In § 4, the 
problem when the one point compactification of a Hausdorff space is locally Hausdorff is 
considered; this leads to a method of constructing non-Hausdorff locally Hausdorff spaces. In 
the final section of the paper we have given a characterisation of the class of epimorphisms 
in the category LHAUS of locally Hausdorff spaces with continuous functions between them. 





Definition 1.1. A topological space X is said to be locally Hausdorff (hence forth abbreviated 
to LH), if each point on it has a Hausdorff neighbourhood (hence forth abbreviated to nbd). 


It is plain that every subspace of an LH space is LH, every Hausdorff space is LH, and 
every LH space is a T, space. 


The following is a list of some familiar separation axioms that lie between T, and T, 
spaces. [See [4], [6], [7], [9].] 


Definition 1.2. A topological space X is said to be 
(i) KC space, if every compact subset is closed; 
(ii) US space, if every convergent sequence has exactly one limit point, 
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(iii) T, space, if it is a T, space and for every pair of disjoint compact sub sets K and L of X, 
there exists an open set containing one of them and disjoint with the other. 


It is easy to prove that a KC space is a T,, space, which in turn is a US space. The 
following examples entail the independence of each of these three separation axioms with 
local Hausdorfness, which in the hierarchy of separation axioms lie strictly between T, and 
T, spaces. 


Example 1.3. (a) Any infinite set with topology of finite complements is a T, space which is 
not LH. 


(2) Fix any two distinct points a, b in any infinite set X and define a topology on X as follows : 
each point of X-{a, b} is isolated, and the open nbds of both a and b are precisely the cofinite 
subsets of X, containing ‘a’ and ‘b’ respectively. 


Then X is LH whica is neither Hausdorff nor a US space. 


(3) Let X be any uncountable set with the topology of countable complements. Then X :s not 
LH; however every compact subset of X is countable, so that X is a KC space. 


2. CHARACTERISATIONS OF LOCALLY HAUSDORFF SPACES 


Definition. In a topological space X, a subset A of X is said to be locally closed, if every point 
x of A has a nbd U, such that U ^ A is a closed subset of U. 


It so turns out that locally closed subsets of X are precisely those that can be expressed 
as an intersectionof a closed set and an open set in X, so that their collection encompasses the 
families of open and closed subsets both. 


Theorem 2.1. A topological space X is LH, if and only if, the diagonal A(X) = {(x, x) € 
XxX, : x e X} is locally closed in the product space XxX. 


Proof. First assume that X is LH, and let U, be an open Hausdorff nbd of an arbitrarily 
selected point x e x, 


Then (U xU ) N A(X) becomes an open nbd of the point (x, x) in the subspace A X). It 
is easy to see that the set (U xU) N A(X) is closed in the space U xU, so that the set A(X) is 
locally closed in XxX. 


Conversely suppose that A(X) is locally closed in XxX. 


Choose any point x from X, arbitrarily; then there exist open nbds U, and V, of the 
point x from X, such that (U xV ) N A(X) is a closed subset of the subspace U, x V It is clear 
that U, N V_is an open Hausdorff nbd of the point x from X. Accordingly X is locally Hausdorff. 


Since discrete spaces are LH, and there exists a space that is not LH (See Example 1.3 
(1)], 1t is clear that LH-ness of a topological space is not continuous invariant; however it turns 
out to be a topolog-cal property. The following proposition tells tis something more in view 
of Theorem 2.1. For any function g : U-V, we set Ker(g) = {(u,v) €e UxU > g(u) = g(v)} 
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Theorem 2.2. Suppose that f : XY is an open map from the space X onto the space Y with 
Ker(f) a locally closed subset of XxX; them Y is LH. 


Proof. Choose any point x from X. Since (x, x) belongs to Ker(f), there exist open nbds U, and 
V, of x in X, such that (U xV) N Ker(f) is closed in U xV. It is not difficult to check that the 
open nbd f(U_/N V) of the point f(x) in Y is a Hausdorff subspace of Y. Hence Y is LH. 


For a continuous map the converse of the above theorem is true. 


Theorem 2.3. Suppose that f : XY is a continuous map from the space X into a LH space 
Y; then Ker(f) is locally closed in XxX. 


Proof. Let (a,b) e Ker(f) be arbitrarily chosen. Since Y is LH, there exists an open Hausdorff 
nbd U of the point f(a) = f(b) in Y. The continuity of f indicates that f(U) x f'(U) is an open 
nbd of the point (a,b) in XxX. One can then easily check that [f'(U) x (U) N Ker(f) is closed 
in fU) x f"(U). This ensures that Ker(f) is locally closed in XxX. 


The combination of Theorems 2.2 and 2.3 therefore yields the following : 


Theorem 2.4. Suppose f : XY is a continuous open map from the topological space X onto 
a space Y; then Y is LH, if and only if, Ker( is a locally closed subset of XxX. 


The following theorem will be required to prove our main theorem in the concluding 
section of this paper. 


Theorem 2.5. Suppose g,h : X->Y are two continuous maps from the space X into a LH space 
Y, then the set {xe X: g(x) = h(x)} is locally closed in X. 


Proof. Let A = {xe X: g(x) = h(x)}; choose any point x from A and let U be an open Hausdorff 
nbd of the point g(x) = h(x) in Y. Then the set g'(U) N h'(U) N A becomes a closed nbd of the 
point x in the subspace g` (U) N h'(U) which is evidently an open nbd of the point x from 
X. Consequently A is locally closed in X. 


3. PRODUCTIVITY OF LOCALLY HAUSDORFF SPACES 


Since the Tychonoff product of an arbitrary family of Hausdorff spaces is Hausdorff, 
the following is clearly visualised : 


Theorem 3.1. The box product of an arbitrary family of LH spaces is an LH space. 
In contrast these spaces are only finitely Tychonoff productive as proved in the following 
proposition : 


Theorem 3.2. Suppose A is any non-empty set and for each ‘a’ in A, let X, be a topological 
ag and further let X be the Tychonoff product of the spaces X, for each a in A (i.e. X = 

IX); then X is an LH space, if and only if, for each a in A, X, is an LH space, and for all 
but finitely many indices a from A, X, is a Hausdorff space. 


Proof. If the conditions are Satisfied then X is clearly LH, which follows Poin the definition 
of the Tychonoff product topology and the fact that Hausdorffness 1s Tychonoff productive. v 
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Conversely, assume that X is an LH space. Since LH-ness is a hereditary property- and 
every hereditary property 1s projective, it follows that each of the component spaces is. LH. 
If possible, let there exist an infinite sequence Xay Xay- Xa... Of spaces, none of wh:ch is 
Hausdorff. Then in zach X,, i = 1,2,....n,... one can choose a pair of distinct points x, and ya, 
such that each nbd of x, meets each nbd of y,,. Choose a point x from X as follows : 


Pa (x) = Xa, where Zor each a in A, Pa denotes the a™ projection map from the product space 
X to the component space X,. Consider any basic open nbd, U of the point x from X. Let b, 
, by be the fintely many points from A such that P, (U) # x, j = 1,2,...m. Choos2 the 
point z from X in the following way : 


Pz) =y, fora e fa, ay e} — {b :j = 1,2,...n} 
= X, Ctherwise. 


Then surely z # x, and z is a member of U. It is easy to see that every open nbd of the Doint 
z intersects every cpen nbd of the point x, in the space U. Hence U is not a Hausdorff 
subspace of X. Accardingly X cannot be LH, contrary to our assumption. 


4. NON HAUSDORFF LOCALLY HAUSDORFF SPACES 


For a Hausdorff space X, the one point compactification X* need not be Hausdor-f; X* 
need not even be LH, viz., the spaces Q* and S* are not LH, where Q and S denotes the space 
of all rational numzers with the subspace topology of the reals and the Sorgenfrey line 
respectively. A close look into the inner topological structures of Q and S reveal that tis is 
attributable to the fact that none of these spaces are locally compact at any of their points. 
This inspires us to answer the question when is X*, LH for a Hausdorff space X as foLows. 


Theorem 4.1. If X be a Hausdorff space, then the one point compactification X* is LH, £ and 
only if, there exists a partition of X = A U B, where A and B are disjoint subsets of X with the 
property that B is compact and X is locally compact at each point of A. 


Proof. Let X* = X N {cc}. First assume that X* is LH. Then there exists an open Hau sdorff 
nbd V of œ in X* Choose A = V-{œ}, and B = X*-V; then A and B give us the partition with 
the required condit:on. 


Conversely assume that there exists a partition of X with the above mentioned properties. 
Since X is Hausdortf, B is closed in X, so that V = Afl{c<} is an open set in X*. It suffices to 
verify that V is a Hausdorff space in X*. Since X is already known to be Hausdorff it is 
therefore enough tc check that an arbitrary point ‘a’ from A and the point ‘«’ have disjoint 
open nbds in X*. Tne local compactness of X at the point ‘a’ gives an open nbd U of z in X 
such that cl,U is compact, so that (X* - cl,U) 1s an open nbd of œ in X* disjoint with U. 


The above theorem provides a method for constructing examples of non-Hausdorff LH 
spaces as follows. 


Theorem 4.2. Suppose X is a Hausdorff space which is not completely regular, in which there 
exists at least one point of X having a compact nbd; let A and B be disjoint compact subsets 
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of X with the property that X is not locally compact at any point of B and X is locally compact 
at each point of A; then the space (A U B)* is a non Hausdorff LH space. 


Proof. A straight forward consequence of Theorem 4.1. 


It may be mentioned that the hypothesis regarding X in the above theorem is not 
vacuous. Consider for example the regular Hausdorff space X, constructed by Mysior [See[5]}. 
Here X stands for the closed upper half plane of R?, alongwith an additional point ‘a’. All the 
points (x,y) with y>0, are assumed to be isolated; the basic open nbds of (x,0) contain (x,0) 
and all but finitely many points from the union of the following two segments : 


L={@y):0 sy <2} andj] = {x +y,y):0<y < 2}. 
The basic open nbds of ‘a’ have the form : 


U (a) = {a} U {(xy): x > n}, n = 1,2,..... . ‘a’ is the only point in X at which X is not locally 
compact. 


5. EPIMORPHISMS IN THE CATEGORY LHAUS OF ALL LOCALLY HAUSDORFF SPACES 


Definition 5.1. In a category £ a morphism f : A — B is said to be an epi morphism, if for any 
object C and for any pair of morphisms g : B —> C, and h : B — C from & the relation g f = 
h,f implies g = h. 

A well known result in the category HAUS of all Hausdorff spaces states that the 
epimorphisms in HAUS are precisely those continuous functions f : X -> Y in HAUS that 
satisfy cl,f(x) = Y. This leads to the characterisation of the epimorphisms in LHAUS in terms 
of “L-denseness” which is : 





Definition 5.2. A subset of a topological space X is said to be L-dense in X, if whenever there 
exists a locally closed subset of X containing it then the locally closed subset is none else than 
X itself; i.e. AcX is L-dense, if whenever AcL, where L is locally closed in X, then L = X. 


It is clear that every L-dense subset of X is also dense, but the converse is not necessarily 
true [in Example 1.3(2), consider the set X - {a,b}.] 


The following is a direct consequence of theorem 2.5 : 


Theorem 5.3. If two continuous maps f,g : X — Y, defined from a space X into a LH space Y 
agree on a L-dense subset of X, then f = g. 


A characterisation of the epimorphisms in LHAUS is as follows : 


Theorem 5.4. In LHAUS, a morphism f : X — Y is an epimorphism if and only if, f(X) is L- 
dense in Y. 


Proof. If {(X) is an L-dense subset of Y, then in view of Theorem 5.3 fis clearly an epimorphism. 


Conversely assume that f(X) is not L-dense in Y. Then there exists a locally closed subset S of 
Y with the property : f(X) is a subset of S and S is aproper subset of Y. 


To show that f : X — Y is not an epimorphism in LHAUS, we shall construct an LH 
space Z and a pair of continuous functions g,h: Y — Z with the property that g # h, although 
gof = hof. 
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Let ¥ = Yx tj},j = 1,2 and h : Y — Y be defined as h (y) = (yj), j = 1.2. Comsider 
the disjoint topological sum Y, + Y, Leti : Y — Y, + Y,,j = 1,2 be the inclusion maps, and 
finally let z be the quotient space of Y, + Y,, obtained on identifying for each point y in 5, 
the points (y,1) and (y,2). Let q : Y, + Y, —> Z be the natural quotient map. Now tale g = 
qoi oh, and h = qoioh,. Then one can easily see that g,h : Y — Z are both continuous maps 
such that gof = hof, but g + h; indeed for any point ‘y’ from Y — S, g(y) # h(y). 


To complete the proof we need to check that Z is an LH space and this is done Sy an 
evident extension of the argument in [9], page 256. 


We close this article after posing the following problems : 
(i) What are the extremal monomorphisms in LHAUS ? 
(ii) What are the epireflective subcategories of LHAUS ? 
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ON: TS - ACT 
T K. DUTTA AND N. C. ADHIKARI 


Abstract. In this paper we introduce the notion of operator semigroup of a T'S-act over 
a T-semigroup (S, T) and using this notion we study strictly cyclic '$-act and faithful transitive 
T'S-act. We obtain some necessary and sufficient conditions for S to have faithful strictly cyclic 
TS-act and faithful transitive TS-act. 


1. INTRODUCTION 


Let S and T be two nonempty sets. S is called a T-semigroup [6] if there exist mappings 
Sx T xS -— S, written as (a, a, b) > aa b, and Fx Sxl T, written as (a, a, B)—> caf, satisfying 
the following identities : (aab)Bc = a(abB)c= aa(bßc) for all a,b,c £ Sand a, Be T. We calla 
l’-semigroup S both sided if it further satisfies the identities. : wa (Bby) = (xaß)by = a(aBb)y for 
all a, B, ye T and a, b e S. Throughout this paper we consider only both sided [-semigroup 
and call it simply T-semigroup. Some earlier work on both sided T-semigroup viz. embedding 
a T’-semigroup in a semigroup with zero, on I’-semigroup with the right and left unities, on 
prime radical and on radicals of T-semigroup may be found respectively in [2], [3], [4], and 
[5]. We shall denote a both sided [-semigroup by (5, T). 


According to Sen and Seth (1988) [7] a right T S-act is a triple (M, T, $) (M is a nonempty 
set and S is a -semigroup) together with a mapping from Mx F x5 — M written as (m, a, 
s)—> mas satisfying (mas)Bt = mo (sft) for all meM, œ Ber, st € S. 


In this paper we introduce the notion of T'S-act over a both sided T’-semigroup. We also 
introduce the notion of operator semigroup of a TS-act and study TS-act via operator semigroup. 
In 1961 Tully published a paper [8] dealing with those representations of a semigroup 5 which 
are strictly cyclic and more particularly those which are transitive. Here we introduce the 
notions of cyclic and transitive 'S-act over a both sided T-semigroup and obtain some necessary 
and sufficient conditions for S to have faithful strictly cyclic [S-act and faithful transitive TS- 
act. We obtain that a necessary and sufficient condition for S, where (S,I) is a commutative 
conditionally unitary T-semigroup, to have a faithful transitive TS-act is that S is a l’-group. 


2. PRELIMINARIES 


Definition 2.1. [7] Let S be a T-semigroup. A right T-congruence on § is an equivalence 
relation p on S such that apb implies that aacpbac for all aer and ces. 


Definition 2.2. [7] Let S be a T-semigroup. A right T-congruence p on S is modular if there 
exist eeS and ol such that ecapa for all aeS. e is called a left identity modulo p relative 


to Q. 
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Definition 2.3. [3] Let (S, T) be a T-semigroup; M and N be the left operator semigrou> and 
the right operator semigroup of (S, T). If there exists an element [e, 5] € M ({6, e] e N} such 
that ed x = x (xde = x) for all xe5 then S is said to have the left unity [e, 6] (right un_ty [6, 
e]) Similarly we can define the left unity and the ritght unity of T. 

Definition 2.4. [3] A T-semigroup (S, T) is said to be a T-semigroup with unities if S has left 
unity and right unity which are also right unity and left unity of I respectively. 
Definition 2.5. [5] Let (S, T) be a T-semigroup. S is said to be commutative if for any a,be S 
and Ye, aYb = bYa. Similarly the commutativity of F may be defined. 

Definition 2.6. [5] A Y-semigroup (S, T) is said to be commutative if both S and T 
commutative. 

Definition 2.7. [3] A I -semigroup (5, T) is called a F -group if for every a, a € $ and 
a,a¢T there exist b, b, € Sand B,BeF such that s = baas Y = YbBao, Y = B Daa, 
s = sf, b œa, for all s e S and Yer. 


Iv rt 
Definition 2.8 [6] Let (S, T) be a T-semigroup. A nonempty subset I of S called a left Gight) 
ideal of SifSTICidrS Cl). A nonempty subset I of § is called a two sided ideal or simply 
an ideal of S if it is a left ideal as well as a right ideal of S. The ideals of T are defined 


analogously. : 


3. RIGHT T S-ACT 


Definition 3.1. A right TS-act is a tmple (M,T,S), where M is a nonempty set and (S, D isa 
T-semigroup, together with a mapping (m, o, a) > moa from M xT x § to M such that (mga) 
Bb = m(aaB)b = mo (aBb) for all m £ M, a, B €T, a, b e S. We shall denote a right TS-act (M, 
T, 5) by Mis and call it simply a TS-act. 

Example 3.2. Let S be the set of all mxn matrices, T be the set of all n x m matrices and M 
be the set of all r x n matrices over the ring of integers. Then (S, T) is a I-semigroup and (M, 
T, S) is a right TS-act with respect to usual matrix multiplication. 


Example 3.3. Let A, B, C be three nonempty sets. S = M(A, B) denotes the set of all mappings 
from A to B, T = MG, A) denotes the set of all mappings from B to A and T = M(A, C) denotes 
the set of all mappings from A to C. Let f, g £ S and a eT. If fag and aff denote the usual 
composite mappings then (S, T) is a T-semigroup. Let teT If taf denotes the usual composite 
map, then we can show that (J, TS) is a right TS-act [(tof) (a) = ta(f(a)), aeA]. 

Let (S, F) be a T-semigroup and Mrs be a nght TS-act. We define a relation p on T> S as 
follows: (a, a) p (B, b) if and only if maa = mfb for all m e M. Obviously p is an equivalence 
relation. Let [a, a] denote the equivalence class containing (œ, a). 


Let R = {[a, aj: a £ S, œ £ r}. We define multiplication on R as follows : [œ a] [B, b] = [a, 
aBb]. The multiplication on R is well defined and R is a semigroup with respect to this 
multiplication. 

This semigroup R is called the right operator semigroup of the right TS-act M. It is evident 
that [œ a] [B, b] = [aaB,b]. 
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Lemma 3.4. Let (S, T) be a T-semigroup. A nonempry subset M is a right T S-act if and only 
if M is a right R-act. 


Proof. Let M be a right T S-act. We define a mapping from M x R to M by mfa, a] = maa. 
Obviously this mapping is well defined and M is a right R-act. We can prove the converse By 
defining maa = m[q, a]. 


Definition 3.5. A T S-homomorphism from a IT Sact Ms into another T S-act M’, is a 
mapping 8 : M —, M such that 8 (maa) = 6 (m)aa for all meM, «eT, aeS. Moreover if 8 is one- 
one and onto, then we call it I S-isomorphism. 


Definition 3.6 Let M.. be a TS-act. An equivalence p on M is a T S-congruence if x p y implies 
that xaa p yga forall ae T anda eS. 


Let p be a F S-congruence on a T S-act Mrs. The factor T S-act Mry, consists of all the p classes 
m p of M and the product of m p by an element a of S and an element & of F is defined by 
(m p) aa = (maa) p. If p and o are two 'S-congruences on MTS such that p > o then we can 
define p? = ?/ on M's = Mrs, as follows : p' = {(m,a, m,a) € M';5 x M'rs : (m,, m,) € p}. Since 
p isa F S-congruence on Mpg p’ is a F S-congruence M!s- 


Conversely if p! is a F S-congruence on M's, and we define o on M's by p = {(m,, m) 
e M's X My : (m,G, mo) £ p’}. then p is a F S-congruence on Mre P 2 6 and p’ = p/o. 
Lemma 3.7. Let M,s be a I’ S-act. An equivalence relation o on M is a T S-congruence if and 
only if o is an R-congruence on the R-act M,. 

Lemma 3.8. Let Mis be a TF S-act. Mrs, is a factor T S-act if and only if M,,,is a factor React. 


Proof. The proof follows from the above lemma. 


Proposition 3.9. If o is a T S-congruence on a T S-act Mrs over a T -semigroup (S, T), then the 
mapping p — p/o is a lattice isomorphism of the lattice of all T S-congruences p on Mrs 
containing o and the lattice of all T S-congruences on the factor T S-act Mrg,. 


Lemma 3.10. Let M,, and M!,, be two I S-acts and 6: M — M bea map. 0 isa FS- 
homomorphism if and only if 8 is an R-homomorphism. 


Proof. The proof follows from the definition 3.5. 


Theorem 3.11. Let (S, T) be a T-semigroup and 6 be a T S-homomorphism from a F S-act 
M,, onto another T S-act M',, over (S, T). Then 6 0 6' = p (i.e, m, p m,, m, m, £ M if and 
only if 9 (m,) = @ (m,)) is a I S-congruence on Mrs. If o is any T S-congruence on Mps such 
that o c 6 0 6" then 6’ (m o) = 6 (m) (m £ M) defines a TS-homomorphism 6’ from Mps, onto 
M’ „ such that 6’ 00t = 6, where o* is the natural T S-homomorphism from M T S to M,/p. 
If o = 8 0 6", then 6’ is a T S-isomorphism. 


Proof. The proof is a routine matter of checking, so we omit it. 


Definition 3.12. Let M,, be a T S-act. A nonempty subset B of M is called a T S-subact if 
BIS CB. 
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Definition 3.13. By a decomposition of a I S-act Mys we mean a partition of M inb a set 
{P, : i e I} of mutually disjoint T S-subacts P . If no such partition is possible with eel > 1, 
then Mrs is said to be indecomposable. 


Lemma 3.14. Let Mrs be a T S-act over a T-semigroup (S, T). B is a T S-subact if and only if 
B is an R-subact. 


Proof. Let B be a F S-subact. Let b £ B and [œ a] e R. Then bla, a] = baa £ BIS CB. So B 
is an R-subact. Similar is the converse. 


Lemma 3.15. Let Mrs be a T S-act over a T-semigroup (S, T). M is a decomposable T 5-act if 
and only if M is a decomposable R-act. 

Proof. The proof follows from the definition 3.13 and the Lemma 3.14. 

Theorem 3.16. There is a one to one correspondence between the decompositions of a T S- 


act Mrs over a T -semigroup (S, T) and the T S$-congruences o on Mrs with the properly that 
mpmaa for all meM and ass, a er. 


Proof. The proof follows from the above lemmas. 

Theorem 3.17. Every F S-act over a T ER (S, T) is uniquely decomposable into 
indecomposable T S-subacts. 

Proof. The proof follows from above lemmas and the Theorem 11.3 of [1]. 


4. STRICTLY CYCLIC T S-ACT 


Definition 4.1. A right I -congruence p on S where (S, T) isa F -semigroup is modular if 
there exist ee5 and a £ F such that eaapa for all aeS. e is called a left identity modulo p relative 
fo &. 


If S has a left unity then every right T-congruence on S is modular. 


Definition 4.2. A F S-act M, is called strictly cyclic if there exist an element m in M and an 
element a in such that M = mos. Such an element m is called a strict generator of M. 


Remark. Let (S, T) be a T-semigroup. Then S is a T S-act. We denote it by 5,.. It is clear that 
the  S-congruences on the T S-act S, are precisely the right T-congruences on S. Thus if p 
is a nght T-congruence on 5 where. (S, T) is a I-semigroup, we can form the T. S-act Srsp 


Proposition 4.3. Let M = mas be a strictly cyclic F S-act. Define a relation p on S by a p'b if 
and only if maa = mab. Then p is a right T-congruence on $, there is a left identity modulo 
p relative to oA and Mrs = = Sry): 


Proof. Obviously p is a right T-congruence on S. Since meM = mas, there exists e £ S such 
that m = moe. Then maeaa = maa for all a in S, whence eaa p a for all a in S. Thus e is a 
left identity modulo p relative to œ. Define 9 : S > M by 6 (a) = maa. Now 9 (as) = ma (afs) 
= (maa) Bs = 8 (a) Bs. So 8 is a T S-homomorphism of Sps onto Mrs with kernel 6 0 67 = p. 
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By Theorem 3.11, 0’: Srs, > Mrs defined by 6° (a p) = 9 (a) is a T S-isomorphism. Hence 
Mrs = S15" 


Theorem 4.4. Every strictly cyclic T S-act is isomorphic to Srs, for some modular right Tr - 
congruence p on S. Conversely, if p is a modular right I-congruence on S. then Sry is a strictly 
cyclic F S-act. 

Proof. First part follows from the proposition 4.3. Conversely, let p be a modular right T - 
. congruence on S and let e be a left identity modulo p relative to some «eT. Then for any 
ain S, (e p) Ga = (ema) p = a p. Hence e p is a strict generator of Srs, Le. Srs, is a strictly cyclic 
T S-act. 

Definition 4.5. Kernel T S-congruence K of a T S-act Mys is defined as follows : aKb if and only 
if maa = mob for all meM and for all œ €T, a,b € S. 

Definition 4.6. A T S-act Mrs is said to be faithful if the Kernel F S-congruence K of My, is the 
identity relation on S i.e., maa = mob for all m e M and for all & e T implies that a = b. 
Proposition 4.7. Let p be a right T -congruence on S where (S, T) is a T -semigroup, e a left 
identity modulo p relative to œ and K be the Kernel T S-congruence of the F S-act Srs, Then 
akb if and only if cYa p cYb for all c € S and for all Ye T. Moreover, K is the largest left T - 
congruence (and therefore the largest 2-sided T -congruence) contained in p. In particular, 
Sys, is faithful if and only if there is no left (equivalently no 2-sided) I -congruence contained 
in p except the identity relation. This is equivalent to the condition that a = b whenever for 
alc e S, œ eT, caa p cab. 

Proof. Let K be the Kernel T S-congruence of the T S-act STS Then akb if and only if (c p) 
Ya = (c p)Yb i.e., (c ya) p = (cYb) p if and only if cYa p yo for alle € S and for all Ye Ff. 
Obviously K is a left r -congruence on S. Let aKb. Then ega p eab, e £ S, whence apb. Hence 
K C p. Now suppose that t is any left T -congruence on S contained in p. Then atb implies 
that coa tcab for all c e S, œ e T, so caapcab. Hence aKb, This shows that t is contained in 
K. Remaining part now follows from the Definition 4.6. 


Corollary 4.8. A necessary and sufficient condition for S where (S, T) is a T -semigroup to 
have a faithful strictly cyclic F S-act is that there exists a right T -congruence p on S such that 
there is a left identity modulo p relative to & and p contains no left I -congruence except the 
identity relation. 


Proof. The corollary follows from Theorem 4.4 and Proposition 4.7. 


Corollary 4.9. A sufficient condition for S where (S, T) is a T -semigroup to have a faithful 
strictly cyclic F S-act is that S has a left unity. If S is commutative then this condition is also 


necessary. 


5. TRANSITIVE F S-ACT 


Definition 5.1. A T S-act M, is called transitive if for all m e M and for all a eT, moS = M 
or equivalently, for all m £ M, m TS = M. 

Proposition 5.2. Let M,, be a T S-act. M is a transitive T S-act if and only if M is a transitive 
R-act. l 
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Proposition 5.3. Let (S, T) be a T-semigroup. A TP S-act M,, is transitive if and only if M 
contains no proper F S-subact. 


Remark. A transitive T S-act is evidently indecomposable and also strictly cyclic. 


Proposition 5.4. Let (5, T) be a I-semigroup and p be a right F-congruence on S. Then the 
following are equivalent. 


(1) Sys, is transitive. 
(2) For all a, b e S there exists c e S with aac p b for a eT. 
(3) Each p-class meets each right ideal of S. 


Proof. (1) = > (2) Let Sts, be transitive. Let a, b ¢5. Thenap,bpe Srs" Hence th=re exists 
an element c £ S such that (a p}ac=bp forael, ie, (aac) p = b p ie. aac p b. (Ij== > 
(3) Consider a right ideal A and a p-class b p. Let a e A. Then auc p b i.e., aac £ b p for some 
ce Sand acl. Again a aceA. SoA meets the p-class b p. 


Either of (2) and (3) implies (1). 
Before we prove the next theorem we consider the following example. 


Example. 5.5. Let S and T be two nonempty sets. Then (S, T) is a T -semigroup where we 
define agb = b and fag = a. Here S as well as T has left unity but neither S nor T has right 
unity. 

Definition 5.6. A T -semigroup (5, T) is said to be conditionally left unitary if, whenever 5 (or 
D) has left unity then F (resp. 5) has right unity. Similarly we can define conditionally right 
unitary I“ -semigroup. 

Example 5.7. Every I-semigroup (S, T) with unities is conditionally left unitary as well as 
conditionally right unitary. 

Example 5.8. Every cancellative T-semigroup is conditionally left unitary and conditionally 
right unitary (Proposition 3.8, [3)). 

Example. 5.9. Let S be a commutative semigroup. Then S is a both sided T -semigroup where 
T = 5 and aab and aa denote the usual product of the elements in the semigroup S. Then 
(S,T) is conditionally left unitary and also conditionally right unitary. 

If (S, T) is a commutative I -semigroup then the notions of the conditionally left un-tary and 
the conditionally right unitary T-semigroup coincide and in this case we call such a F - 
semigroup conditionally unitary T-semigroup. 

Theorem 5.10. A necessary and sufficient condition for S where (S, T) is a commutative 
conditionally unitary T-semigroup, to have a faithful transitive T S-act is that (S, T) is a T- 
group. 

Proof. Let S have a faithful transitive T S-act Mys. Since a transitive T S-act is strictly cyclic it 
follows from the Proposition 4.3, that M,s is isomorphic to Srs, where p is a right T -congruence 


on S and there is a left identity modulo p relative to a i.e., eaa p a for alla £ S. Again, from 
the Proposition 5.4 (2), it follows that for all a, b e S there exists c e S with aac p b. 
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Since Srs, is faithful it follows from the Proposition 4.7 that p is the identity relation. Hence 
by the commutativity of (S, T) we say that S is simple and S has unity (left as well as right). 
Since (S, I’) is conditionally unitary, T has also unity (left as well as right). Since S is simple, 
it follows from the Theorem 4.3 of [3], that M is simple and this implies that T is simple 
(Theorem 4.10, [3]). Thus S and T both are simple. Hence by the Proposition 5.7 of [3], it 
follows that (S, T) is al -group. 


Conversely, let (S, T) be a commutative T -group. Then S is simple. Obviously S is a T S-act. 
Now from the simplicity of S, it follows that the T S-act 5 is transitive. Also, since S has unities, 
it follows that Kernel T S-congruence K of S, is the identity relation i.e., the T S-act S; is 
faithful. Hence S has the faithful transitive T S-act Sys. 
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CATEGORY ANALOGUES OF TWO THEOREMS OF STEINHAUS 


S. BASU 


1. INTRODUCTION 


Let A, B c R° (the n-dimensional euclidean space). The ‘distance set’ (resp, “difference 
set’) of A and B is the set {||x- y] |; x eA, y e B} ({x- y, y-x;x €A,y £B}, where | |.|| 
stands for the usual norm in R". For n = 1, if we designate by R the set of real numbers and 
A, Bc R\ {0}, then on taking mutual ratios instead of distances or differences between points 
x 
E € A y eB}. 
Steinhaus [3] proved many theorems related to the notions of distance (resp, diference) 
between points in sets of positive lebesgue measures in R and similar theorems were established 
by Bose-Majumdar [1] with ratios for subsets having non-zero abscissae. We state below two 
such results by Steinhaus [3]. 


Theorem A. If {A_}*_, is any infinite sequence of lebesgue measurable sets of positive measures 


n=1 


in R, then there exists an infinite sequence {a,}"_, of distinct points such that a, € A, end their 


n=] 


mutual distances are all rationals (n=1, 2,3, ...) 


we arrive at the notion called the ratio set of A and B and which is { 


Theorem B. If E is any infinite lebesgue measurable subset in R, then there exists an enumerable 
set P composed of points whose mutual distances are rationals and a set Z of measure zero 
such that P œ E c P U Z, where P’ represents the derived set of P ~ 


In the case A, c R\ {0} (n = 1, 2,3, _...), exact analogues of the above two therems with 
mutual distance replaced by mutual ratio holds. These were established by Bose-Majumdar 
[1]. However, it is easy to generalize theorem 1 and 2 ın R and in situations where mutual 
difference between points arises. 


A set E œ R is said to have the ‘property of Baire’ [2] if it can be expressed as the 
symmetric difference of an open set and a set of first category. The definition is applicable also 
in any topological space. ; 

It is well-known that Baire-property resembles measurability of sets in many zespects. 
So it is natural to ask whether the above results of Steinhaus (and also those by Bose-Mzjumdar) 
flows in the same vein when lebesgue measurability is replaced by Baire-property oZ sets. In 
the present context it is found that the answer to this runs in the affirmative and is shown 
in the general context of topological vector spaces. The articulation is carried out in such a 
manner so as to combine the representations of steinhaus and Bose-Majumdar into on2 whole. 
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Since finite dimensional euclidean spaces are particular cases of topological vector spaces, 
results of Steinhaus (also there corresponding forms with differences between points) and 
those of Bose-Majumdar are only some special cases of our constructions. 


Let (X, ®, ©) be any topological vector space over a field K (which may be either R or 
the set Ç of complex numbers); moreover for our present purpose we choose X to be locally 
compact Hausdorff. We also denote (1) by O and 1 the additive identity (the origin) in X and 
the multiplicative identity in K. (ii) by A\B and A AB the difference and symmetric difference 
of two sets A, B c X. 

(iii) by A the closure of any set A in X and (iv) for any set L œ Kand Yc X by LOY 
the set {A © y; àe L, y € L} and in case L consists entirely of invertible elements by L the 
set {A"', à e L} and (v) for any set A c X, x € Xand à e K by A” the set {(A © y) ®x; y £A}. 
A set E c X will be said to have the Baire-property if E = G A P where G is open and P is 
a set of first category in X. Equivalently, E has the Baire-property if E=(G\P) UQ where G is 
open and P Q are first category sets in X. However, from now on all sets considered shall be 
either subsets of K or X. This would not be repeatedly mentioned for it will turn out clear 
from the context which situation we are refering to. 

Theorem I. Let {B_}*_, be any infinite sequence of second category sets with Baire-property 
in X. Let F ¢ K, D g X be countable dense subsets in the respective spaces. Then there exist 
sequences {A Jz CF {dz S D and {x }"_, E X consisting of distinct elements such that 


n=] = n n=] = 


x £A (n= Í, 2 3, ..) and satisfying 
(A,Ox)@d,=A,Ox) Od =..=A,Ox)@d = 

Proof. We choose in addition to the sets B, (n = 1, 2, 3, ...) an auxilliary set A, of second 
category with Baire property. We write A, = (GAP) U Q, G,is open Py Q, are sets of first 
category and such that G, is compact in X (the choice is justified since X is locally compact 
hausdorff. Moreover as we shall see this additional choice in no way does affect the outcome 
of the result). We also set A, = B \(F\{0})? © D (n = 1, 2, 3, ...). Since (F\(0})" © D is countable, 
each A, is again a second category set with the Baire-property. As usual we write A, = (GAP) 


U Q, where G, is open and Py Q, are first category sets (n = 1, 2, 3, ..). Since every set of 
first category is the union of a countable collection of nowhere dense sets, therefore 


P= U An where An) are nowhere dense sets (n = 0, 1, 2, 3, ...;j = L 2,3, ...). 
yl 


TWHy 4a) 
To begin with, we consider the set Go fae dy owe ) where is 4, =1,p,=0 Since the 


ayla) 
closure of every nowhere dense set is again nowhere dense, the set cofe vA? p.) non- 


empty open and so contains a closed neighbourhood H, of some point in X (since X is locally 
compact). Let J, be the interior of H,. Since every neighbourhood of the origin is absorbing, 
F and D are dense respectively in K and x and the mapping x — A © xis a homeomorphism, 


we can choose i, e F and p, £ D (distinct from 4, and p,) such that Jo NGEN +6 and 


consequently it contains a basic open set O,,. 
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. (0). Zait) . 
We next consider the set O , \ F{® Go| | FY” p) - By the same argument as stated in 


the begining of the first step, the above set is non-empty open and so contains a closed 
neighbourhood H, of some point in X. Let J, be the interior of H,. Again by the same reasoning 
as stated near the end of the first step, we can choose À, €F and p, € D (distinct from. Ay A, 


À : i . 
and py p, such that J, N ) 2 # @ and consequently it contains a basic open set O, 


7 =y E nS, 
We next consider the set O, \ F{” Go|] FO p (U Fi” r) By the same argument 


as above, the set is non-empty open and so contains a closed neighbourhood H, of some point 
in X. Let J, be the interior of H,. Again on the same lines as in above we can choose A, € F and 
p, €D (distinct from A, A, A, and Py Py P3) such that Jz N G, : .) and consequently it 


contains a basic open set O,. 
Likewise we begin the n-th state starting with the set 


(2o) (41) ani) 42-1) . 
o \ UF ao RO ae (JEE? T ear WETS: A Aa aus A, (e F and 
Pr eee , P,., (€ D) are distinct elements a O._, is a basic open set contaired in 


(An-1) ` “(oy (40), ey A) C= yaaa 
Jn- AL (P) E Asda wave the set O \ UFR” ip UES cp, U-- UF} a (Poo) 


being non-empty open contains a closed neighbourhood H,_, of some point in X. Let], be 
the interior of H, Again by the same arguments as followed i in the Dg procedures, we 
can choose À € F and p_e D (distinct from À, A,, ...4,.,and p,, Py = Pa.) such that J. 


(An) 
(Ga n (p ) * and consequently it contains a basic open set O, 


If the above procedure is continued indefiniltely, we get a decreasing sequence Ean 
of closed neighbourhoods of points in X each of which is contained in the compact set G, 


Since X is Hausdorff if follow that N J, * >. But 


n=0 


= yan) a(n) 
ans cÅ (Gis PAAR Canim 


n=0 


(Ay) (0) 40) 5 (An) Riny 4 =") 
TARNE ra) Gag \UF Pa)? 
| 


Sota PSII CD) (G a 
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(a) M 4 On) (2) 
S Aopo) | VAa Anion) Meee 


AY nite 
Hence the set M Ani # Oo 


n=1 


Therefore there exist sequences {A }”_, cE {d }”_, c D elements of which are distinct and 


n n=] = n ns] = 
also a sequence {x,} c X where x, € A, c B, (n=1, 2, 3 ...) such that the relation (A © x) © 
d = (A, © xX) @ d, =... = (A, ©x,) @ d, =... is satisfied. 
The elements x, X,- X, ... are also distinct as by our choice x, € A, = B, \ (F\ {P,})7 © 


D (n=1, 2, 3...). This proves the theorem. 


In our next theorem, in addition to being locally compact and Hausdorff we also consider 
our topological vector space X to be second countable without the origin o being a point of 
isolation. As in theorem 1, we here also choose countable sets F c Kand D g X dense in the 
respective spaces. 


Theorem 2. Let B be a non-empty set with Baire-property. Then there exist a countable set P 
= {8 Ay oy, a, ..} and a set H of first category such that P c A c P’ UH where P’ is the 
derived set of P and there exist À, A... 4,,... in K and d, d,...d_, in D which satisfy the relation. 


A ©a)® d =(,0a)@® d =.. = (A 08a) ® d, =... 


Proof. If B is of first category the choice of any countable set P c B for which the above 
relation is satisfied fulfills our purpose. Let B be of second category. Let {U}? _; be the 
countable base in X. From the sets UN B (n = 1, 2, 3 ....), we suppress those terms that are 
sets of first category. We are therefore left with a subsequence. {Uf B}? ., whose terms are 
second category sets with Baire-property. Now using theorem 1, we can find infinite sequences 
et S B, {A de, F and {d}e_, & D of distinct points where a, € UL NBkK=12, 
3 ....) and the relation (A, © a,) ® d, = (A, © a) @ d, = ..... =(A, ©a,) ® d, = .... is satisfied. 
We set P = {a,, a, ..., ay ...} and let H be the union of those sets that are suppressed. Clearly 
H is a set of first category. Also P is countable since the origin being not an isolated point no 


other point of X is so. Let € e B\H. Since none of the sets from U_N A containing € has been 


suppressed, there exists a subsequence {U ny, } j=1 Of basic open sets such that 


dak 
z gg G An, . Therefore € e P ’ and hence B ¢ P’ U H. Therefore P c B œ P U H. This 


completes the proof of the theorem. 
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Remark 1. If B is a set of scecond category, the sequences {ax }y_1, {Ay fk-1, and {dp }z,can 


be chosen so as to consist of distinct points. Since, X is second countable the conditicn that 
o is not an isolated point can be replaced by the fact that X is an uncountable set. 


Remark 2. If in particular, we set A® and A,, (À £ K, xe D) as the sets {A ® y, ye A} and 
{à © y, y € A}, then on using them instead of A” in the proofs of theorem 1 and theorem 
2 we arrive at two special forms of each of the above two theorems. In case X is the real line 
with its usual topology and vector space structure, K = D = Q (the set of rationals) these 
respectively are the Baire-category analogues of the above two theorems (theorem A and 
theorem B) of Steinhaus [3] and also their corresponding forms with ratios, whose measure- 
theoritic counterparts are the results of Bose-Majumdar [1]. Also a close introspection into the 
nature of the above proofs yields that a little technical generalization of theorem 1 and theorem 
2 may be done on assuming F' © D a set of first category in X. 
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REPRESENTATIONS OF T -SEMIGROUPS AND REGULAR 
T -SEMIGROUPS 


A. SETH 


Abstract. In this paper we prove that any I -semigroup is monomorphic to the T -semigroup 
of mappings from a set into another set. We also give a faithful representation of regular T 
-semigroup which is closely analogous to Lallement’s [2] faithful representation of regular 
semigroup. 


1. INTRODUCTION 


We know that the set of all bijective mappings from a nonempty set onto itself forms a group 
and the set of all mappings from a non-empty set into itself froms a semigroup under the 
composition of mappings as binary operation. Let us slightly change the situation by taking 
two different nonempty sets A and B. Let S be the set of all mappings from the set A into the 
set B. If f, geS then the usual composition of f and g is not defined. But if « be a mapping 
from the set B into the set A then the usual composition of mappings fag is defined and fag 
belongs to S. 


Moreover if T be the collection of all mappings from the set B into the set A then for 
any f, g, h £ Sand a, B eT, (fag) Bh = fo (gbh). Keeping an eye on this very example T - 
semigroup is defined in [4] as follows : Let S and T be two non empty sets and pt be a 
mapping from S x T x S into S. Let the element (a, a, b) be denoted by agb. If (aab) Bc = 
aa (bBc) for all a, b, c eS and g, B € T. Then (S, T, p) is called a I -semigroup, we denote this 
T -semigroup simply by (S, T). AT -semigroup (S, T) is said to be regular if for every element 
ae S we havea calS Ta whereal ST a = {agbßa : beS and o,B e r}. Let (S, T) bea T - 
semigroup and a £T. Now if we define aob = agb for all a, b £ S then (S, o) becomes a 
semigroup We denote this semigroup by S, Let (S, T) and (S, I”) be two T -semigroups. A 
pair of mappings (f, g) such that f : S > S’ and g: IT > T is said to be a homomorphism from 
(S, D) into (S’, T) if (aab)f = (af) (ag) (bf) for alla, b e Sand aeT. If both f and g are one 
to one then (f, g) is said to be a monomorphism. In a T -semigroup (S, T) < and &-relations 
are defined in [1] as follows : for a,b e S we saya <b iff S T a U {a} = ST b U tb} anda 
Rb iffa T S U {a} = bT SU {b}. Obviously < and Æ are equivalence relations on the set 5. 


2. A REPRESENTATION OF T-SEMIGROUPS 


In this section we first give a list of examples to illustrate the diversity of mathematical 
systems that satisfy the axioms of T -semigroup. Then we give a representation theorem for 
T -semigroups. 
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Example 2.1. Let A and B be two non empty sets, S = T (A, B) be the set of all mappings rom 
the set A into the set B and T = T (B, A) be the set of all mappings from the set B intc the 
set A The usual mapping product of two elements of S cannot be defined. But if we take f, 
g from S and g from T then the usual mapping product fag is defined. Also we find thar fag 
eS and (fag) Bh = fo (gBh) for all f, g, h e S and a, B e T. Thus (S, T) becomes a T -semigroup. 
We call this r -semigroup “The T -semigroup T (A, BY. 

Example 2.2. Let S be the set of all m x n matrices and T be the set of all n x m matrices over 
the field of real numbers. If AwB denotes the usual matrix multiplication for A, B e S ard o 
€T then AaB e S and (AaB) BC = Aa (BBC) for all A, B, C e Sand g, B e Tr. Consequently 
(S, T) is a I -semigrcup. 

Example 2.3. Let S d2note the set of all integers of the form 4n +3 (where n is any integer) 
and T denote the set of all integers of the form 4n +1 (where n is any integer). If aac is defined 
as aac = at+ottc for all a, c £ Sand œ erT then (S, T) isa T -semigroup. 


Example 2.4. Let S be a semigroup and I and (\ be two non-empty sets. Let T be the set of 


all A x I matrices over Sand M=IxSx A . Let (1,x,A), (yh) be any two elements cf M 
and P = (P, eT. If we define (i,x,A) P(,y,H) = (i xp, yh), then we can show that (M, T) is a 
I -semigroup. If T contains only one A x I matrix P then this T -semigroup is same as the 
Rees matrix semigroup over 5 [3, P-111]. 


Example 2.5. A semigroup can be considered as a T -semigroup in the following sense. Let 
S be an arbitrary semigroup. Let 1 be a symbol not representing any element of S. Le- us 
extend the given binery operation in $ to S U {1} by defining 11=1, la=al=a for all a in S. 
It can be shown that S U {1} is a semigroup with identity element 1. Let T = {1}. Putting ab 
= alb we can show that the semigroup S is a F -semigroup where T = {1}. 


From example 2.5 it ts clear that a T -semigroup can be considered as a generalisation of 
semigroup. Next we prove that any F -semigroup is monomorphic to the T -semigroup T (A, 
B) of all mappings from a suitable set A into another set B. 


Theorem 2.1. If (S, T) be a T -semigroup, A = (S x T) U {1} and B=S, where 1 is a symbol 
not belonging to S or T, then the F -semigroup (S, T) is monomorphic to the T -semigroup 
T (A, B). 


Proof. For each a e S let us define ø: (Sx T) U {1} > S by (x, œ) ©, = xoa for all xeS, «el 
and 1 #9, = a. For eacn æ eT let us define a mapping A,:5 > (SxT) U {1} by x A, = (x, a). 


Then (x, B) EA, @, = (xBajA, 9, = (xBa ap, = (Bajob = xB (aab) = (x, B)q@,,, end 
19,0, 0, = a, @, = (20), = a0b=19,,. Thus PA Pa = 9... Now we define a mapping 
6 :S — T (A, B) by ao = g,and another mapping w:l' -> T (B, A) by a y = à, Then (axb) 
d= Pa = OA, M,= (ab) (a y) (bo). Therefore (6, y) is a homomorphism from (S, T) into 
(T (A, B), T (B, A)). Moreover a = bo implies that 9, = p, Hence 19, = 1, which in turn 
implies that a = b. Again a ‘¥ = B Y implies that å = à, Then for all x € S, xà, = xA, and this 
gives (x, a) = (x, B). So we have œ=. Thus (6, y) is a monomorphism from (S, T) into (T (A, 
B), T (B, A)). 
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3. A REPRESENTATION OF REGULAR T -SEMIGROUPS 


Here first we consider few examples to bring the idea of regular T -semigroup into focus. 


Example 3.1. Let A = {1, 2,3} and B = {4, 5} be two non empty sets. Let S = {x, y, z}, T = 
{a, B} where x, y, z are mappings from the set A into the set B and a, B are mappings from 
the set B into the set A. They are defined by 


«=(323).¥ = G38).2= G2. 0= (H 
= (33 
Where x = a means that 1x = 4, 2x = 4 


3x = 4 and others are similarly defined. 


The composition table for the T -semigroup (S, F) is given by the following table where xay 
means the usual composition of mappings. 





Here xay Bx = x, yaz By = y, zßz Bz = z. 

Therefore (S, T) is a regular T -semigroup. But we note that though s, T) is a regular T - 
semigroup, S, is not a regular semigroup, for there is no elemen: p in S for which zapaz = 
z holds. 

Also we note that 5, is a regular semigroup. n 

Example 3.2. Let M and N be two vector spaces over a field E Then M x N is a vector space 
over the field F if we define for (m,n), (m, n) e MxN and a e EF (m, n) + (m, n) 
= (m, + m,n, + n) and @ (m; n) = (am, an. 
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A linear relation from M into N is defined as a subspace of M x N and the set of all such near 
relations is denoted by LR(M, N). Let S = LR(M, N) and F = LR(N, M). For A, B e § and Ye 
we define AYB = {(m, n) e Mx N : there exists (n, m,) € Y for which (m, n,) € A and 
(m, n) € B}. 

Then it can be shown that (S, T) is a F -semigroup. For AeLR (M, N) we define A‘ = { (n, m) 
€ NxM: (m,n) €A }. Then we can show that A’ e LR (N,M). Also AA? A = A. Hence A is 
regular for all A e LR (M, N). Thus (S, T) is a regular T -semigroup. 


Let (S, T, u) be a regular T -semigroup which we denote by (S, T). Let us define* . $x T x 
S> S by (a, œ, b)* = baa for a, b £ S, a e F where baa = (b, œ, a) u. We can show that (5, 
Y,*) is also a regular T -semigroup. We denote this T -semigroup by (S, T)*. 


Let (S, T) and (S T”) be two regular T -semigroups. Let us define u : (SxS) xT xP: x 
x 8’) SxS’ by ((s, s), (a, œ), (t )) u = (sat, s’ œ t) for all (s, s’), (t, 1) e S x F and (a, œ) 
el’ x T”. Then we can show that (S x S, T x I’, u) is a regular F -semigroup. We denote this 
T -semigroup by (S, T) x (S, I). 

Example 3.3. Let S = P T (A, B) denote the set of all partial mappings including the empty 
mapping from a non-empty set A into another non-empty set B and T = #T (B, A). Then it 
is easy to see that (ZT(A, B), PT(B, A)) is a regular T>-semigroup if we define for f, g € & and 
œ eT, fag = { (a,b) £ A x B : there exist b, € B, a, £ A for which (a, b,) e f, (b,, a,) € & and (a, 
b) € g}. 

As (2 T (A, B), #T (B, A)) is a regular T -semigroup by our above discussion (AT(A, B), ZT (B, 
A))* is also a regular T -semigroup. Consequently (ZT (A, B), AT (B, A)) X (P T(A, B), ZT (B, 
A))* is a regular T -semigroup. 

A faithful representation of regular semigroups was given by Lallement in [2]. Here we give 
a faithful representation of regular T -semigroups. 


Theorem 3.1. Let (S, T) be a regular F -semigroup. Let A= Sx T and B = S. For eack ain 
S and each 8 in I, define 


 ={((a, œ), y) eAxB:y = agxand (x,y) €4}, 
6 = {((x%, B, y) eAxB:y = xBaand (x,y) ER}, 
A, = { (s, (x, 8)) £ B x A}. Then (b, y) where 


ġ. S — PT (A, B) x AT (A, B) and y : T — PT (B, A) x AT (B, A) defined by ad = (6,, Y; and 
Oy = (A, , à) is a monomorphism from (S, T) into (PT (A, B), PT (B, A)) x (AT (A, B), ZT (B, 
A))*. 

Proof. Let a,b eS and 8 eT. We prove that (6, A, 6,) = ôa For this let (x, aœ) £ dom (6, \, ô) 
(where dom = domain). Then we have (x, xaa) £ 2 and (xaa, xaa8b) e 2 which implies that 
(x, xaa8b) e Æ since Æ is an equivalence relation. Consequently (x, a) € dom (ô w- 


Conversely if (x, a) £ dom (ê) then (x, xaa8b) e &. Consequently x TS = xaaOb T 5 Cxaa 
TS CxT S. So we have x T § = xaa TS. Therefore (x, xaa) e 2, since Z is an equiva_ence 
relation it now follows that (xaa, xæa8b) e 2. Hence (x, a) e dom (6, A, 6,). Therefore dom (ô, 
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A, 5,) = dom (ò æ): Also we have (x, a) ò A, 6,= (x0), ô s, for all (x,a) e dom (5.4,5,). Therefore 
6.A,0,=5.,,- Next we prove that YAY, = ¥,,,- For this let (x, œ) e dom (yA, Y) then (x, aax) £ 
< and (aax, bðaax) e< So we have (x, b@acx) e< since< is an equivalence relation. Consequently 
(x, a) € dom (Yy) Conversely, let (x, œ) € dom (y,,,) then (x, b8aax) €<. Consequently S F x 
= § T b@aoxC STaax CSP x. So S T x = ST agx implying that (x, aax) € <. Since is an 
equivalence relation, we have (aax, bOamx) € 2 Hence (x, oœ) € dom (Y, A, Y). Therefore 
dom (Ype) = dom (Y, à ¥,). Also (x, a) ¥, A, ¥, = œ ©) Yx for all (x, œ) £ (dom Y) Now (a8b) 
© = (a Ya) = (0, Ag Oy V Ae Ya) = (8, Ag Oy (Ya Ao ND) = Oa V) Ay, Ao) (ÖV) = a 9 O W bd. 
Therefore (6, FY) is a homomorphism from (S, T) into (WI(A, B}, AI(B, A)) x (2T (A, B), AT 
(B, A))*. We now show that both 6 and y are one to one. For this let ad = bọ then (8, Y) = 
(5,, Y) Consequently we have 6, = 6, and y, = Y% Let a’ e VÈ (a) for some a, B eT. Then (a’ 
Ba, a) €.4 so ((a’ Ba, œ), a) € Y, = Y% 


Thus a = baa’Ba. Again (aca’,a)e A, so ((ama’, B), a) e 6, =ô, Therefore a = aaa’ Bb e ST b. Now 
for b’ e Vi (b) for some 8; u eT. Now (b@b’, b) e R so ((bOb’, p), b) e 8, = ô. Thus b = b8b’ 
uae S Ta. Consequently we have ST b = ST a, so (a, b) e< Hence there exist u e S, ye 
I such that b = uya = uyaga Ba = baa’ Ba = a. Hence @ is one to one. Next let 8, y = 6, y 
for 8, 8, € F. Then (Ao Ag.) = (Ago Mz) Hence x Ay = x Àp for all x £ B. Therefore we have 
(x, 8,) = (x, 8) implying 8, = 8,. Thus Yis one to one. Hence (6, Y) is a monomorphism from 
the regular T -semigroup (S, T) into the regular T -semigroup (#I(A, B), ZT (B, A)) x (AT (A, 
B), ZT (B, A))”. 
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A NOTE ON H RELATION ON AN INVERSE SEMIGROUF 


M. K. Sen, H. X. Yana ann Y.Q. Guo 


ABSTRACT. relation is studied on an inverse semigroup and it is established that 
an inverse semigroup is cryptic if and only if it is group closed. 


H relation on an inverse semigroup S is not in general a congruence re ation. 
If S is a group bound inverse semigroup, then also # relation may not be a congruence 
relation. In this short note we want to show that an inverse semigroup is crypzic [1] 
(ie, H is a congruence relation) if and only if ‘it is group closed (i.e, G(S) is a 
subsemigroup of S). 


Definition 1. [2] A semigroup S is said to be group bound if some power of 
each element of S lies in a subgroup of S. An element a of a semigroup S is said 
to be a group element if a lies in a subgroup of S. We give an example of an irverse 
semigroup which is group bound but not cryptic. 


Example 2. Let X = { 1, 2, 3}, and J (X) be the symmetric inverse semigroup 
on X. Since J (X) is finite, f (X) is group bound. Since 


123){12 3), 123). 
b ft J í | . 
( 3 3 \ 3 5) su arene of f (X) ; Jis a group element. But 


12)\(12 3)_/12) (12)/123)_{12 
12}\13 2} (13)'112)\12 3) (12 
Hence 5 | is not in the same #H class as f I Consequently # is ^ot a 


congruence relation on S. 


Next we give an example of group bound inverse semigroup which is not a Gifford 
semigroup but H is a congruence relation. 


2 M. K. Sen, H. X. Yang and Y.Q. Guo 


Example 3. Let S = { a, b, c, d, o }. Define a binary operation on S by the 
following table : 


bcd 


» 090 0 | 


© 
Q 
0 
Q 
Q 
0 





it can be checked easily that (S,.} is a group bound inverse semigroup on which 
H relation is a congruence relation but not a Clifford semigroup. 

Theorem 4. Let S be an inverse semigroup. The following conditions are 
equivalent on $ : 

(i) H is a congruece relation on S. 

(ii) G (S) (the set of all group elements of S is a Clifford subsemigroup of S. 

(iii) (Ve e E (S), Va e GS) ea, ae e GS). 

(iv) (Ve e E (S), Va e G{S) ea = ae, i.e, E (S) c C (G, (S)). 

Proof. (i)=(il). Let a, b e G(S). There exist idempotents e, f of S such that a 
e H,and b e H, Since His a congruence relation, ab e H,,. So, G, (S) is a subsemigroup 
of S. Let e e E (S), a e G, (S). We show that ea = ae. Assume that a e H, for some 
f e E (S). Then ea H ef and ae H fe. Hence ea H ae which implies that eaa’ H 
aea”, where a™ is the group inverse of a. Now eaat, aea e E (S). Consequently, 
eaa = aea” and this shows that ea = (eaatja = (aea'ja = aaae = ae. 

(ii)=>(iii). It is obvious. 

(iii)—>{iv). Suppose that ea e H, and ae e Hos where f, g e E (S). There exists 
x e H, such that eax = f. Then fe = ef = e(eax) = eax = f. Similarly, eg = ge = g. 
Now eae = (ea)e = f(eaje = f(ae), eae = e(ae) = eg(ae) = g(ae). Let (ae)! be the group 
inverse of ae. Then f (ae) (ae) = g (ae) (ae)", i.e, fg = g. Similarly we can show that 
fg = f. Hence f = g. Now, ea = (ea)f = (eae)f = e(ae)f = eae, and ae = f(ae) = f(eae) 
= f(eaje = eae. Hence ea = ae. 


(iv)=>(i). Assume that a # b. There exist x, y € H -1g° u, ve H” such that 


a = bx, b = ay, a = ub and b = va. Now, ca = cub = cc” cub = cuc“cb. This implies 
that ca e Scb. Again, cb = cc“cb = c(s'c)va = cveca, which shows that cb e Sca. 
Hence ca 2 cb. Obviously, ca R cb. Thus it follows that ca H cb. Similarly we can 
show that ac H bc. Therefore, H ls a congruence relation. 

Definition 5. A semigroup S is said to be quasisemilattice if it is inverse, perodic 
and H=1_. 

Theorem 6. An inverse semigroup S is cryptic and group bound if and only 
if it is a quasi semilattice of groups (i.e, there exists a congruence p on S such that 
S/p is a quasisemilattice and each ep is a group for every e e E (s)). 
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Proof. (=) This follows immediately. 

(<=). Suppose that there exists a congruence p such that S/p fs a quasi 
semilattice and each ep is a group for every e eE (S). Let a eS. By the hypothesis, 
there exists a natural number n such that (ap)" is an idempotent. By Lallement’s Lemma, 
we have that a"p = ep for some e eEẸ(S). Since ep is a group, a® lies in a subgroup 
of S. So S is group bound. Obviously p is idempotent seperating, and hence pcH#. 
Let (a,b) € #4 Then ap bp. Since S/p is a quasisemilattice, the relation # is the identity 
relation on S/p. Hence ap = bp, showing that (a,b) ep. Thus it follows that H = p. 
Consequently, #/is a congruence relation on S. 
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T-GROUP CONGRUENCE ON AN EVENTUALLY 
REGULAR SEMIGROUP 


YurFEN ZHANG AND Desena WANG 


1. INTRODUCTION 


A semigroup is eventually regular if for every a e S there exists a positive integer 
m such a"e a” Sa". We shall denote by RegS the set of all regular elements of S and 
by E(S) the set of all idempotents of S. If x e RegS, V(x) will denote the set of inverses 
of x. 

An eventually regular semigroup S is called a m-group if IE(S} = 1. It is easy 
to see that a m-group is nil-extension of a group. A nonempty subset A of a semigroup 
S is said to be N-subset if for any xy e S', xAy c A whenever xAy NA # Ø. If a N- 
subset A of S is a subsemigroup of S, we will say that A is a N-subsemigroup of 
S. ff E(S) < A, we say A is full. 

Congruences on an eventually regular semigroup are discussed in [4], [5], [6] 
using the similar method which is used in regular semigroup. In this paper we first 
give some properties of the N-subset of S and then we describe the n-group congruence 
on an eventually regular semigroup. At the end we will prove that the zx—-group 
congruence is just the group congruence when S is regular and this will give a new 
description of the group congruence on a reguiar semigroup. 


2. PROPERTIES OF N-SUBSETS 


Theorem 2.1. Let S be a semigroup. 
(1) If p is a congruence on S, then every p-class of S-is a N-subset of S. 
(2) Let A be a N-subset of S, define a binary relation on S by 


Qa = {xy ¢ Sx S$: x = y or xy © A} 


Let p, denote the congruence generated by Qa, then A is a congruence class 
of p, and p, is the smallest congruence on S which makes A as its congruence class. 


*This work is supported in part by NST of Shandong Province and NNSF of China. 
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(3) If {A : i e I} is a family of N-subsets of S and A = f A, is nonempty, then 


tel 
A is a N-subset of S. 

(4) Let S, be a semigroup and 9 : SS, be an epimorphism from S to S,. Then 
the inverse image A," of a N-subset A, of S, is a N-subset of S. 

(5) Let A be a N-subset of S. Then A is a N-subsemigroup of S iff there exist 
x and y in A such that xy e A. 

(6) If the intersection of a subsemigroup T and a N-subset A of S is 1onempty, 
then AnT is a N-subset of T. 

Proof. (1) For every a e S, ap denotes the p-class containing a. Let xy e S 
such that x(ap)yn(ap) # Ø, then apb for some b e ap and (xby)pa. Thus for every ce 
ap = bp, (xcy)p (xby)pa and x(ap)y cap 

(2) First it is easy to see ap,b for a,b e A. Suppose now x e S and xpa for some 


ae A. Then x = a or there exist z,, z,..., z, € S such that (z,z,,) € Qi for: = 0,1,2,..., 
n-1, where z, = a, z, = x and z # z „for i = 0,1,....-1. If x = a then x eA. 


Otherwise, if x # a, since (a = z) € Q§, there exist x, y,e S, such that a = x, 
by, Z, = xC, where (b,c,) e Q, for some b,c e S. Thus b,c,¢ A since a = z, implies 
b, + c, Then 

a = xby, € x, Ay, n A # @ and thus x Ay, cA 
So that z, = zcy,e€ A. 

Using the same deduction we obtain that z,z,,...z_,¢ A, so that xe A and then 
A is a congruence class of PA. 

Now suppose that p 1s a congruence on S such that A is a congruence class of p. Suppose xy 
e S and (xy)e Q, then x = y or xye A. So that @y)e P. thus Q, cP and then 
PA cP. ; 

(3) Follows from the definition of N-subset easily. 

(4) Since.¢@ is an epimorphism, the binary relation defined by p = {(x,) : x4, yo) 
e PA} is a congruence on S. Let ab e A,¢', then (a¢bd),e PA, and thus (a,b) e P. 
On the other hand, if a e A,¢", xe S and xPa, then (x@y@) € PA, that is x e (ad) PA,= 
A,, thus x e A,¢'. So that A,¢' is a congruence class of P and then A,¢" is a N- 
subset of S by (1). 

(5) Suppose x,y e A such that xy e AnA @. So thatxA c A since Aisa 
N- subset of S. Now for every b e A, xb e A which implies AbnA # Ø and then AbcA. 
This A is a subsemigroup of S. 

(6) Suppose x,y e T?! such that k(AnTy]a(AnT) @ and thus xAnTy cxAycA, 
so that xAnT)y c AnT since obviously x<AnT)ycT. 

Corollary 2.2. If a N-subset A of a semigroup S contains idempotents, then 
it is a N-subsemigroup. Conversely, every N-subsemigroup of an eventually regular 
semigroup contains idempotents. 


q 
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Proof. Let e = e e A, then by (5) of Theorem 2.1, A is a N-subsemigroup of 
S. Conversely, If A is a N-subsemigroup of S, and a e A, then a’ e A. By (2) of Theorem 


2.1, A = ap, € E(S/p,). So that there exists an idempotent e e E(S) such that ep, = 
ap, = A since S is eventually regular. 


3. t-GROUP CONGRUENCE ON AN EVENTUALLY 
REGULAR SEMIGROUP 


Definition 3.1. Let S be a semigroup and ab e S, we say b devidas a(b/a), 
if a = xby for some xy e S. 


In this section S will be always an eventually regular semigroup unless otherwise 
stated. 


Lemma 3.1..Let m be the positive integer such that a” e Reg S. and If (a”y 
e Va"), then a (aya e E(S), i + j = m. 

Lemma 3.2. Let A be a full N-subsemigroup of S and a e S. If there exists 
an element u e A such that w/a then (av)p, = ap, = (vapa for every veA 

Proof. Since A is a full N-subsemigroup of S, then it is the idempotent of S/ 
p, by Theorem 2:1 (2). 

From u/a, we have a = xuy for some, x,y e S'. Let n e N such that y" e RegS 
and (ye V O». 

(ad)p, = (xuyd)p, 


= [xuy (y")y"¥]p, (since G")y"e« E(S)cA 
= [xuy (y")y"]p, (since ve A) 

= [xu (y Oy" Dy] p, 

= (xuy)p, (since y yy! e E(S)cA 
— ap A 


Similarly, ap, = (8a) py 
Lemma 3.3. Let S be a semigroup and A be a N-subsemigroup of S. Then for 
any ab e S, if ap,b and a + b, then there exist use A such that wa and wb. 


Proof. By the definition of p, there exist z,z,..., z € S such that (z, z,) 6 Q§%, 
and z, #z,, fori = 0,1,..., n- 1. where z, = az, = b. 


Since (a,z,) € Q4, there exist xy e S,, (w) € Q, such that a, = xuy, z, = xwy. Thus 
u Æw since a + z, and then uw c A and wa. 

Using the same method we can prove that there exists 4 e A such that 3b. 

Theorem 3.4. Let A be a full N-subsemigroup of S. Then 

(1) pia a x-group congruence on S. l 


(2) For any a,b e S ap,b iff a = b or there exist u,o,o €e A and e e E(S) such 
that ula, olb and be = wa. 
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Proof. (1) Since A is a p,-class by Theorem 2.1 and S/p, is obvious eventually 
regular. Then p, is a n —group congruence of S since E (S) CA. 

(2) If ap,b and a + b, by Lemma 3.3, there exist u,o e A such that ula, alb Now 
Let m be the positive integer such that a"« RegS and (a”"y e V (a”), then 

[a” (a")] p, [ba™" (a")] and thus ba" (a") e A 

Since a” ("Y c E (S) < A and A is a p,-class, Let e = a" (a")a e E (S), w 
= ba™' (a"J, then wa = be. 

Conversly, suppose a = b the ap,b. Otherwise, there exist u, v w €e A and e 
e E (S), such that ula, 3lb, wa = be. By lemma 3.2, ap, = (Wa) p, = (be) p, = bp, 

Theorem 3.5. (1) Let p be a z — group congruence on S, then the kernel of 
p is a full N-subsemigroup of S and Piep cp. 

(2) If A is the intersection of all the full N-subsemigroups of S, the p, is the 
smallest n—group congruence on S. 

(3) For every a e S, ap, € Reg (S/p,) if and only if there exists u e A such 
that ula. 

(4) For every a e S, if ap, contains more than one element, then ap, e Reg 
(S/p,) 

(5) Let A be a full, and closed N-subsemigroup of S. If there exists a e S such 
that for every u e A, ula. Then there exists a m™—Qgroup congruence on S such that 
Pa c p and p, = p- 

Proof. (1) Since kerp = {a e S : ape for some e e E (S)} = fp for every f e 
E (S). By theorem 2.1 and corollary 2.2, kerp is a full N-subsemigroup and Prerp EP- 

(2) It is the smallest m-group congruence, since A is the smallest full N- 
subsemigroup. ' 

(3) Let ap, e Reg (S|p,). If a e Reg S, then e sa'a e E (S) c A, where a’ e 
V (a). it follows that a = ae and then ela. 

t a e Reg S, let n e N be such that ae Reg S and (@’) e V (c’), then 

a (ad) a e Reg S and a™ (@’) e V (a”(aYa) 

Thus a # a"a")a. Now since Reg (S/pA) is a subgroup of S/p, with identity (a°{a")a)p, 
then ap, = (a"(a%a)p,- By lemma 3.3, There exists u e A, such that ula. 

Conversely Suppose there exists u e A such that ula, and a = xuy for some 
x, y e S. Let m, n be the positive integers such that y” and a’ are regular, respectively. 
Suppose (a") e V (a), and (y”) e V (y”). It is easy to see a’ (aya e Reg S. Thus 

ap, = (xuy)p, = (xuy” (Yy) Pa (since y” (y") © E (S) cA) 
(uyy (y”)y)p, 
Kuy y""y")y)(a""(a")'a) Jp, 
(xuya"""(a") a)p, 
(a (aya) p, € Reg (S/p,) 


[l 
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(4) Suppose a + b and ap,b, for a, b e S. By lemma 3.3, there exist u, v e 
A such that ula, vlb and then ap, € Reg (S/p,) by (3). Equivalently, we know that 
if ap, is not a regular element in S/p,, then ap, contains only one element. 

(5) Recall that a subset A of an eventually regular semigroup is self-conjugate, if 

aAa™ (a) cA, and a™! (a'y Aa cA 
where n is the positive integer such that a'e RegS, and (a) eV (a) 
Now, since a a"), a(a@ya™'e« E(S) cA. It follows that 
al (aya"]a™! (ay = al(aa™'] (a) (aye A 

and then aAa™'(a")nA # Ø. so that aAa'(@) c A. 

Similiarly, we have a™'(a") Aa cA. Again since A is closed we obtain that 

p={(x,y) e SxS : xu = vy for some uy € A} 

is a group congruence on S by [5], end kerp = A. Thus pA cp. Since there exists 
ae S, u | a for every ue A, and this implies apA ¢ Reg (S| p,). Therefore p, # p. 


4. GROUP CONGRUENCE ON REGULAR SEMIGROUP 


In this section, S will denote a regular semigroup. Let A be a full, self-conjugate 
and closed subsemigroup of S. In [3], D. R, Latorre showed that the relation defined 
by 

©, = {(a4b) e SxS : au = vb for some u, v €e A} 
is a group congruence on S. Now, we will describe the group congruence on § by 
the full N-subsemigroup of S. First it is easy to show the following theorem. 
Theorem 4.1. Let A be a full N-subsemigroup of S. Then p, is a group congruence 
on S. l 

Theorem 4.2. Let A be a full N-subsemigroup of S. Then for any ab e S, the 
following conditions are equivalent. 

(1) ap,b ; 

(2) there exists b, e V (b) such that bae A ; 

(3) there exists ee E (S) and ue A such that ea = bu 

Proof.(1) implies (2). If ap,b ; then (b,a) p, (b,b) for all be V (b) Then bae A 
since bbe E(S) <A and A is a p,-class. 

(2) implies (3). Let u = ba, e = bb, Then bu = bba = ea. 

(3) implies (1). It is easy to see ap, = (ea)p, = (bu)p, = bp, since p, is a group 
congruence and u e A. 

Theorem 4.3. Let A be a full subsemigroup of S. Then the following conditions 
are equivalent. 

(1) A is a N-subsemigroup. 

(2) A is unitary and self-conjugate 

(3) A is closed and self-congugate 

(4) A is unitary and symmetric. 
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Proof, (1) implies (2). Let a e A, xe S and ax e A. Then Ax NA # © and then 
Ax cA. Let x, e V (), then x, e E (S) cA. So that x = xxx e Ax cA. We also have 
xa e A implies x e A. Thus A is unitary. 

Let xe S and x, e V (x). Then x(ax,)x = xx e E (S) cA and thus Ar NA # © 
So x,Ax cA which implies that A is self-conjugate. 

(2) implies (3). It is obvious that A c Aw. Let x e AwThen there exists u e A 
such that ux e A and then x e A since A is unitary. So A = Aw. i 

(3) implies (4). Let xy e S be such that xy e A. Suppose x, e V (x), then xx 
€ x Ax cA, and then yx e A since xx, e E (S) cA and A is closed. Thus A is symmetric. 

Let ae A, xe S and axe A, then x e A since A is closed. If xa e A then ax 
€e A since A is symmetric. Thus x e A, which implies that A is unitary. “ 

(4) implies (1). x ye S' and xAy ^n A # Ø. Then there exists a e A such that 
xay € A, and then ayx €e A by the symmetry of A. So yx e A, since A is unitary. For 
every b e A, by xe A and then xby e A. So xAy cA. 
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EXISTENCE AND UNIQUENESS OF AN INVARIANT INTEGRAL 
ON A MORE GENERAL CLASS OF FUNCTIONS IN A 
GENERALIZED TOPOLOGICAL GROUP 


S. Ganecuty, C. K. Basu and S. Sinna Roy 


ABSTRACT : In this note, we initiate 6-Harr integral on a more general class of functions 
than the class of real valued continuous functions with compact support, in a locally 
§-H-closed [6], 8-topological group [4]. In this space, which is more general than locally 
compact topological group, we establish the existence and essential uniqueness of 
Ə-Haar integral. l 
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Key Words and Phrases : H-set, 0-open, Urysohn, locally-9-H-closed, 6-CR, 8-T,, 8- 
Haar integral, continuous function with H-set support. 


1. INTRODUCTION. 


Veličko, [7] initiated the concepts of H-sets and 6-open sets and Fomin [2] 
introduced weaker forms of continuity under the terminology 9-continuity. Using such 
concepts the notion of locally 6-H-closedness [6] and 6-topological group [4] were 
introduced. It can be noted that every compact set is an H-set but not conversely ; 
so it is natural that the class Hof all real valued continuous functions with H-set support 
is larger than the class of all real valued continuous functions with compact support. 
So our objective would be to take these general class of functions under the purview 
of integration theory. In this paper we have shown the existence of an invariant integral 
on H and that too in a generalized topological group. 


2. DEFINITIONS AND PREREQUISITES 


For the definition of H-sets, 8-poen sets, 6-continuous function, 6-homeomorphism 
and Urysohn space we refer to the book of Porter and Woods [5]. A topological space 
X is said to be locally 8-H--closed [6] if every point x of X has a 6-open set containing 
x whose closure is an H-set. A topological space X is said to be 9-completely regular 
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[6] (9-CR, for shcrt) if for any point p and a @-closed set H in X with p ¢ H, there 
exists a continuous function f : X — [0, 1] such that f (p) = O and f ( H)=1;X 
is called 9-T, [6] if any two distinct points can be separated by 8-open sets Clearly 
every 8-T, space is Urysohn and H-set in a Urysohn space is 6-closed [3]. In [3] it 
was established that there exists a space X which is locally 6-H-closed, 6-CR, 8-T, 
but non-regular, non-locally compact, non-H-closed. A group X with multiplicat on map 
m and inversion map i, endowed with topology t, is called a 6-topological g-oup [4] 
if m and i are 6-continuous and each left as well as each right translation is an open 
map. Clearly every topological group is a §-topological group but not conversely [4]. 
A real valued function f on X is said to have H-set support if there exists an H-set 
K of X outside o7 which f vanishes. 


3. EXISTENCE OF 6-HAAR INTEGRAL 


Let X be a locally @-H-closed 6-T,, 6-CR, 9-topological group, # be ccllection 
of all real valued continuous functions on X with H-set support and H+ be the subclass 
of H consisting of all fe# for which f = 0 and f is not identically zero i3. 


Ht= {fe H :f 20 and f ¥ 0} 


It can be easily shown that for any a e x, the function x-a’x is 9-continucus and 
infact 8-homeomorphism. Further for any a e x and for any real valued function f on 
X, the function f, (x) = f (ax) is 6-continuous iff f is 9-continuous. Also f, is a function 
having H-set support iff f is so. 


Definition 3.1. A 9-Haar integral | for X is a +ve linear form on H not identically 
zero such that I f) = I (f) for all f e # and for all a e X. 


Our goal is to show the existence of an non-zero linear functional | on H+ s.t. 
| (f) = | (f) for all t e #* and then extend the funtional to the whole of Has follows: 


Let fe H then ft and f-e #H* and hence I(f*) and | (f-) exist. Define the ex-ension 
| f} = | (f+) - I (fF). 

The following lemma is the basis for showing the existence of 0-Haar Integral. 

Lemma 3.2. For f, h e #*, there exist a,, ..., a, of X and c, >0,i=1 2, ..., 


aÈ 
n such that f< = ch 


H a 
i } 
f= 


i 


Proof. Since h e H+, h is not identically zero on X and hence for some 
x e X, h(x) > 0, then the set V = {x e X : h(x) > 0} is non-empty 8-open set as 
'xe X and h is 8-continuous. Again X being locally-0-H-closed, there exists a 8-open 


set U such that xe U cUc V and is an H-Set ([6]). Now h being 8-continuous, 


h { U) is an H-set in R, and hence a compact subset of R So h is bounded on U 
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and attains its bounds on U and hence there exists n > 0 (where n = g. 1.b. of h 
on U) such that h (x) > n on U. 


Now f being in #/*, there exist an H-set K such that f = 0 on X - K. The set 
{aU : a e X} is an 6-open covering of the H-set K (each translation being 8-homorphism). 


n 
So there exist a,, ..., a, such that Kc U a U. If we take M = 1.u.b. of f, c = tk 
j= 7 


fori = i= i, 2, ....,n, then f(x) < £ c,h, 0. 
i=1 


Definition 3.3. For f, g e H* we define 
n 
f:g =gib{} &: (XS £ ç J, (x). c, > 0} 


in view of the above lemma, for any two functions f, g e H*, (f: g) exists 
and is finite. Also (f : g) > O and (f : g) = M where M = 1.u.b of f and m = 1.u.b. 
m 


of g. Further it satisfies the following properties. 


X 


fh 


(i) (f: g) = (f : g) for any a 
(ii) (cf : g) = c (f: g) forc 20 

üi) (+ g:h) <(f: h) + (g: h, Vig,he H+ 
(iv) P6502 n-2 igen 

(v) (f: h) < (f: g) (g : h) 


neg ee 
(hf) ~ (hig) 


IA 


(vi) 











Let f,< * be fixed and for any f, g = #*, we define |, (f) = a Since 
og 


(f: g) < (f: f,) (f : g) it follows that 0 < I (f) < (f : f) for every f e #+*. Let X,= 
[o, : (f; f,)]. Let Y = i am X. Clearly Y is compact. For each 8-open set V containing 
= 


e, let F, = cl {l, e Y : Support of g is in V}. Such a g always exists as X is locally 
§-H-closed and 6-CR. So F, is non-empty. T}. he family {F, : V is 6-open set containing 
e} has finite intersection property and Y being compect, 
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^ {F, : V is 6-open set containing e} + ¢. Let I = (I (f)), where I (f) is the f-th 
co-ordinate of | belongs to the intersection. We shall show that | is the required 
functional on H+. 


Since | = (I (f)) e  {F, : V is 8-open set cintaining e} so for any € > 0 and 
fo fp -f E H7, the basic open set ({I(f,) - e, If) + ©) x ... x (If) - e MF) + 4 
WX ¢ 
FHA Payeereverhy 


Contains a 5oint (I, (f) e {l, « Y : Support of g is in V}. Hence for i = 1, 2, 
nl) - ih l<e a. (B) 


Since the fcllowing properties (i)— (iv) below hold for |, = l, it can easily be 
obtained (i)— (iv) for |, = 1. 
(i) 1,# 0, |, (f) > O if f + 0 
(i) 1, f) = 1, @ 
(iii) |, (cf) = cl, (f, c 2 0 
(iv) |, (f+ 7) s 1, f) + |, (f). 
In order to show l is left invariant non-zero +ve linear functional on #4 it is sufficient 
to show that the reverse inequality in (iv) holds for |, = I. 


For this we need two Propositions :- 


Proposition 3.4. lf f e H, then given any g > 0, there exists a 8-open set U 
containing e such that | f(z) - f(g) | < © wherever gz“ e U. 


Proof. We define U* = {y e x: | flyg - f(z) | < e for all z e X}. Since f e 
H, there exists ar H-set K such that f = 0 on X — K. As X is locally 6-H-closed, there 


exists an 8-open set L containing e such that L is an H-set Now the inversion map 
being 8-homeomorphism, L“ is 8-open sat containing e as well as (Ly is an H-set 
(as 8-continuous mapping carries H-set into an H-set) So V =L a L7 c LA 
( Ly. X being an 3-T, and hence Urysohn, the H-set La (Ly is @-closed. V being 
closure of an 8-open set implies V = -closure of V and as X is Urysohn, 8-closure 
of V is 6-closed set. So V is a @-closed set contained in a H-set L ^ (Ly. So V 
is H-set. Furthermore as the multiplication map is 6-continuous and K x V is and 


H-set, then K. V is H-set. Clearly K c KV. Given any g e KV, f being continuous 
and hence @-contnuous, there exist 6-open sets V, containing g and U, containing 


e such that | f(yz) — f(z) | < e wherever y e U, and z e V, Since KV, is an H-set, 
n 

there exist g,, g» --- , 9, € KV such that KV c U Va» Define U = U, (Ow UAV. 
[=1 
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Then U is an 6-open set containing e. We shall show that U c U*. Let Y e U and 
ze X. If z e KV then z e V, for some i. Since Y e U, it follows that |f (yz) - f 
(2) 1< ge. So Y e U*. On the etherhand if z¢ KV, then z K K, hence f (z) = 0 ; since 
yz ¢ K (yz e K would imply z e Ky’c KV c KV — a contradiction), f (yz) = 

So |f (yz) ~ f (z) | = 0 < £. So y e U*. Therefore U «e U* and hence the proposition. 


Proposition 3-5. Let f,, f,<¢ #* and e>0. Then there exists a 6-open set U containing 
e such that for all g e #* having support in U, |, (f) + |, (f) < I, (f, + f) +e. 
Proof. Clearly f, + f,<¢H*. Let K be the H-set S. t. f, + f, anaes outside i 
Again X being locally 9-H-closed and 6-CR, there exists f e of such that f (K) = 
Let 5, be arbitrary positive number and let f = f, + f, + 6,f'. Clearly f €e x. We Ap 
two functions 


h, (&) = ma if f (x) # 0 


0 otherwise 


for i = 1, 2. 
Since h (x) €e #* given any 6, > 0 by Proposition 3.4, there exist a 8-open set 
U containing e s. t. 
|h, (z) - h, (a) | < 6, 
whenever az' e U and a, Z e X. 


Let g € xf be such that its support lies in U and we consider f (x) <£c, g 

(z z}. If z? z is such that g (z z) # 0 then zt z e U and therefore, 
|h, (z) - h (2) < 6, 

But f (z) = f (z) h, (2) <£c, g (z7 z) h, (2) 

<zc, g (z* z) (h, (z) + 5). Therefore 

(f : g) < Zc, (h, (z) + 4, 

Hence (f, : g) + (f, : g) < Zc, (h, (z) + h, (z) + 28) < }Ł C, (1 + 28,) (as h, (z) 
+ h, (z) < 

This implies, (f, : g) + (f, : g) < (f : g) (1 + 26) 

For a fixed non-zero f e #* if we divide the above inequality by (f, : g) then 
LEL (f,.) < 1 (f (1 + 2 d)... (A) Also it is easy to show that L (0 <i (f) 
+i (f) + Ol, (f'). Therefore L (f) + 1, (f) s (1 + 26,) (l (f) + I, (f) + 9, l, (f)- Since 
5, are arbitraty we can choose 6, and 6, in such a manner such that {26, (I, (f) + 
‘ (f) + 9, l (f) + 9, 1, (f) < €& So |, (É) +1, (f ) S l (f, + f) + £ (from relation B) 
Hence the EE A 
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For a given g > 0 from relation (B) (before Proposition 3.4), we have, 
I (f, + £) - 1, f+ fl <e. ; 
By Proposition 3.5, |, (f) + k (f) < L (f, + f) +e. 
Therefore | (f) + 1 (f,) <1 G) + |, (f) + 2e 
S|, (f. + f) + 3e <I(f, + f) + 4e. 
Since e is arbitrary, we have 
i) + 1 (f) < 1 (f, +f). 
So | is acditive. 
Therefore 1 can be extended to # and that extended | will be our required 8- 
Haar Integral. 
Hence we get a theorem. 
Theorem 3-6. Let X be a locally 0-H-closed 0-T,, 0-CR, 8-topological grcup. Then 
there exists a non-trivial 6-Haar integral on H. 


4. UNIQUENESS OF 60-HAAR INTEGRAL 


Suppose J is any other 6-Haar integral for X. We shall show that J = CI for 
a suitable constant C > 0. The following lemma is important and as the proof is quite 
similar to the p-oof of Lemma 15 Art. 76 [1]. we shall omit the Proof. 


Lemma 4.1. If K is an H-set of X, and f, f' e H+ such that support of f lies 
in K and f' = 1 on K then given any e > 0, there exists a 8-open set U containing 
e such that 


i: sef: + 20 
figsef:ge 8 


for every g e H+ for which g (x") = g (x), Y x e X and which vanishes 
outside U. 


Theorem 4.2. If J is any 6-Haar integral for G, then J = C I for a suitable 
C > 0. 


Proof. Let f. f e H+*, where f, is fixed and K be the H-sets of X, such that 
f vanishes outside K for i = 1, 0. Again as X is locally-6-H-closed, 6-CR and 6-T,, 
there exists ft e H* such that f = 1 on K fori = 1, 0. Let e > 0. Then by Lemma 
4.1 there exists a 6-open set V, containing e such that l 


hi g)se (fig) + 3E gee ae wee (1) 
g 


for every g e H* which is such that g (x°) = g (x), for all x e X and vanishes 
outside V for i = 1, 0. It is easy to see that 


J (f) < (f: g) J (g) ... ... ... (2) 
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Let C be the H-set support of f e H+. Since X is locally 0-H-closed 6-CR, 


Q-T,, there exists f’ €e H* such that f’ = 1 on C. Now we choose 6 > 0 so that 8 


(fo: fi) <1. 
Then by Lemma 4.1, there exists 6-open sets U containing e such that (f' : g) 
J ) 
<6 (r: + —lL 
(=o) J (9) 


for every g e H* which is such that g (x~) = g (x) for all x e X and vanishes 
outside U. 
Hence using (f" : g) < (f" : f’) (f' : g), we get 
(E: o9) J (o9) 1-5 fs fy) s J (f) 
Since 1- 6 (f" : f') is independent of g and is greater than zero we have 


(f : g) J (g) < EATE M, (say), for i = 1, 0. If U = U, ^ U, and M = Max 
2 (fe A ) i 
(M,, M,) then 
(FG) d OSM: serete (3) 
So if W = V O V, © U and if g e H* is such that g(x") = g(x) for all x e X 
and vanishes outside W, then (1) - (3) holds simultaneously. Therefore 





O Mg Mid g atid dio) +s) 
E(fg’: g) J(g) + J(fo) fo: Jlfy) 


Now from (3), 


J (f) < (fi : 9) < E 
eM+Jlo) (fp :9) J(f,) 








From relation (B) given before Proposition 3.4, we get a sequence g, e H* such 
that g, (x) = g, (x) for all x e X and g, vanishes outside W, and |, (f,) converges 
to | (f). i 
eM + Jf) 


J) 2 rf) < 
| (f) J (fo) 


"  eM+d (fo) 





lf we let e — O then 


_ ve) 
| (f) = Th) 

i.e. J(f,) = J(f) (f). 
and this holds for every fe H+. 
So J(f) = J (f) | () for every fe H+. 
i.e. J(f) Ci (fî). 


Existence’ and Uniqueness ...... Topological Group 17 


REFERENCES 


1. S. K. Berbarian, Measure and Integration, the Macmillan Company, 1967. 
2. S. V. Fomin, Extensions of topological spaces, Ann, Math, 44(1943), 471-480. 


3. S. Ganguly, C. K. Basu and S. Sinha Roy, A new regular measure on a 
topological space |, Far East J. Math. Sci., Special vol. (1997), Part-1, 35-47. 


4. S. Ganguly, C. K. Basu and S. Sinha Roy, Existence of an invariant measure 
in a generalized topological group, Bull. Cal. Math. Soc. 89 (1997) 131-134. 


5. J. R. Porter and R. W. Woods, Extensions and absolutes of Hausdorff spaces, 
Springer Verlag, 1988. 


6. S.Sinha Roy and S. Bandyopadhyay, On 6-Completely regular and locally 8- 
H-closed spaces, Bull. Cal. Math. Soc., Bull. Cal. Math. Soc. 87 (1995) 19-28. 


7. N. V. Veličko, H-closed topological spaces, Mat. Sb. 70(112) (1966) 98-112 Amer. 
Math. Soc. transl. (2) 78 (1969) 103-118. 


Department of Pure Mathematics 
University of Calcutta 

35, Ballygunge Circular Road 
Calcutta 700019, India 


| Jour. Pure Math., Vol. 14, 1997, pp. 18-25 | | 


ON SEVERAL CLASSES OF ORTHODOX r — SEMIGROUPS 


ZHAO XIAN ZHONG AND M. K. SEN 


v 


ABSTRACT : in this paper the concepts of orthodox I—regular semigroups, 
orthogroup I—semigroups, and rectangular T—groups are introduced and studied. 
Some characterizations of these [—semigroups are obtained. Also the structure theorm 
of orthogroup I—semigroups is given. These notions are. comes of the 
corresponding ones in semigroups. 
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I —somigroups 
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1. PRELIMINARIES 


A set M is said to be a [semigroup (due to Sen and Saha [1]) if the following 
conditions are satisfied : 


(i) M =-{a,b,c...} and T= {œ,ß,y...} are two nonempty sets. 
(ii) aœb e M for all a, b e M and all œ er. 
(iii) (aœb)Bc = ao(bBc) for all a, b, c e M and all a, Ber. 


Let M be a [— semigroup and & an element of T. We define the product 

= a&b, then (M, .) is a semigroup, denoted by M „ called a related semigroup of 

M. If some one (so every, due to [1]) related semigroup of M is a group, then we 
say M is a F-group. An element a of M is said to be regular if a e al MTa, where’ 
araMTa = {(aœb)ßa : = b e M, a8 e T}. A T— semigroup is said to be regular if every 
element of M is regular (due to [1]. Binary relations 4 Z A Hand D on M (due 
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to [7]). which are analogous of Green’s relations in a semigroup, are defined as follows 


(i) a J b iff (a) = (b), 
(ii) a¥Y b iff (a), = (b), 
(ii) a2 b iff (a), = (b), 
(iv) a Wb iff aYb anda% b 
(v) aJ b iff there exists c e M such that ag c and c& b. 

Where (a). = a TM o {a} (a= MT a u {a}, (a) =a TM UMP au MPal Mca}. 
Throughout this paper E, denotes the set {e : eae = e, e e M} and V£ (a) denotes 
the set {b : b e M, aabBa = a and bBaab = b} for all a e M and all o, B = T. An 
element of E, is said to be an o—idempotent of M. 

/ The following known results will be used in this paper. A T— semigroup is said 
to be a T— regular semigroup if its every related semigroup is regular. 

Lemma. 11. (due to [3]) A regular [— semigroup is a [— regular semigroup 
if and only if Vê (e) # @ and V,” (e) + ¢ ior all œ, B e T and for all e e E. 

Lemma. 12. (due to [3] In a rT — semigroup M for all a e M and all a, B e 
T, V£ (a) + @ if and if M is regular, and Vf (e) # ọ and v (e) + @ for all e e E 

Let M be a [—semigroup, define the binary operation on M x I(TxM, respectively) 


i 


by 

(v (a, a), (b, B) e M xT) (a, a(b, B) = (a a b, B) 

(V (œ, a), (B, b) e r x M) (a, a) (8, b) = (a, aßb) respectively), 

then M xT (T x M, respectively) is a semigroup (due to [4]). The semigroups 
M xT and F x M are called left and right operator semigroups of M, respactively. 

Lemma. 13. (due to [4]) Let M be a regular [—semigroup, then M is an orthodox 
F— semigroup if and only if the set Reg (M x T) of regular elements of M xT are 
orthodox subsemigroups of M x F and T x M, respectively. 

Lemmal. 14. (due to [3]}) Let M be a regular [—semigroup then for all (a, o) 
e M xT, V (a, o) = u {(x,B) : x e VE (a) 

Be T, V? (a) zØ 


2, ORTHODOX I— REGULAR SEMIGROUP 


According to Sen and Saha [2] a [—semigroup M is said to be an orthodox 
T—semigroup if M is a regular [—semigroup and (E, a Ep U ((E, QE) c E, holds 
for all a, B e T. T—orthodox semigroup, i. e. its every related semigroup M,. (a € 
T} is an orthodox semigroup, had been introduced and the following three examples 
are given by Zhao Xian Zhong in [3]. 

Example 2.1. Let Q* denote all non—zero rational numbers and I denote all 
positive integers. Define that agb is the product of three numbers lal , œ, and b, then 
Q* is both an orthodox [—semigroup and a [—orthodox semigroup. 
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Example 2.2. Let M be the set of all- positive integers. Suppose that r = M, 
define aab = [a, a, b] = the I. c. m of a, œ and b, for all a, b e M and all we T. 
Then M is an orthodox [—semigroup but M is not a T—orthodox semigroup. 

Example 2.3. Suppose that | = A = {1,2}, G = {e,g,g*,g%} is the cyclic group 
of order four generated by g, and 


= (P) = 2 "|, a= (4) = Fe a 
1 © g., œ 


are two 2 x 2 matrices on G. Take M = Gxix A, T = {a, B} and define (a, i, Aja | 
(b, j, u) = (ap,Þ, i, 4) and (a, i, à) B (b, j, u) = (aq,b, i, 4), Then M is a T—orthodox 
semigroup, but M is not an orthodox I—semigroup. | 

It is illustrated by the above examples that the class of ressrhicdax semigroups 
and the class of orthodox [—semigroups are not contained within each other, and 
the intersection of these two classes is not empty. Now we ask : what is this: 
intersection? The answer will be given in the following.. 

Definition 2.4. A [—semigroup M is said to be an orthodox F—regular semigroup 
if M is an orthodox [—semigroup and its every related semigroup M.. (a-< T) is regular. 

Proposition 2.5. A [—semigroup M is an orthodox [—regular semigroup if and 
only if M is both an orthodox T= gemgroup and IT—orthodox semigroup: 

Proof : Omitted. 

The following proposition 2.6 will be E obtained from’ Lemma 1.3. 


Proposition 2.6. A [—semigroup M is an othodox T—regular semigroup if and 
‘only if its right operator semigroup IxM and its left APRIRE semigroup MxT are 
orthodox. 

Proof : Omitted. 

Lemma 2.7. If M is an srothedex T—regular semigroup, then E, B E = E, B 
E = E holds for all a, B er. 


Proof : For any a, B e T. and any e e E there exists x € M such that 


x e vf (e) by lemma 1.1. This implies e = eaxße and eaxe E,, hence, E,cE,BE,. Since 
M is an orthodox [—semigroup, we have E pE, c E, and'so E = E PE, . The proof 
of E = E.BE, is similar. 

Lemma 2.8. Let M be a regular [—semigroup. If for a ~ Be T,E aPEp = E BE, = 
E, holds, then M is an orthodox I—regular semigroup. ' 

Proof : M is' obviously an orthodox [—semigroup. To ame the remaining half, 
suppose that for any œ, Be IT, E PEs =E ;PE.= E, Then for any (but fixed) e e E; 
la exist x e E, and y e E such. that BY = e. Hence in particular eBy = e and 

= eß(yae) = eB(yoe)ore. By yae e E,aE = E, we have that (yae)aeB(yae) = 


(yae)B(yae) = yae. This implies yge € VB (e) and vg (e) zØ. 
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Similarly, we have ve (e) + Ø. Now from lemma 1.1, it follows that M is a l— 


regular semigroup. 

The following thorem follows from 2.7 and lemma 2.8. 

Theorem 2.9. A regular [—semigroup is an orthodox I—regular semigroup if 
and only if for all œ, B e T, E BE, = EBE, = Ey 

Let us now prove the following proposition which will provide the recipe for 
manufacturing the class of orthodox I[—semigroups. 


Proposition 2.10. Let (S, o) be an orthodox semigroup. Suppose that M = S, 
and T is a nonempty subset of S, and acb is the product of three elements a, a, 
b in the semigroup (S, o). Then we have 


(i) M is an orthodox IT—semigroup. 


(ii) If S contains the identity e and T is an /’—class containing e in S, then 
M is an orthodox I— regular semigroup. 


Proof : (i) M is obviously a [—semigroup. To prove the remaining half, notice 
that for amy œ, Be IT, ae E, and be E, we have ao,aa, bB, Bb e E(S), where 
E(S) denotes the set of idempotents of S. Since S is orthodox, we now find thet (aab) 
B(aab) = ((ax) (bp) ((aœ) (bB)) b = (aœbß)b = aa(bBb) = aab. Similarly, (baa)B(axa) = 
baa. Thus E 2E, c E, and EE, S Ep Hence M is an orthodox [—semigroup as required. 

(iii) It is only needed that M is a T—regular semigroup, by (i). For any a e M, 
there exist x e M and a, Bel such that a = agxßa, since M is a regular T semicroup. 
Now, note that the H —class H, is a subgroup in S and T = H,» we have a = 
add" axfd'd6a = e5z5a for all de, where z = 5' oxfd" and & is the inverse of 6 
in group H,. Hence M, is regular for all ôeT, that is, M is a [—regular semigroup as 
required. 


3. ORTHOGROUP [—SEMIGROUPS 


Let M be a I—semigroup. If for some aeI, the related semigroup M, (aeI) is 
a group, then every related semigroup is a group (due to Sen [1]), and M is called 
a T—group. So the left operator semigroup T x M ts a union of groups. Moreover, 
we can show that T x M is simple. Hence F x M is a completely simple semicroup. 
In this section we want to generalize these results. 

Definition <.1. A IT —semigroup M is said to be an orthogroup IT—semigroup 
if M is an orthodcx T—regular semigroup and for some «erT, the related semigroup 
M, is a union of groups. 

It is clear that every [—group is an orthogroup [—semigroup. But it will be stown 
in example 3.7 that not every orthodox I—regular semigroup is an orthogroup r— 
semigroup. 

Let M be a I-—-semigroup, if for some «eT, the related semigroup M, is a snion 
of groups, M, is nct necessarily a union of groups for each Bel. For example, suppose 


a? 
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~ 


that T is the set {a, f}, and M is a r—semigroup with the related semigroup M, being 
a o—group G u {o}, and the related semigroup M, being a null semigroup. Then M js 
a union of groups, but the M, is not a union of groups. We prove that every related 
semigroup of an orthogroup T—semigroup is a union of groups. To do this the following 
results are needed. l 


Lemma 3.2 Let M be a [—regular semigroup and M x I denote its left operator 
semigroup. Then for all (a, œ) e M x T we have 


(i) L (a, œ) = {(x, a) : xeL} = (L, %, 

(ii) R (a, œ) = {(y, B) : yeR,, Bel} = (R,,0), 

(iii) H (a, œ) = {(z, œ) : zeH} = (H, a) 

where L (a, œ) (R (a, a), H (a, a) denotes L—class (R—class, H—class) containing 
the element (a, a) of M xT, L, (R, H,) denotes L—class (R—class, H—class) containing 
the element a in M. 


Proof. Omitted : 


Lemma 3.3 Let M be an othodox I[—regular semigroup, and M x Idenotes its 
left operator semigroup, and B denotes the set of idempotents of M x I’. Then we have 
(i) v2 „= U (V£(e), B) for all (e, a) e B 
BET 


(ë, æ) 


(ii) For all (e, a), (f, B) €B, if (f, B) ÆR (e, a), then (f, B) e JÊ _,, where J „denotes 


(e, a)’ ) 
J—class containing (e, œ) in B and R (e, œ) čenotes R—class containing (e, œ) in 
M xT. 
Proof, (i) By Lemma 1.3 and Lemma 1.4 B is a band, and so JJ =V (e, o) 


(e, œ) 


= U (V£(e), 8), since M is [—regular semigroup. 
Ber 


(ii) If (f, B) e R (e, œ), then there exist (x, B) and (y, œ) e M x T such that (e, 
a) (x, 8) = (f, B), and (f, B) (y, œ) = (e, a). Hence in particular eax = f and fBy = e. 
Moreover, eof = f and fpe = e. Notice that e e E, and E, thus we have fBeaf = f 
and eoffe = e, that is, f e VĒ (e). By (i), (f, D) e Jf as required. 


(e, a)’ 


Proposition 3.4. The left operator semigroup M x Tr of an orthogroup T— 
semigroup M is a union of groups. 


Proof. Let M be an ortho group [—semigroup, and M xT denote its left operator 
semigroup, and B denote the set of idempotents of M x T. Since M is a T—regular 
semigroup, every R—class of M contains at least one a—iedmpotent, say e, (i, e. eae 
= e) for all eT. So every R—class of M x T contains at least one idempotent which 
belongs to the set { (x, a) : x e M} for all wel} by lemma 3.2. Now, suppose that . 
for some (but fixed) 6 e T., the related semigroup M, is a union of groups, and 


On Several Classes of Orthodox T — Semigroups 23 


(e, œ}, (f, B) e B as well as (e, a) 2 (f, B) in M x T. As above there exists tc, ô) € 
B such that (c, & e R, p and so (c, 5)J® (f, B) by Lemma 3.8 (ii). Since M, is a union 
of groups, there exists (d, 5) e B such that (d, 8) e R (e, œ) and (d, & e L (c, ô). 
Hence (e, a) J® (d, 5) by Lemma 3.4 (ii), and (d, 8) J? (c, 5), M, being a union of groups. 
So (e, a) J? (f, B), bacause M is an orthodox T semigroup, M xT is an orthodox semigroup 
by lemma 1.3. Now notice we have proved that (e, a), (f, B) e B and (e, a) 2 (f, P) 
imply (e, œ) J®(f, 6), thus M x T is a union of groups by proposition vi. 3.3 ot Howie 
J.M. [6]. 

A T—semigroup M is said to be a I—union of groups if its every related 
semigroups is a union of groups. 

Lemma 3.5 A [—semigroup M is a r—union of groups if and only if its left 
(right, respectively) operator semigroups is a union of groups. 


Proof. Omicted 


Now, the following theorem can be directly obtained by Lemma 3.4 and Lemma 
3.5. 


Theorem 3.6. A [semigroup M is an orthogroup [—semigroup if and only 
if it is both an orthodox [semigroup and a J—union of groups. 


Proof. Omitted. 


Finally, We -shall illustrate that not every othodox I—regular semigrouD is an 
orthogroup I-—semigroup by the following example. 


Example 3.7. let M be the direct product T.XG of the bicyclic semigrcup and 
a group G with IGl> 1. Suppose, the T is the ##—class containing the identty e of 
M, and agb is tha product of three elements a, a, b of the semigroup M for all, a, 
b e M and all aeI, then M is an orthodox T regular semigroup by proposition 2.10 
(ii). But if œ denotes the identity e of M, then the related semigroup M, with the identity 
is not union of groups, so M is not an orthogroup I—semigroup. 


4. RECTANGULAR IT—GROUPS 


We consider here orthodox completely simple IT—semigroup. As we shall see 
they are quite special. In the context, the following concept plays a basic “ole. 


A I’—rectangular band means a I—semigroup such that its every related 
semigroup is rectangular band. Also it is clear that for all a, b e M and all a, BeT, 
aab = aßb holds in a [—rectangular band M. So it is often convenient to say rectangular 
band instead of [—~—rectangular band. 


Definition 4.1. A T—semigroup is said to be a rectangular [—group if it is 
isomorphic to the direct product of a rectangular band and a I—group. 


By Seth A. [5] every completely simple [—semigroup admits a Rees matrix 
representation with a set of sandwitch matrices. 
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Proposition 4.2 The following conditions on M = M (G. I. A. P) are equivalent. 

(i) M is an orthodox I-—semigroup. 

(i) For any i je l Ape A, P = (P,), Q= (q) € P 

Pa n'Ay P, = e and q,"q,p,"p, = e 

where e is the identity of G. 

Proof : Firstly, notice that E, = {(P,", i, 4); i € L Xe A} 

and E, = (4,7, j, u) : jel, pe A}. For any (q7, i, A) <E, and any (q, j, ue 
E „ we have that 

(ob A) Qa, j u) = (P a, (a7, i u) eE, and (q.7, j, a) Qla i, A) = 
(4,7 Gia p i j, A) eE, if and only if Pu qn e Pu” = Qa Guy Pa Py = ee 

Thus (i) if and only if (ii) holds. 

Theorem 4.3. A [—semigroup M is an orthodox completely simple rT —semigroup 
if and only if it is a rectangular T —group. 


Proof : A rectangular T —group is obviously orthodox completely simple r — 
semigroup by proposition 4.2. Suppose that M is an Orthodox completely simple 
T —semigroup. Given cael’, by theorem 2.5. of J. M. Howise [6] Ø :H, x 1x A — M 
given by (a,j, A)O = ẹgaof, is an isomorphism from the Rees matrix semigroup M 
[H ; 1A; P] onto M, where e and f, are o—identity of H, and H,, respectively. Since 
M, is a union of groups for all «eT, every #-class in M is a sub T—group of M 
if we define (i, A) BO, u) = (i, u) for all (i, A) el x A arid all BeT, then I x A becomes 
a rectangular band. So H, x | x A is a rectangular [—group. Now we show that ọ 
is an isomorphism from H, x | x A onto [—semigroup M. Since for any (a,j,A), (b,i,u), 
eH, x | x A and, Bel, 


we have 

((a,i,A) B (b,i,n)@ 
(aBb, iuo 

e o(a,Bb)af, 


(e xaja(l BI) Bbot, (and 1, being a—indentity and B—indentity in r—group H, 
respectively) 


= (exaja(l of, BI) Boo, 

= (e,ca)a(f, pl, Boot, 

= (exaja(f Bl, Bl) Boo, (l, being B—indentity in H, « 
= (ecacf,)B(I, BI) Bbof, 

= (ecaa BU, Beal) Bbaf, 

= (ecacf,)B(eabat ) 

= (a, i, A) ọ B(b, j, u)ọ, as required. 
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Theorem 4.4. An orthogroup [—semigroup is a semilattice of rectangular T— 
groups. 

Proof : An orthogroup [—semigroup M is a [—union of groups. It means its 
every related semigroup M (&eT}) is a union of groups. So we can say the Green's 
relations J on M, (for all acl) are same, and M is a semilattice of completely simple 
I—semigroups. Moreover, note that every related semigroup M, of M is orthodox. So 
we have M is a semilattice of Orthodox completely simple [—semigroup. Hence M 
is a semilattice of rectangular [—groups by theorem 4.3. 


The authors would like to thank Professor Guo Y. Q. for his kind help and 
encouragement fcr the preparetion of this paper. 
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1. INTRODUCTION AND PRELIMINARIES 


The study of functions taking points of an ordinary topological space X to fuzzy 
sets [21] in a fuzzy topological space [2] has so far been made by many researchers. 
Such functions have been termed as fuzzy multifunctions. Papageourgiou [15] took a 
leading role in this direction. Later on, Mukherjee and Malakar [11] suitably redefined 
the concepts of lower inverse and lower semicontinuity of such multifunctions in a 
natural way and obtained certain expected results. The sole objective of all these papers 
has been to generalize the existing results on some well Known functions which are 
usually treated between two topological spaces. 


The class of irresolute functions, a type of functions independent of continuity, 
was introduced by Crossley and Hildebrand [4], and subsequently studied by many 
others. in the present paper, an attempt has been made to introduce the idea of 
irresolute fuzzy multifunctions. In Section 2, we define, characterize and study such 
a multifunction in its two splitted forms viz. lower and upper irresolute fuzzy 
multifunctions. In the next section, our intention has been to apply these fuzzy 
multifunctions to a few situations to determine whether certain topological properties 
are transfered to the corresponding fuzzy topological properties under such multifunctions. 


Throughout the paper, by (X,T) or simply by X we shall mean a topological space 
in the classical sense and (Y, T,) or simply Y will stand for a fuzzy topological space 
(fts, for short) as defined by Chang [2]. A fuzzy point [16] with the singleton support 
y £ Y and the value a (0 < a < 1) at y will be denoted by y,. The closure and interior 
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of a set A in X (or a fuzzy set A in Y) will be denoted by clA and int A respectively. 
The support of a fuzzy set A in Y will be denoted by A, ic. Ap ={y e€ Y : 
A (y) = 0}. For a fuzzy set A in Y, 1-A will stand for the complement of Ain Y [21]. 
For two fuzzy sets A, B in Y, we write A < B to mean that A(y) < B(y), for each 
y e Y ; and write A q B to mean that A is quasicoincident (q-coincident, for short) 
with B [16]. The negation of the last statement, i.e. when A is not q-coincident with 
B, is denoted by A q B. A fuzzy set B is called a quasi-neighbourhood (q-nbd, for 
short) of a fuzzy set A if there exists a fuzzy open set U such that A q U < B [16]. 
A fuzzy set A (a set A) in an fts Y (in a topological space X) is called fuzzy semiopen 
[1] (resp. semiopen [7]) if there exists a fuzzy open set (resp. open set) B such that 
B<A<cIB. The complements of semiopen (fuzzy semiopen) sets are called semiclosed 
(fuzzy semiclosed) sets. Union of semiopen (fuzzy semiopen) sets .is Known [7,1] to 
be respectively so. Also, clearly every open (fuzzy open, closed, fuzzy closed) set is 
semiopen (fuzzy semiopen, semiclosed, fuzzy semiclosed). A fuzzy set A in Y is said 
to be a semi-q-nbd of a fuzzy point y [6] if there exists a fuzzy semiopen set V in 
Y such that y, q V < A. The fuzzy semiclosure of a fuzzy set A in Y, to be denoted 
by scl A, is the union of all fuzzy points y, such that every fuzzy semiopen semi- 
q-nbd of y, is q-coincident with A [6]. The semiclosure [3] of any set A in X will also 
be denoted by scl A. It is known [6,3] that semiclosure (fuzzy semiclosure) of a set 
(fuzzy set) A in X (resp. Y) is the intersection of all semiclosed (fuzzy semiclosed) sets 
containing A. A (fuzzy) set A is (fuzzy) semiclosed iff A = scl A [6,3]. A (fuzzy) set 
B is called a (fuzzy) seminbd of a (fuzzy) set A if there is a (fuzzy) semiopen set U 
containing A anc is contained in B. The union of all (fuzzy) semiopen sets contained 
in a (fuzzy) set A is called the (fuzzy) semi-interior of A, to be denoted bv sint A. 
It is clear that a (fuzzy) set A is (fuzzy) semiopen iff A = sint A. 


2. UPPER AND LOWER IRRESOLUTE FUZZY MULTIFUNCTIONS 


Definition2.1. [15] Let (X,T) be a topological space in the classical sense and 
(Y,T,) be an fts. We say that F : X — Y is a fuzzy multifunction, if for each x € X 
F(x) is a fuzzy set in Y. Such A fuzzy multifunction will be called surjective if F 
(X) = 1). where by 1, we mean the fuzzy set in Y given by 1, (y) = 1, for all 


ye Y. 


Throughouz the paper, by F : X — Y we shall mean that F is a fuzzy multifunction 
from a topological space (X,T) to an fts (Y,T,). 


Definition2.2. [11] For a fuzzy multifunction F : X > Y, the upper inverse F 
(A) and the lower inverse F(A) of a fuzzy set A in Y are defined as follows : 


F(A) = { x e X: F(x) < A} and F(A) = {x e X: F(x) q A} 
The following theorem gives a relation between F* (A) and F (A). 


Theorem 2.3. [11] For a fuzzy multifunction F : X -Y, we have Fil - G) = 
X -F'(G), for anv fuzzy set G in Y. 
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Definition 2.4. A Fuzzy multifunction F : X -Y is said to be fuzzy 
(a) upper irresolute at a point x, € X, if for every fuzzy semiopen set V in Y with 
xo e F*(V) there exists a semiopen set U in X with x € U such that 
U cF"(V), 
(b) lower irresolute at a point x, £ X, if for every fuzzy semiopen set V in Y 
de x, € F (V) there exists a cSEmIOpeN set U in X with x,¢ U such that 
U cF), 
(c) upper irresolute (lower ere on X if it is upper irresolute (lower irresolute) 
at each point of X. 

Theorem 2.5. A fuzzy multifunction F : X -Y is fuzzy upper irresolute iff F 
(U) is semiopen for every fuzzy semiopen set U in Y. 

Proof : Let F : X >Y be a fuzzy upper irresolute multifunction. For a fuzzy 
semiopen set U in Y, let x e F*(U). Then there is a semiopen set V in X with x e 
V such that V cF (V). Thus F*(U) csint F*(U) and hence F *(U) is semiopen in X. 
Conversely, let F* (U) be semiopen in X for each fuzzy semiopen set U in Y. Let x, 
e X and V be a fuzzy semiopen set in Y with x,e F*(V). Now F‘) (= U, say) is 
semiopen in X containing x, such that x, e UcF(V), proving F to be fuzzy upper 
irresolute at x, and hence on X. 

Theorem 2.6. A fuzzy multifunction F : X —Y is fuzzy lower irresolute iff F` (U) 
is semiopen in X for each fuzzy semiopen set U in Y. 

Proof : The proof is quite similar to that of Theorem 2.5, and is thus omitted. 

Theorem 2.7. A fuzzy multifunction F : X —Y is fuzzy lower (upper) irresolute 
iff F* (W) (resp. F (W)) is semiclosed in X for every fuzzy semiclosed set W in Y. 

Proof : Follows from Theorems 2.3, 2.5 and 2.6. 

Lemma 2.8.[13] Let A be an open subset of a topological space (X, T). Then 

(a) U (c X) is semiopen in X = U ^ A is semiopen in A i. e. in (A, T, 

(b) U (c A) is semiopen in A = U is semiopen in X. 

Theorem 2.9. Let {U, : œ £ A} be an open cover of a topological space X. A 
fuzzy multifunction F : X >Y is fuzzy upper (lower) irresolute iff F/u, : U.— Y is fuzzy 
upper (lower) irresolute for each a € A. 

Proof : Let F : X =Y be fuzzy upper (lower) irresolute. Let x e U_, for some 
œ e Av Suppose V is a fuzzy semiopen set in Y such that xe F(V) (xe FV). Then 
there is a semiopen set U in X with xe U such that UcF'(V) (resp. UcF (V) ). By Lemma 
2.8. (a), U ^ U, is semiopen in U, containing x, and UU, c(F/u ) ™) (resp. UnU c 
(F/u,) (V). Hence F/u,: U> Y is fuzzy upper (lower) irresolute for each ae A. Conversely, 
let x e X and V be a * fuzzy open set in Y such that x € F'(V) (x ¢ F (V). Now 
x e U, for some o e A, and F/u,: U ,—> Y is fuzzy upper (lower) irresolute. So there 
exists a semiopen set U in U, such that F/u, (U) < V (U c (F/u,) (V)). Now by Lemma 
2.8 (b), U is semiopen in X and UcU. Thus F(U) = F/u, (U) < V (resp. F(U) = (F/ 
u) (U) q V) i. ee U CF W) (resp. U c F (V). Hence F is fuzzy upper (lower) irresolute. 

Definition 2.10. Let F : X -Y be a fuzzy multifunction. The fuzzy multifunction 
scl F : X =Y is defined as (scl F) (x) = scl F(x), for each x £ X ; and the multifunction 
cIF : X ~Y is defined as (cl F) (x) = cl F(x)), for each x € x. 
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Lemma 2.11. If F : X >Y is a fuzzy multifunction, then Jý F) (V) = F V, 
for every fuzzy semiopen set V in Y. 
Proof : x e FMV = F(x) q V = scl (F (x) q V = x e(scl F} (V). Again. x e(scl 
F) V) = V q scl (F (x)) = there exists y e V, A (scl F (x)), such that V(y) + (scl F(x) 
(y) > 1. Let (sci -(x)) (y) = œ. Then y, < sel F(x). and a + V(y) > 1. Then V is a semiopen 
semi-q-nbd of v,. Hence v q F (x), i.e. x e F(v). 
Theorem 2.12. A fuzzy multifunction F : X -Y is fuzzy lower irresolute iff 
sc] F : X -Y is fuzzy lower irresolute. 
Proof : Follows at once from Lemma 2. 11. 
Lemma 2.13. If F : X >Y is a fuzzy multifunction, then (scl F} (C) = F° (C) 
for every fuzzy semiciosed set C in Y. 
Proof : x e (sclF)(C) = (scl F) (x) < C = F(x) < C => xe FC). 
Again, x€ F° iC) = F(x) < C = scl F(x) < scl C = C = xe (ScIF)” (x). 
Theorem 2.14. A fuzzy multifunction F : X — Y is fuzzy upper irresolute iff scl 
F: X — Y is upper irresolute. 
- Proof : Follows immediately from Lemma 2.13. 
Theorem 2.15. For A fuzzy multifunction F : X -Y, the following are equivalent: 
(a) F is fuzzy lower irresolute. 
(b) For eech x £ X and each fuzzy semi q-nbd V of F(x) in Y, F (v) is a semi- 
| nbd of x in X. 
(c) For each p e X and each fuzzy semi q-nbd V of F(p) in Y, there is a semiopen 
set U containing p in X such that UcF(V). 
(d) F (sclA) < scl (F(A)), for any subset A of X. 
(e) scl (F (B))cF (sciB), for any fuzzy set B in Y. 
(f) F (int clA) < scl F(A), for any subset A of X. 
Proof : (a) = (b) : Let x e X and V be a fuzzy semi-q-nbd of F {x) in Y, then 
there exists a fuzzy semiopen set U in Y such that F (x) q U < V. Then x e F (U) 
c F (V). By (a, F (U) is a semiopen set in X. Hence F (V) is a semi-nbd of x in 
X. 


(b) = (c) : Let p e X and V be a fuzzy semi-q-nbd of F (p) in Y. By (b), F (V) 
is a semi-nbd of p in X. Then there exists a semiopen set U in X such that p e U 
cF (V). 

(c) = (a) : Let x £ X and V be a fuzzy semiopen set in Y with x £ F (V). Then 
f (x) a V, i.e. V is a fuzzy semi-q-nbd of F (x) in Y. By (c), there is a semi-open set 
U ċontaining x in X such that U < F (V). Hence F is fuzzy lower irresolute. 

(a) = (d) : For any A c X, scl F (A) is fuzzy semiclosed in Y. By (a), F* (scl 
F (A)) is semictosed in X and clearly contains A. Thus sc- A c F° (scl (F (AJ), i.e. 
F (scl A) < F F (sci (F (A)) < scl F (A). 

(d) = (a) : Let V be a fuzzy semiclosed set in Y and let A = F* (V). By (d), F 
(scl A) < scl (F (A) = scl (F F M) < scl V=V. 

Thus scl A c F’ (V) = A, i.e. A = scl A. Hence A = F* (V) is semiclosed in X. 
Then by Theorem 2.7, F becomes fuzzy lower irresolute. 
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(d) > (e) : Let B be a fuzzy set in Y and let A = F’ (B). Then by (d), F (scl 
A) < scl (F (A)), i.e. F (scl (F° (B))) < scl (F F* (B) < scl B, i.e. scl (F (B) c F* (scl 
B). 

(e) = (d) : Let A c X. Then B = F (A) being a fuzzy set in Y, by (e) we have 
sci (F* (B)) = scl (F* (F(A))) c F* (scl B) = F° (scl F (A)), i.e. scl A c F* (scl (F (A))). 
Hence F (scl A) < scl (F (A)). 

(a) => (f : Since F is fuzzy lower irresolute, by Theorem 2.7 we have, F’ (scl 
(F (A))) to be semiclosed in X, for each A c X. Then int cl F* (scl (F (A))) c F° (sel 
(F (A))). Thus intel A c intcl (F* (scl F (A))) c F° (scl F (A))), ie. F (intcl A) < scl F 
(A). 

(f = (d) : For any A c X, we have sclA = A u intclA > F(sclA) = F (A) u F 
finlcl A) < F (A) v scl F (A) (by (f)) = scl F (A). 

Theorem 2.16. For a fuzzy multifunction F : X — Y, the following are equivalent: 

(a) F is fuzzy upper irresolute. 

(b) For each x e X and each fuzzy semi-nbd V of F (x) in Y, F* (V) is a semi- 
nbd of x in X. 

(c) For each x £ X and each fuzzy semi-nbd V of F (x), there exists a semi- 
nbd U of x in X such that F (U) < V. 

(d) For any fuzzy set B in Y, scl (F (B) c< F (scl B). 

Proof. (a) = (b) : Let x e X and V be a fuzzy semi-nbd of F (x) in Y. Then there 
is a fuzzy semi-open set U in Y such that F (x) < U < V. As F is fuzzy upper irresolute, 
by Theorem 2.5, F* (U) is a semiopen set in X. Now, x e F* (U) c F* (V), which shows 
that F* (V) is a semi-nbd of x in X. 

(b) => (c) : Obvious. 

(c) > (a) : Let x e X and V be a fuzzy semiopen set in Y such that F (x) < V. 
By (c), there is a semi-nbd U of x in X such that F (U) < V. Then there is a semi- 
open set W in X such that x e W c U, i.e., F (x) < F (W) < F (U).< V. Hence F is 
fuzzy upper irresolute. 

(a) = (d) : For any fuzzy set B in Y, scl B is fuzzy semiclosed and hence by 
(a), F (scl B} is semiclosed in X and obviously contains F (B). Thus scl (F(B)) cF 
(scl B). 

(d) => (a) : Let B be fuzzy semiciosed in Y. Then by (d), scl (F (B)) cF (scl 
B)) = F (B). Thus scl (F (B))) = F (B), i.e. F (B) is semiclosed in X. Hence F is fuzzy 
upper irresolute. 

A subset A in a topological space (X, ? can be treated as a ~ set in X 
with characteristic function given by A (x) = 1, if x £ A, and A (x) = 0, if x s XA. 
Thus with this understanding (X, T) becomes a fuzzy topological space A We then 
consider the product fts X x Y in the usual way as defined by Wong [20]. Thus the 
fuzzy sets of the form U X V with U e T and V e T, form an open basis for the product 
fuzzy topology T X T,, on X x Y, where for any (x, y) e X x Y. 

(U x V) (x, y) = iy U (x), V (y) = O if x ¢ U 

V (y) if x e€ U 
i.e. (U x V) (x, yY) < V (y) in this situation. 
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In [1] Azad set forth a condition under which an fts X is called product related 
to another fts Y. In the same paper it was proved that if an fts X is product related 
to another fts Y, then for any fuzzy sets A, B in X and Y respectively, cl (A x B) = 
cl A x cl B. 

Definition 2.17 [ll] For a fuzzy multifunction F : X — Y, the fuzzy graph 
multifunction G. : X — X x Y of F is defined as G, (x) = the fuzzy set x, x = (x) of 
X x Y, where x, is the fuzzy set in X, whose value is 1 at x £ X and O at othe- points 
of X. We shall write {x} x F (x) for x, x F (x). 

Theorem 2:18. When X is product related to Y, a fuzzy multifunction F : (X, 
T) — (Y, T,) ıs fuzzy lower irresolute if its fuzzy graph multifunction G, : X — Xx Y 
is fuzzy lower irresolute. 

Proof. Let G. : X —> X x Y be fuzzy lower irresolute. Let x £ X and V be a fuzzy 
semiopen set in Y such that x e F (V). i.e. F (x) q. V. Then there exists y e [F (x)], 
N V, such that [F (x)] (y) + V (y) > 1. So [G; 09] (x, y) + (X x V) xy) = [F xX] (y) 
+ V (y) > 1. Hence G, (x) q (X x V), where X x V is clearly a fuzzy semiopen set in 
X x Y. In fact, V being fuzzy semiopen in Y, U < V < cl U, for some fuzzy oben set 
U in Y ; then X x U is a basic open fuzzy set in X x Y such that X x US Xx V 
< cl X x cl U = cl (X x U), as X is product related to Y. Now, G, being fuzzy lower 
irresolute, there is a semiopen set U in X such that x e U, and G, (z) q (X » V), for 
all z e U. We are only to show that F (z) q V, for all z e U. If possible, let there exist 
some z, € U such that F (z) % V. Then for all y e Y, [F (z,)] (y) + V (y) < 1. Now, 
for any (ns) € X x Y, [G, (z,)] (ss) < [F (z,)] (s), and (X x V) (n s) = V (s). Ncw, [G; 
(z3 (s s) + (X x V) (ns) < [F @)] (s) + V (s) < 1. Thus G, (z) 4 (X x V), where z, 
e-U. This is a contradiction and hence F is fuzzy lower irresolute. 

Theorem 2-19. When X is product related to Y, a fuzzy multifunction F : (X, 
T — (Y, T,) is îuzzy upper irresolute if its fuzzy graph multifunction G. : X > X x 
Y is fuzzy upper irresolute. 

Proof. Let G. be fuzzy upper irresolute. We shall show that F is fuzz upper 
irresolute. Let x e X and V be a fuzzy semiopen set in Y with F (x) < V. Than G, (x) 
< X x V, and X = V is easily. seen to be fuzzy semiopen in X x Y. Then by hypothesis, 
there is a semiopen set U-in X with x e U such that G, (U) < X x V. Now for any 
z € U and for any Y e Y, [F (2)] Y) = [G,(z)] (zy) < (X x V) (z, y) = V (y), i.e [F (2)] 
(y) < V (y), for all y e Y. Thus F (z) < V, for any z e U, i.e. F (U) < V. Hence F s fuzzy 
upper irresolute. 


3. APPLICATIONS 


it is known [5] that a topological space X is semicompact if every semiopen 
cover of X has a finite subcover. The definitions of cover and semicompachess in 
fuzzy setting are now recalled below : 

Definition 3.1. [7] A collection » of fuzzy sets in an fts Y is said to be a fuzzy 
cover of a fuzzy set A in Y if (O ») (x) = 1, for each x £ A, ; vis called a fuzzy cover 
of Y if (Us) = i; 
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Definition 3.2. [8] A fuzzy set A in an fts Y is said be a fuzzy semicompact 
set if every fuzzy cover » of A fuzzy semiopen sets in Y has a finite subfamily », such 
that A < U% ; if in addition, A = 1,, then Y is said to be fuzzy semicompact. 


Theorem 3.3. Let F : X->Y be a surjective fuzzy multifunction and F(x) be a 
fuzzy semicompact set in Y for each x e X. If F is fuzzy upper irresolute and X is 
semicompact, then Y is fuzzy semicompact. 


Proof : Let {A : œ € A} be a fuzzy cover of Y by fuzzy semiopen sets in Y. 
Now, for each x e X, F(x) is a fuzzy semicompact set in Y, and so there is a finite 
subset A, of A such that F(x) < U fA, : ae A} Let A, = fA, : œ e A}. Then F(x) 
<A, and A, is fuzzy semiopen in Y. Since F is fuzzy upper irresolute, there exists 
a semiopen set U, in X containing x such that U, c F(A). The family {U, : x € X} is 
then a semiopen cover of the semicompact space X. Thus there exist finitely many 
points X, X,,...x, In X such that X = U, : i= 1,2..., n}. As F is surjective, we have 


n n n 
1,= FX = u F(U,)s-v AS v U A, Hence Y is fuzzy semicompact. 
= f= j=1 ME Ay, 


We recall that a subset A of a topological space X is cailed an S-closed set 
[14] if every cover of A by semiopen sets of X has a finite proximate subcover ; if 
in addition, A = X, then X is called an S-closed space [19]. The corresponding definition 
for an fts runs as follows. 


Definition 3.4. [10] A fuzzy set A in an fts Y is said be a fuzzy S-closed set 
if for every fuzzy cover v of A by fuzzy semiopen sets in Y has a finite proximate 
subcover, i.e., has a finite subfamily 0, of ə such that A <ofcl U : U e 9}: 
if A = 1, then the fts Y is called a fuzzy S-closed space. 


Lemma 3.5. [9] A topological space X is, S-closed iff for every cover ə of X 
by semiopen sets of X has a finite subcollection 4, such that X = scl (O {U : U € 4}. 


Theorem 3.6. Let F : XY be a fuzzy multifunction and F(x) be a fuzzy S- 
closed set in Y, for each x e X. If F is fuzzy upper irresolute and lower irresolute, 
and X is S-closed, then Y is fuzzy $-closed. 


Proof : Let {A, : œ £ A} be any fuzzy semiopen cover of Y. For each x e X, F(x) 
being a fuzzy S-closed set in Y, there is a finite subset A, of A such that F(x) < U 
{cl A, : ae A} = B (say). Then B, is.a fuzzy semiopen set in Y containing F(x). Since . 
F is fuzzy upper irresolute, F” (B) becomes semiopen in X, by theorem 2.5. Now, {F* 
(B) : x € X} is a semiopen cover of the S-closed space X. By Lemma 3.5, there exists 


n 
a finite number of points x,, x,, ... x, in X such that X = scl ( uF’ (B)), i. e. X 
i=1 i 
n + 
= scl (F(u (B). Now, F being fuzzy lower irresolute, from Theorem 2.15 we have 
ixt 
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n n n n 
1, = F(X) = F (sel (F'( ù (B,))) < F(F(scl( o (B,)) < scl( u (B,))) = scl { u 
j= i=1 Pd p= 
n 
U (ch A)) = v U (cl A). Hence Y is fuzzy S-closed. 
E Ng, i=1 HEA, 
Sinha and Malakar [18] defined a subset A of a topological space (X,T} to be an s- 
closed set if every cover vof A by semiopen sets of X has a finite subfamily 6, such 
that Acv {scl U : U € ob}. 


Theorem 3.7. Let F : X—Y be a fuzzy multifunction such that F(x) is a fuzzy 
S-closed set in Y for each x e X. If F is fuzzy upper as well as lower irresolute and 
a set A in X is an s-closed set, then F(A) is a fuzzy S-closed set in Y. 


Proof : Let {A, : a £ A} be a fuzzy cover of F(A) by fuzzy semiopen sets in 
Y. For each x £ A, F(x) is a fuzzy S-closed set in Y. So there is a finite subset A, 
of A such that F(x) < v {cl (A) : ae A}. Let B, = u {cl A, : ae A}. Then B, is fuzzy 
semiopen in Y and F(x) < B,. Since F is fuzzy upper irresolute, F" (B,) is semiopen 
in X. The family {F'(B,) : X £ A} is then a cover of the s-closed set A by semiopen 
n 
sets of X. Consequently, there are finitely many points X, ... x, in A such that A c u 
I=1 
n 
{scl (F* (B, ))}. Since F is fuzzy lower irresolute, by Theorem 2.15 we have F(A) <F ( o {scl 
' 1=1 
n n n n 
(F'(B.)}) < F (scl (F'( o B.))) < F(F (sel ( o (B,))) < sel { o (B,) = scl ( ù U cl 
i=1 ret i=1 i=1 HEA, 
n 
A)= vu U cl (A). Hence F(A) is a fuzzy S-closed set in Y. 


jul AEA, 
i 
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ON STRONGLY IRRESOLUTE AND y-CONTINUOUS FUNCTIONS 


C. K. Basu 


ABSTRACT. Two new classes of functions are introduced and investigated as to their 
characterizations, properties and interrelations. Relationships with some other allied 
types of functions are also studied. 


1. INTRODUCTION AND PRELIMINARIES 


The paper :s meant for the initiation to the study of two new types of functions, 
each of which being independent of continuity. The deliberations are divided into the 
next two sections, the first one of which deals with the first type viz. strongly irresolute 
functions while the other type of newly introduced functions termed y-continuity is taken 
up in the third section. Some allied classes of functions of the know types that come 
in the relevance are also treated with regard to their relationships with the newly 
introduced ones. 

Throughout the paper, by X we shall mean a topplogical space (X, 1). A set A 
in X is said to Ee semi-open [9] if there exists an open set U such that UcAcclU. 
The complment of a semi-open set is called semi-closed. We denote the closure and 
interior of a subset A by ciA and intA respectively. Semi-closure [8] of a subset A, 
which is the intersection of all semi-closed sets containing A, is donoted by sclA. A 
set A in X is said to be semi-regular [11] if A is semi-open as well as semi-closed. 
The family of all semi-open (semi-closed, semi-regular) sets of X will be denoted by 
SO(X) (resp. SC(A), SR(X)) while the collection of all members of SO(X) (SR(X)) each 
containing a point x of X will be denoted by SO(x) (resp. SR(x)). A point x of X is 
said to be a semi-@-adherent point [11] of a subset A of X if sclU ^ A # ©, for every 
U e SO(x). The set of all semi-@-adherent points of A is called the semi-6-clesure of 
A, to be denoted by [A]... A is called semi-8-closed (s-@-closed, for short) if A = 
[A]... The complement of an s-6-closed set is called semi-60-open (s-6-open, for short). 
also a set A in X is called regularly open if A = int clA. 

It is clear that for any subset-A in X, AcsclAc[A],,, and therefore every s-6- 
open set is semi-open, but converse is not true [12]. In [12] we have shown that the 
collections of semi-6-open sets and open sets are non-comparable. Maio and Noiri 


3 


36 C. K. Basu 


[11] proved that every semi-regular set is s-0-clesed, but there exist s-0-closed sets 
which are not semi-regular. The following example substantiates the claim. 
Example 1.1. Consider the space (X, 1), where X = {a,b,c} and t = {Ø ,X, {b,c}, 

tb}, {c}}. Then SR(X) = {©,X, {b}, {c}, {a,b}, {a,c}, and the s-8-closed sets of X are given 
by the collection {@, X, {b}, {c}, {a,b} , {a,c}, {a}. Here ta} is s-@-closed but not semi- 
regular. 

_ Although [A]... is the intersection of all s-6-closed sets containing A [12], the s- 
Ə-closure [A],, has been characterized in [12] in terms of semi-regular sets viz. as the 
intersection of all semi-regular sets containing A. 


2. STRONGLY IRRESOLUTE FUNCTIONS 


Crossley and Hilderbrand [4] defined a function F : X-Y to be irresolute if for 
each Ve SO(Y), + (V) is in SO(X). It is easy to see that f : X->Y is irresolute iff for 
each xe X and each Ve SO (f(x), there is a U e SO{x) such that f(U)cV. A weaker 
form of such functions under the terminology quasi-irresolute function was defined by 
Maio and Noiri [11] as follows. A function f : X-Y is quasi-irresolute if for each xe X 
and each Ve SO(f(x)), there is a U e SO(x) such that f(U) csclV. We now introduce a 
new class of functions as follows: 

Definition 2.1. A function f : XY is said to be strongly irresolute if for each 
‘point x_of X and each Ve SO(f(x)), there exists a U e SO(f(x) such that f(scl U) cV. 

Remark 2.2. Clearly a strongly irresolute function is irresolute. we give examples 
below to show that an irresolute function may not be strongly irresolute and that strong 
irresoluteness does not imply continuity. Since irresoluteness and continuity are 
independent notions [4], it then following that so are strong irresoluteness and continuity. 

Example 2.3. Let X = {a,b,c} and T = {@, X, {a}. The identily mapping i : 
(X,T)—>(X, T) is an irresolute map. Now, SO(X) = {@, X, {a}, {a,b}, {a,c}. Consider ae X. 
Then A = {a} is a semi-open set containing i{a) (= a), but there is no semi-open set 
U such that i (scl U)cA, because sclU = X, for amy non-null semi-open set J. Hence 
i is not strongly irresolute. 

‘ Example 2.4. On the set X = {a,b,c}, consider the topology T, and T, given by 
T, = {Ø, X, fa}, {b}, {a,b} and T, = {©, X, {b,c}. Then SO(X,T,) = {@, X, {a}, {b}, {a,b}, 
-{a,c}. {b,c} and SO(X, T,) = T,. It is easy to check that the identity map from (X, T,) 
to (X, T,) is strongly irresolute but not continuous. 

A space X is said to be semi-regular [5] if for each xe X and each semi-closed 
set F- with x ¢ F, there exist disjoint semi-open sets U and V such that x e U and F cV. 

Theorem 2.5. Let X be semi-regular. Then an irresolute finction f : XY is strongly 
irresolute. 

Proof : Let xe X and V be a semi-ópen set containing f(x). Since f is irresolute, 
‘there exists a semi-open set U containing x such that f(U) cV. Since X is semi-regular, 
- there is a semi-open set W containing x such that scIW cU. Then f (scl MIEN proving 
that f is strongly irresolute. 
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Theorem 2.6. For a function f : X->Y, the following staements are equivalent : 

(a) f is strcngly irresolute. 

(b) [F'(B], =f (sclB), for any BeY. 

(c) f([A],,)cscl f(A), for any AcX. 

(d) F'(B) is s-8-closed in X, for every semi-closed set B in Y. 

(e) (D) is s-9-open in X, for every semi-open set D in Y. 

Proof. (a)—(b}) : Let B be any set in Y. For any x¢ f! (sclB), there exists a semi- 
open set G in Y containing f(x) such that GAB = Ø. By (a), there is a semi-cpen set 
V in X containing x such that f(sclV) <G and hence f (sclV) 4B = Ø. This means that 
sciV nf! (B) = © and hence xe [f"'{B)],.. 

(b)—(c) : For any set A in X we have by (b), 

[Al ci (A), cf'(scl f (A). and hence 
f(A] cff (scl {A)) <scl f(A). 

(c)—=(d) : For any semi-closed set B in Y, we get by (c) f([F' (BH ,)cscl 
i(f(B))csciB = E so that [fF'(B)] _„c<f'(B). Thus f'(B) is s-8-closed. 

(d)—(e}) : Clear. 

(e}(a) : Let x be a point in X and V be a semi-open set in Y containing f(x). 
Then U = f"(V) is semi-@-open in X, and x ¢ X — f"(V). Since X — fF'(V) is semi-€-closed, 
there is a semi-open set U in X such that xe U and sclU n{X - PN) = Y, Le., 
scl U cf'(V). Hence f(sclU)cV proving that f is strongly irresolute. 

The concepts of S-closed and s-closed spaces as introduced in [14] and [11] 
respectively have been extensively studied by renowned topologists. Genster and Reilly 
[8] proved that every infinite topological space is embeddable as a closed subspace 
in a connected S-closed space which is not s-closed. 

Definition 2.7. A subset A of a topological space (X,T) is said to be semi-compact 
[2] (s-closed [11]. S-closed [13]) relative to X or simply an s-compact set ‘resp. s- 
set, S-set) iff every cover ð of A by semi-open sets of X admits a finite subfamily 


UU U U 
6, such that Ac, j PSP: A scl U, Aea 


It is clear that for any set A in 'a space X, A is s-compact -A is an s-set > 
A is an S-set, it is well-known that the reverse implications are not true, in ceneral. 

Theorem 2.8. Let f : X—Y be strongly irresolute. If A is an s-set in X tren f(A) 
is an s-compact set in Y. 

Proof : Let {U, : a e I} be a cover of f(A) by semi-open sets of Y. Fer each 
x€A, there existe œ el such that f(x) e Ug,. Since f is strongly irresolute, the-e exists 
a semi-open set Va, containign x in X such that f(scl Va) cUg,. Since (Vq, : xe A} 
is a cover of A by semi-open sets of X, there exists a finite number of po s x,... 

n n n 
x, in A such that A c U scl Vay. and hence f(A) cf( U 
i=1 f j=1 


clU). 


€E 


scl Vax.) = f (sc Vax) 


i=1 
n 
c U sel Ua, « Consequently, f(A) is an s-compact set in Y. 
I 


i=1 


38 , C. K. Basu 


In view of Theorem 25 we now deduce : r 
Corollary 2.9. If a function f is irresolute from a semi-regular space X to another 
space Y, then the image of an s-set of X is an s-compact set of Y. 


3. y- CONTINUOUS FUNCTIONS 


Definition 3.1. A function f : XY is said to by y-continuous at xeX if for each 
W e SO (f(x)), there is an open set V containing x such that f(V)csclW. We say that 
f is y-continuous on X if f is y-continuous at each point x of X. 

Definition 3.2, Let F be a filterbase on X. Then ad ¥ (s-0-ad F) is defined as’ 
the set  {cIF : Fe F} (resp. C{[F],, : Fe # }). 

Theorem 3.3. For a function f : X—Y, where X and Y are topological spaces, 
the following statement are equivalent. 

(a) f is y-continuous. 

(b) For each filterbase F on X, fad ¥)cs-6-ad (F). 

(c) f(clA) <s-8-clf(A), for any A c X. 

(d) cl(f"(A)) cf '(s-0-clA), for any AcY. 

“ (e) f (F) is closed in X for each s-0-closed set F of Y. 

(f For each semi-regular set R of Y, f° (R) is clopen in X. 

Proof. (a)—>(b) : Let x e ad Fand U any semi-open’set in Y containing i). Then 
by {a), there exists an open set V containing x such that f(V)esclU. Since x e ad Æ 
V'a F # Ø, for each F e & Thus sclU n f(F) # Ø, for each F e &. Then f(x) 
e's-0-clf(F), for each F e & and hence ffad ¥) cs-6-ad f (F). 

(b)—(c) : Let Zdenote the collection of all sets containing A. Then Fis a fillterbase 
on X. Now by (b), fad ¥)cs-6-ad f (F), but ad F = cIA and s-6- ad f (F) = 
s-0-cl f (A). Hence f(clA) -s-@-cl f (A). 

(c)>(d)': For A c Y, f(A) < X and hence. the proof is immediate. 

(d)->(e) : Let A be an s-8-closed set in Y. Now, x e cif (A) implies by virtue of 
(d), x e f° (s-@-clA). Then f(x) es-0-clA = A, i.e., x € f (A). Thus f'(A) is closed in X. 

(e)->(f} : Since every semi-regular set is s-6-closed as well as ee-OPet (f) follows 
at once from (e). 

(f)->(a) : For any point xe X, let W be a semi-open set containing f(x). Then sclW 
is a semi-regular set containing f(x). By (f), f'(sclW) is a clopen set in X. Taking V 

= f'(sclW) we get f'(V) cscl W, where xeV. 

Remark 3.4. y-continuity and continuity are independent notions ; also, so are 
y-continuous and irresolute functions. We consider the following examples to this end. 

Example 3.5. Let X = {a,b,c} and T = {Ø, X, {b}, {c}, {b, c}. Then SOM = {2, 
X, {b}, {c}, {b,c}, {a,b}, {a,c}. The identity mapping i : XY is then continuous as well 
ast irresolute, but not y-continuous. 

Example 3.6. Let X = {a,b,c} and T, = {@, X, {c}, {a,b} and T, = {@, X, {c}, 
{a, b}, {b}, {b,c}. Then SO(X, T,) = T, and SOX, T,)= T,. In this cace the identity mapping 
i, (X, T,)->, T,) is obviously neither continuous nor irresolute but it is y-continuous. 


On Strongly Irresolute and y-Continuous Functions 39 


Remark 3.7. y-continuous and strongly irresolute functions are independent of 
sach other in view if the following examples. 

Example 3.8. Let X = {a,b,c} and T = {Ø, X, {b}, {c}, {b, ch. Then SOX) = 
{@, X, {b}, {c}, {b,c}, {a,b}, {a,c}. The semi-closed and semi-6-closed sets of (X, T) are 
given by the collections {@, X, {a,c}, {a,b}, {a}, {c}, {b} and {@, X, {b}, {c}, {a,3}, {a,c}, 
{a} respectively. Here i : XX is obviously strongly irresolute. But i is not y-continuous 
- for, B = {b} is an s-68-closed set whereas i" (B) = {b} is not closed. 

Example 3.9. In Example 3.6. 1 is y-continuous but not strongly irresolute. 

Remark 3.10. Although each of .y-continuity and strong irresoluteness is 
independent of continuity, the latter property is achieved as the composition of the 
former two. That is, if f : XY is y-continuous and g : YZ is strongly irresolute then 
gof : XZ is continuous. 

In the next few theorems we investigate for some properties of y-continuous 
functions. Here certain similarities in the behaviours of such functions with hose of 
continuous ones can be noticed, although these two types of functions are independent 
of each other. 

Theorem 3.11. Let f X-»Y-be a y-continuous surjection. If X is conneczed then 
so is Y. 

Proof : If posible, let Y be not connected. Then there exists a non-void proper 
clopen set V (say) in Y. Obviously V is s-Ə-closed as well as s-8-open. Hance by 
y-continuity of f, f (V) is a clopen set in X which is non- empoy and Propel, and this 
is a contdadiction. Thus Y is connected. 

Theorem 3.12. Let f : XY be a y-continuous onto map and X be €-closed. 
Then Y is s-closed. 

Proof : Let s = {U, : œ e I} be a semi-open cover of Y. Then for each a,f i 
(scl U) is a closed set, since sclU, is an-s-0-closed set in Y. Obviously f i 
(scl U) is semi-open. Then by S-closedness of X, there exist «....... œE | such that 

n n 
X c U f (scl Ug ) which show that Y c U sel Ux, and hence Y is s-closed. 

j=1 i=1 

Matheshwri and Prasad [10] defined semi-T, axiom in the usual menner by 
replacing open sets by semi-open sets in the definition of T,-axiom. 

Theorem 3.13. Let f,g : XY be two y-continuous mappings and Y is semi- 
T,. Then the set {x e X : f(x) = g(x} is closed. 

Proof : Let A = {xeX : f(x) = g(x} and x¢A so that f(x) +» g{x). As Y is semi- 
T, there exist U e SO (f (x) and V e SO (g (x)) such that U ^ V = Ø and hence sclU 
n^ sclV = Ø. But sclU and sclV being semi-regular sets, i (sclU) and g” (scIV) are clopen 
sets containing x (using y-continuity of f and g). Taking W = f (sclU) ^ g7(szIV). We 
get an open set W containing x such that W ^n A = Ø. Therefore A is closed. 

Corollary 3.14. Let f, g : XY be two y-continuous mappings and Y be semi- 
T, If f and g coincide on a dense subset of X, then are identical on X. 
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Theorem 3.15. if Y is semi-T, and f : XY is a y-continuous injection then X 
is Urysohn. 

Proof : Let X,, X,, be distinct points of X. Then ws + f(x,) and hence there 
exist Ue SO(f (x,)) and U,e SO(f (x,)) such that U, ^ U, Ø. This implies that sclU, 

^ sclU, = Ø. But sclU. is aie regular and hence F (scl U) is clopen, for i = 1, 2. 
ae i (sclU,) af (sclU,) = . Thus X is Urysohn. 

Finally, in order to Archon the relative positions of the two types of functions 
introduced here among some of the various types of known functions, we recall the 
following definition. 

Definition 2.16. A function f : XY is 

(a) K-continuous [6] (completely irresolute [6]) if inverse image of each semi-open 
set in Y is open (resp. regularly open) in X. 

(b) 6-continuous [7] if for each x e X and each open set V containing f(x), there 
is an open set U containing x such that f(clU) cclV. 

(c) Completely continuous [1] if the inverse image of every open subset in Y 
is a regularly open subset of X. 

Remark 3.17. Every K-continuous mapping is y-continuous, that the converse 

is false follows from the example below. 

Example 3.18. Let x = {a,b,c}, 1, = {©, X, {a}, {b,c}, Y = {1,m,n} and Tt, = {O, 
{1}, Y}. We define a function f : (X, t,)-9(Y, t,) by f(a) = 1, f(b) = m and f(c) = n. Then 
f is y-comtinuous but not K-continuous. 

Remark 3.19. It is easy to see that: every y-continuous function is 6-continuous. 
But the converse is false, for, in Example 3.5 the identity function i is 6-continuous 
but not y-continuous. 

Theorem 3.20. Every completely irresolute function is strongly irresolute. 

Proof : Let f : X-»Y be completely irresolute. Let V be any semi-closed set in 
Y. Then f'(V) is regularly closed, i.e. f (VY) = clint fV). We claim that f'(V) is 
s-0-closed. Let x e X = f (V). Then there exists an open set U, containing x in X 
such that U, a f'(V) = Ø, i.€., U, A cl int f'(V) = Ø. But cl At f'(V) is semi-open 
and hence scl U, A cl int f'(V) = Ø so that scl U, © f'(V) = Ø. Then x e s-0-cl 
r' (V) and hence F (V) is s-8-closed. Consequently, i is strongly irresolute. 

Remark 3.21. We notice that a strongly irresolute maping is not completely 
irresolute. In fact, in Example 3.8, i : X-X is strongly irresolute, but {a,c} is semi-open 
without being regularly open. 

The implicational aspects of different types of functions discussed so far, are 
thus finally summed up in the following diagram : 


i 


Strong irresolute =$ irresolute = quasi-irresolute 
tt tt ft 
Completely irresolute = K-continuous = y-continuous 
4 y i? 


Completely continuous = continuous => 8-continuous 
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ON THE CURVATURE TENSOR OF A SEMI-SYMMETRIC 
SEMI-METRIC CONNECTION 


GOBINDA CHANDRA SARKAR 


ABSTRACT. A semi-symmetric semi-mertic connection has been introduced by Barua 
and Mukhopadhyay and the curvature tensor of such a connection has been deduced 
by them. The nature of the Riemann curvature tensor has been studied after putting 
some restrictions on the curvature tensor of the semi-symmetric semi-metric. connection. 


1. INTRODUCTION . 


A semi-symmetric semi-metric connection V ona Riemannian manifold is sBeNNED 
by [i]. 


(Vig Y Z =2a Xg Y, Z-a X 2-a gN, X... (1.1) 


where g is the Riemann metric on the manifold and o is a differentiable 1-form, 


called the associated 1-form. The torsion tensor of. the connection V is given by 


Tt, 2=a Z@y-a (y)z a ee (1.2) 

It is known that the connection V is of the form [2]. 
W2Z=VWZ-a0MZ¢9M%2DA © eae (1.3) 
where V is the Riemann connection and A is the associated vectorfield defined by 


g (A, X) =a (X) «= deere (1.4) 
The curvature tensor R(X, Y) Z of Vis given by | 


R(X, YZ = R (X, Y) Z - 2da (X, Y) Z + g (Y, Z) LX - g X, Z -LY ET (1.5) 
where LX =V,A + a (X)JA and R (X, Y) Z is the Riemann curvature tensor. 


Defining K (X, Y, Z, U) = g (R (X, Y) Z, U) and K (X, Y, Z, U) = g (R(X, Y) Z, U), 
we get 


K (X, Y, Z, U) = K (X, Y, Z, U) - 2da (X, Y) g (Z, U) + g (Y, Z) à (X, U) 
-g (X, Z) rw (Y, U) ...... {1 .6) 
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where 

MX, U) = g (LX, U) = (Vœ) (U) + a X) a U) ae (1.7) 

it can be seen from (1.6) that K (X, Y, Z, U) + K (Y, X, Z, U) = O. Eut the 
other three identifies, satisfied by K (X, Y, Z, U) are not, in general, satisfed by 
K(X, Y, Z, U). 

By direct calculation follows that— 


K (X, Y, Z, U) + K (Y, Z, X, U) + K Z, X, Y, U) = O 
if and only if da = 0. Then (1.6) reduces to 


K (X, Y, Z, U) = K (X, Y, Z, U) + g (Y, Z) à (X, U) - g (X, Z) à (Y, U)... ... (1.8) 
and à (X, U) = A (U, X). 


Throughout this paper we have considered da = O. 
2. THE OTHER TWO IDENTITIES 


lt is known that the Riemann curvature tensor K (X, Y, Z, U) satisfies. 
K (X, Y, Z, U) + K (X, Y, U, Z) = O and K (X, Y, Z, U) = K (Z, U, X, Y)... (2. 1) 


which are, in general, not satisfied by K (X, Y, Z, U). 


Let K (X, Y, Z, U) + K (X, Y, U, Z) = O. Then, 
g (Y, Z) A (XU) - g (X, Z) A (Y, U) + g (Y, UA (X, 2 - g X, U) ALY, Z) = 0 


Summing fer Y and Z, we find 


tra 
A(X, L) =—9 (X, U) aa eee (2.2) 
The same result holds, if K (X, Y, Z, U) = K (Z, U, X, Y) 


On the other hand, if (2. 2) holds, then the two identities in (2.1) are satisfied. 
in this case— 


K KY Z, U) = K X, Y, Z, Ù) + "È {g % 29K U) -g X, Z) g (Y, UI ee (2.3) 


If now, K X, Y, Z, U) vanishes identicaly, then, 


KKY z, U) = FE tg X Z) g Y, U) -g X, U) g Y, z) en (2.4) 


Theorem 2.1. If the curvature tensor of a semi-symmetric semi-metric connection 
vanishes identically, then the manifold is of constant curvature. 
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3. FIRST SET OF RESTRICTIONS ON R(X, Y)Z AND T (Y,Z) 


Let the curvature tensor R (X, Y) Z and the torsion tensor T (X, Z) of the semi- 
symmetric semi-metric connection satisfy the relations, 


a (RX, YZ =O 0 (3.1) 


and R X, Y} oT =O 2 2 (3.2) 
It is known that [3] 


(R(X, Y)T) (U, V) = R(X, Y) T (UV) - (R(X, Y) U, V) - T (U, RX, YW - 


(Yo (U,V) 
In view of (3.1) and (3.2), the above is equivalent to 
(Veet) (OV) =O (3.3) 
Now, using (1.3), we get 
(VT) (U,V) = {A(X, V) - ag(X, V} U - {AQGU) - ag (X,U} V -++ ose (3.4) 


where a = g (A, A) = a (A). Substituting from (3. 4) in (3. 3) we gat 
œ (X) K MY, V) - ag (Y, V} U - { A (Y, U) -ag (Y, U} VI 

=a (Y) K MX, V) - ag (X, V} U - { à (X, U) -ag (X, U} VI 

from which, we get 

a (X) K MY, V) - ag (Y, V} = a M) ~ { A (X, V) -~ag (X, V} 


Putting Y = A, we get form the last equation 


a(X) { MA, V) -aa (NV)}=a{\ (X, V) -ag (X, V} uan (3, 5) 
Again, putting V = A in (8.5), we get 
r (X, A) = AO o Xe (3.6) 
Substituting (3.6) in (3.5), we get 
A (X, V) = B ao (X) a(V) + ag (X, V) =- «e+ (3.7) 
where 

B= eee (3.8) 


a 


In view of (3. 7), we get from (1. 8) 


K (X, Y, Z, U) = K (X, Y, Z, U) +a {g (Y, Z) g (X, U) ~ g (X, Z) g (Y, U} 
+B{9g Y, Za% a (U) -g X, zZ) a (Y) a (U)} see e (3.9) 

From (3.8) we find 8 = O if and only if A is a geodesic congruence. If moreover, 
K (X, Y, Z, U) vanishes identically, then (3.9) reduced to— 


K (X, Y, Z, U) = a {g (Y, Z) g (X, U) - g (X, Z) g (Y, U} „+. (3.10) 
Theorem 3.1 If the curvature tensor of a semi-symmetric semi-metric connection 


satisfies (3.1) and (3.2), then it is given by (8.9). 
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Theorem 3.2 If on a flat manifold the associated vector field of a semi-symmetric 
semi-metric conrection is a geodesic congruence then the manifold is of constant 
curvature with respect to this connection. 


4. SECOND SET OF RESTRICTIONS ON R (X, Y) Z AND T (Y, Z) 


Let the cu-vature tensor K (X, Y, Z, U) and the torsion tensor T (Y, Z) satisfy, 
K (X, Y, Z, U) =g (Y, U) {0 X a (Z) + o (Z) aœ 0} 

-g X~ UL{oMaZ@io(Za MV £2 vee ee (4.1) 
and (YV T)(% ZJ =o QTY ne ee (4.2) 
where o is a differentiable 1-form. 

From (4.2) we get 


Ye B= Ma ane nee (4.3) 
and (V Ah= oO QA > (4.5) 
Therefore 
LX Z=o(X~a(Z+1aXa(Zp 42 a ne (4.5) 
Again— 

A (X, Z) = A (Z, X)-implies 
z _ F(A) 
o (X) = t o (X), t p O (4.6) 
Hence i (X, Z) = (t + 1) a (X) a (2) wee eee(4.7) 


Using (4.7) in (1.8) we get 
2t {g (Y, Y) a (X) a (Z) -g (X, U) a (Y) a (Z)} 
= K (X, Y, Z, U) + (t-+ 1) {g (Y, Z) œ X) a (U) -9 (X, Z) a (Y) a (U)... (4,8) 
t = 1, we find o (X) = a (X) and 
K (X, Y, Z, U) = 2 {g (Y, U) a (X) œ (Z) - g (X, U) @ (Y) a (2) 
+9 X 30a Meu- ZaM eU aa (4.9) 
Hence the manifold is of almost constant curvature [4]. 


Theorem 4.1. If the curvature tensor of a semi-symmetric semi-metric ccnnection 
satisfies (4.1) end the torsion tensor is recurrent, then the 1-form of recurrence must 
be a scalar multiple of the associated 1-form. In this case the associated vectorfield 
is also recurrent. 

Theorem 4.2. If the curvature tensor of a semi-symmeteric semi-metric 
connection sat:sfies (4.1) and the torsion tensor is recurrent, the 1-form of recurrence 
being the associated 1-form, then the manifold is of almost constant curvature. 
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CONVERGENCE OF THE EIGEN-FUNCTION EXPANSION 
CORRESPONDING TO A MIXED STURM-LIOUVILLE PROELEM 


Jyoti Das AND ArRNAaB KUMAR CHAKRAVORTY 


ABSTRACT : The convergence of the eigenfunction expansion of an arbitrary f £ L?[a,b], 
(the class of all junctions square-integrable on [a,b]), associated with a mixed Sturm- 
Liouville problem is connected with the convergence of the eigenfunction expansion 
of f associated with a “suitable” separated Sturm-Liouville problem and thereby the 
congergence of the said expansion under “Fourier conditions” is established. 

Key Words : Mixed and Separated Sturm-Liouville problem (SLP), Resolvent operator, 
Fourier conditions. 


1990 AMS Sukject Classification : 34B 
1. INTRODUCTION 


A study of boundary value problem associated with a second order differential 
equation plays n important role in the theory of differential equations because of its 
application to the physical problems. The differential equation 


Liy] = — [p() y® J] + axy) = Ay(x), a < x < b. we. (1) 


where p and q are real valued functions on [a,b], so that L[y] is well-defined on [a,b] 
for all sufficiently differentiable functions y, p(x) # O on [a,b] and 2% is a complex 
parameter, is known as the Sturm-Liouville equation. 


The boundary value problem consisting of this Sturm-Liouville equation and two 
boundary conditions, one at each end x = a and x = b is referred to as the separated 
SLP. In [8] Titcrmarsh has discussed thoroughly this separated SLP and has shown 
that the eigenfunction expansion of an arbitrary function f e L?[a,b] with respect to 
this separated SLP behaves as regards convergence in the same way as the ordinary 
Fourier series of f i.e. it converges if and only if the ordinary Fourier series converges 
and it converges to the same limit. 
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In this paper we deal with the convergence of the eigenfunction expansion of 
a function f e L2[a,b] with respect to the mixed SLP consisting of the Sturm-Liouville 
equation (assuming p(x) = 1) and the two mixed boundary conditions. 


ay(a) + ay") (a) + ay(b) + ay (b) = 0, elas ete (2) 
b,y(a) + by” (a) + b,y(b) + b,y™ (b) = 0. 
where a, b (i = 1, 2, 3, 4) are real constants. 


It is obvious that the a ‘s are not proportional to the b's (i = 1, 2, 3, 4), otherwise 
the boundary conditions in (2) will be linearly dependent.’ 


Before we can write down the eigenfunction expansion of an f e L?[a,b] with 
respect to a SLP, we are to assure that the corresponding SLP is self-adjoint, while 
a separated SLP is always self-adjoint. A mixed SLP is self-adjoint if and only if the 
co-efficients a, b, of the boundary conditions (2) satisfy (vide [5]) 


àb = ab ALD AD siirre (3) 


Following Eastham [2], we find that there exists a countable set of values of A, called 
the eigenvalues, say {i}, (vide [4]) so that the SLP consisting of (1) - (2) [under the 
restriction(3)], has non-trivial solution, sdy y, (), called the eigenfunction, for à = À. 


Given an arbitrary function f e L° [a,b], the series dic w(x) where c, = if F(thy_(t) dt, 
n a 
is known as the eigenfunction expansion of f with regard to the mixed SLP(1) - 
(2) - (3). . 
Our aim is to establish the convergence of this eigenfunction expanision 
2c y (x) under suitable restrictions. In this direction we prove the following theorem : 


Theorem : Let p and q Satisfy the following : 
(a) p is absolutely continuous on [a,b] Y b > O and p(x) > 0. 


(b) g is continuous and integrable on [a,b] Y b > 0. Then the eigenfunction 
expansion of an arbitrary function f £ L7[a,b], associated with the mixed SLP consisting 
of (1) ~ (2) [under the resiriction (3)] behaves, as regards convergence, in the same 
way as the ordinary Fourier series of f does. 


That is, it converges to otf + 0) + f(x -o)}, if, for example f(x) is of bounded 


variation in the neighbourhood of x. Such conditions on f that ensure the convergence 
of the Fourier series of f are referred to as “Fourier conditions”. 


This is achieved by relating this eigenfunction expansion ic y(x) to the 


eigenfunction expansion of f, associated with a corresponding “suitable” separated SLP. 


It may be pointed out that given a mixed SLP, we are to choose a separated 
SLP suitably so that our purpose is served. There do exist several such suitable 
separated SLPs, none of which has any special advantage over the others. 
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2. RESOLVENT OPERATORS OF THE BOUNDARY VALUE PROBLEM 


To avoid cumbersome calculations, we assume that p(x) = 1 in (1). The case 
p(x) + 1 can be treated with suitable transformation reducing (1) to an equaton of 
the same type but with p(x) = 1. 

Given any f £ L?[a,b], we consider the inhomogeneous differential equation 

— yË (x) + ay) = yx) — f). cc eecseeeeeeeeeees (4) 

The solution of this differential equation that satisfies the boundary conditions 
of a SLP is known as the resolvent operator of the said SLP. 

Let @, (x, A) denote the resolvent operator of the mixed SLP (1) — (2) — (S), while 
®, (x, A) denotes the resolvent operator of the separated SLP consisting of (") and 
the boundary conditions 

ayla) + ay" (a) = 0, rae (5) 
b,y(b) + b,y® (b) = 0. 
The importance of this resolvent operator is clear from the following relation : 


D A= E Wath ee (6) 


established by Titchmarsh [3]-p 16. So, if we consider the integral, 


I = = h D, 06 A) Ah, orseseaseseerertens (7) 


F 


where T is a large closed contour in the A-plane, then I. is a finite sum of the Sturm- 
Liouville expansion dc yw (x). 
n 


Hence to prove the convergence of $c w (x), it is sufficient to prove that I. tends 
n 


to a finite limit as T extends and becomes infinitely large. 
lf > (x, A) and y (x, A) are the solutions of (1) satisfying the conditions 
PEA eo ae ieee tine (8) 
x (b, à) = b, x (b, A) = - by 
Titchmarsh [3] has shown that the Wronskian W (6, y) is independent of x so 


that we have 
w(A) 


W (6, x) & 

(x, Mx" &% A) = 6" O&A XO A) 
ay (a, 4) + a, x” (a, A) 

- b, 6 (b, A) - b, ” (b, A) } 

and the resolvent operator © (x, 4) is given by 


DK 2) = EO M [ow NF) dy + 60 A) J 2% A) fy) dy] .....(10) 


lt 
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3: THE RELATION BETWEEN THE TWO RESOLVENT OPERATORS 


As the resolvent operators ®, (x, à) and ® (x, à) satisfy the inhomogeneous 
equation (4), their difference ®, (x, A) — ® (x, A) will satisfy the corresponding 
homogeneous equation (1) ; so it can be expressed as the linear combination of the 
two linearly independent solutions b (x, A) and y (x, A) of (1). 


Let $, (x, A) - @ (x, A) = C,O (XK, AHO XK, AD ae ee (11) 
where c, and c, are independent of x. 

Using (10) we then have 

p, (x, A) = c > (x, A) + C, x (X, A) + 


a x% A 7 OM A Ff) W dy+o% Dix& FW) dy). ...... (12) 


4. DETERMINATION OF THE CONSTANTS C, AND C, 


Since ®, (x, A) satisfies the mixed boundary conditions (2), then 
a, (a, A) + a, (a, A) + a, (b, A) + a, ©, (b, A) = 0, 


b,b, (a, A) + b,®,” (a, A) + b,®, (b, A) + b, &,™ (b, A) = 0, 


- In the sequel, for brevity, we will use the notations 


16 Wy. A) f (y) dy = , f} 


ix) fy) dy = bo f 

Substituting for ©,” (a, A), ©, (b, A) (r = 0, 1) from (12) in (13) we find the equations 
for the determination of c, and c, as 

c, {ab (b, A) +a, oO (b, A} + c, {w (A) + (a,b, - a,b} 

1 
= = way es - a,b,) {6, fh | 

c, { - (a,b, - a,b) - wA} + c, {b, x(a, A) + b,x (a, A)} 

1 
= = wae fact a,b,) {¥, f}. 

ab (b, A) + a, ¢® (b, A) w (A) + (a,b, - a,b,) 


Let A (A} = 
ý - (a,b, - a,b) - w(A) b, x(a, A) + b x® (a, A) 
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By Cramer’s rule [writing A (A) w (A) = Aw ] we get 
c, =< [ (ab, - ab) tb, x(a, 2) + bx” (a, A io A 
~ta,b, - a,b,) {w (A) + (a,b, - a,b,) {x, fH, 
c, =—- [ ~ (a,b, - ab) flab, - a,b.) + w A} (6, f 
+ (a,b, - a,b,) fa, > (b, A) + a, ¢® (b, A} fy, fH. 
5. THE EIGENFUNCTION EXPANSION 


In order tc discuss the convergence of the eigenfunction expansion of f e L? [a,b] 


with respect to the mixed SLP, we shall consider = f e D(x, A} da, 
N 


where I, iS a closed contour in the A-plane, which is symmetrical about the real 
A-axis. The required eigenfunction expansion is obtained on extending the contour T, 


indefinitely large. 
Putting à = s? = (o + it)’, we suppose that the contour T, in the A-plane corresponds 


to the contour y in the s-plane, where y, consists of the lines 


o= oy = (N+ 5) n/ (b-a), aans Ea] 


t=tt=4(N+ 1) n/b-a,0<o< (N+ À) n/a fom (16) 
We shall show that as N —> œ 
1 1 
= I, D, (x, A) dA > ff + 0) + i= sate eens (17) 
whenever the Fourier series of f converges to f(x + 0) + f(x - 0) 
We note that 
J. ®, K A dA = J, COX A) + cx (x, A} dà + 1, D, (x, à) dà 
a a S: ee (18) 


Using the expressions (15) obtained for c, and c,, we get 


be L (a,b, - a,b) Ew A) x x 4) -{b,x(a A) + b,x” (a APO A) 


Uy 
- (a, D ~ a,b) x &, à) {o, f} + Ew (A) > x, A) + fa,o ©, A) 
+ ad (b, A} xX (x A) - (a b,- a b) o (x, AY] i f] de 
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= |. — (a, b, - a,b) E% A) % fen & A) & fl ar 


N Aw 


(a 


7 bry Aw 


„b, = a,b) [x & A) + 0% A) Do AY dr......(19) 


where & (x, 4) = - fb, x(a, 4) + b, x" (a, 3} O (A) = (a, b, - a,b) x & À, 


n(x, A) =- (a,b, -a b) 6 (x, à) + {a,0(b, A) +a” (b, AREY (x, A). 
6. ESTIMATES OF € (x, A), 7 (x, A), o (x, A), x (x, A) 


It is clear that € (x, A) and n(x, A) are those solutions of (1), which satisfy the 
conditions 
(1) 
E (a, 4) = - b, w (A), E" (a, A) 
(1) 
n (b, À) poig a, Ww (A), n (b, À) 


where w(A) is given by (9). 


ii 


b, w (A), 
a, w (A), 


Hence, by using the method of variation of parameters, we can prove that 


E(x, A) = - = b, w (A) sin {s (x - a} - b, w (A) cos {s (x - a} 
+ 1 f sin {8 & - y} a W) EW AN dy, 
n(x, à) = - < a, w (A) sin {s (b - x} - a, w (A) cos {s (b - x)} 


+ 2 f sin fs & - yaw) n A dy 


Following Titchmarsh [8] we can then find the estimates of € (x, A) and n (x, A) 
as given below 
E (x, A) = - b, w (A) cos {s (x - a}} + 0 {e 


n(x, A) = = a, w (A) cos {s (b — x} + 0 fe 


It | a) 


}, 
[t| (o~x) i, errr (21) 


as | A |o 


The estimates of (x, A), x(x, A) given below were obtained by Titchmarsh 
o (x, A) = a, cos {s (x - a} + 0 isl et? } 
7x, (x, A) = b, cos {s (b - x} + 0 {is| 


7 


i as JA jo een (22) 


-1 |t}(o-9 
e 
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7. ESTIMATES OF |, {c, (x, 4) + c, x(x, A} dà. 


Using (22) in (14) we can show that as | A |=, 


1 B -2 -2|t|(o-a) 
ae = 0 (Isle a (23) 
Wa = fom DTW) dy= 0), ares (24) 
wto = fxm ATY) dy = 0 eP) aan (25) 
Then using (23) - (25) in (19) we get 
L = J, de 0, A + ox 6% A} dà. 

= J, = @, b,- a, b) [8% A). + ng A) {x HI] dA + 

bry — (a, b, = a, b) [x A. + OO 2). & H] GA, 
= 0 J, Is| fo" + e°} ds], as [Aloe eens (26) 


8. PROOF OF THE THEOREM 


Writing s = o + it for the part of the contour I, that corresponds to 
o = (N + =) EI (b-a) = wy (say), - O SES Qy 
the contribution to |, is 


"N -itj &-a) ~|t](b-x) 
opty gees oh) at] = 0 (+). 


Any M N N 


Similarly for the part of the contour T, that corresponds to 
t=+(N + =) n / (b -= a) = + a (say), 0 < o SQ, 


the contribution to l is 


ON ~it! &x - x 
OC fie ee) ol Oe): 
(Aa 


On o N 
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So, I, being a contour symmetric about the real axis, we get 


i 


Ż)=0()asN>%. 
> : 


N 


L = fedo 0% A) + ©, x(x, A} dà. ! 


H 
O 


Hence J, ®, (x, A) dà = f, ® (x, A) dà + O(I) as N>. o usen (28) 


This proves that the eigenfunction expansion of an arbitrary f £ L [a, b] associated 
with a mixed SLP is convergent if and only if the eigenfunction expansion of f associated 
with a suitable separated SLP is convergent. 


Following Titchmarsh [3] we know that if f satisties “Fourier condition” then as 
N > œ 


1 fo w(x, A) dà 1 {f(x + 0) + f(x- 0} 
2ni TN 2 


This, in conjunction with (6) and (28), proves that the eigenfunction expansion 


XC w(x) of f converges to k { f (x + 0) + f (x - 0)} whenever f satisties Fourier conditions. 


' This establishes our theorem. 
9. REMARK 


Given any mixed SLP we can always select a corresponding separated SLP so 
that the convergence of the eigenfunction expansion of an arbitrary f e L? fa, bl, 
corresponding to the mixed SLP is guided by the convergence of the eigenfunction 
expansion corresponding to the separated SLP as shown in (28). It therefore becomes 
clear that as far as the convergence of the eigenfunction expansion is required, one 
need not go into the complication arising due to the mixed boundary conditions ; a 
suitable set of separated boundary conditions serves the purpose. 


In this paper, the separated boundary conditions taken into consideration are 
given by (5) ; other types of separated boundary conditions might have been chosen 
but the resulting calculations might be too clumsy. It is obvious that (5) could be replaced 
by the set of boundary conditions 


aiio 


a, y (b) + a, y") (b) = 0, 
without any significant change in calculations. 
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ABSTRACT : In the present article, certain new types of sets are introduced for a 
bitopological space. This provides a new approach towards the study of bitopological 
quasi H-closed spaces ; a few characterizations of such a space are established here 
to justify the contention. \ 
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H-closed and quasi H-closed (QHC) spaces are extremely well known concepts 
of topology, and the same have so far been studied to a great extent. Extensions of 
these concepts in bitopological setting have also been investigated by many (e.g. see 
[3, 5, 7, 9]). The present paper is a continuation of the latter study, and we have 
introduced here certain types of sets which play key roles in characterizing a 
bitopological QHC space from an altogether new view point. 


Throughout the paper, by a space (X, Q,, Q,) or simply by X we shall mean a 
bitopological space [4] X endowed with two arbitrary topologies Q,, and Q,. For a subset 
A of (X, Q, Q,), Q-int A and Q-cl A will respectively stand for the interior and closure 
of A in (X, Q), where i = 1, 2. According to Kariofillis [3], a point x in (X, Q, Q,) is 
said to be in the ij-6-closure of a subset A of X, written as x e ij-@-cl A iff for every 
Q-open set U containing x, (Q-cl U) m A = Ø, where and henceforth in every such 
sentence involving both i and j we assume i, j = 1, 2 and i # j. A set A in X is called 
ij-6-closed iff A = ij-6-cl A. The complement of an ij-@-closed set is called an ij-8-open 
set. The ij-6-interior of a set A in X, denoted by ij-9-int A, consists of those points 
x of A such that for some Q-open set U containing x, Q-clU «< A. A set A is called 
ij-6-open iff A = ij-0-int A, or iff (X — A) is ij-6-closed [1, 3]. A Q-open set U will 
be called an jj-regularly open set [12] or simply an ij-roset iff U = Q-int Q-cl U and 
complements of ij-rosets are called ij-regularly closed sets or simply ij-rc set. 

A set A in (X, Q,, Q,) is called ij-5-closed [10] iff for each xe (X - A), there is 
a Q,-open set U containing x such that (Q-int Q-cl U) ^n A = Ø. The set A is called 
ij-5-open [10] iff (X - A) is  ij-6-closed. The class of all ij-6-open sets in X forms a 
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topology af, called the ij-semiregularization topology [8, 12] such that @° c Q, and 


the family of all ij-ro sets of (X, Q,, Q,) forms a base for Q, A property P of a bitozological 
space (X, Q, Q,) is called a pairwise semiregular property [8] provided (X, Q,, Q,) has 


P iff (X, Q’, a7) possesses P. We now state a few known results that we shall use 


in course of the subsequent deliberations. 


Theorem 1. [1, 3, 8, 9, 10] For a bitopological space (X, Q, Q,) the following 
hold : 


(a) The collection of ij-6-open sets in X forms a topology Q? on X such that 
a a a` cQ. 
(b) f A c B c X, then ijj-6-int A c ij-6-int B and ij-6-ci A c ij-8-cl B. 


(c) If A (c X) is Q-closed, then Q-int A = a? int A = ij-0-int A. 


(d) If A is Q-open in X, then Q-cl A = Q -cl A = ij-9-cl A. 


We now introduce the following definition. 

Definition 2. A set A in a space (X, Q, Q, is called an 

(i) ij-0°-set iff A = ij-6-int B, for some BcX, 

(ii) ij-0°-set iff A = -ij-6-cl B, for some BcX. 

Note 3. It is easy to see that for any set A in X, ij-6-cl (X —A) = X — (ij-6- 
int A). Thus a set A is an ij-6°-set iff (X — A) is an ij-6%-set. 

Proposition 4. For any two sets A and B in a space X, 

(a) ij-@-cl (A o B) = (ij-@-cl A) ù (ij-6-cl B) 

(b) ij-6-int (A ^ B} = (ij-0-int A) ^ (ij-6-int B). 

Proof. (a) Clearly, (ij-6-cl A) o (ij-6-cl B) cij-6-cl (A U B). Now, x æ (ij-6-cl A) 
U (ij-0-cl B) = there exist Q-open sets U, V containing x such that A ^ G-cl U = 
B ^ Q-cl V = Ø. Then U N^ V is a Q,-open set containing x such that (A u B) ^ 
Q-cl (U ^ V) = Ø. Hence x ¢ jj-6-cl (AUB). 

(b) Similar to (a) and is omitted. 

Corollary 5. The family o, = {ij-0-int A : A cX} forms a base for some topology 
Q, (o) on X. 

Again, from Theorem 1 (c) it follows that 

Proposition 6. Every ij-roset is an ij-6°-set. 

It is known [9] that for any subset A of a space (X, Q, Q,)}, ij-6-cl A =0{Q -cl 


V:A cV e Q} It then follows that ij-6-int A = U {Q-int V : V cA and V is Q -closed 
in X. Hence we obtain : 


H 
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Theorem 7. Every ij-9°-set is the union of ij-rosets and hence is ij-ð-open as 
well as Q-open. l 


It now readily follows in view of corollary 5, Theorem 7 and proposition 6 that 
Theorem 8. For a space (X, Q, Q), Q(o,) = Q? and hence O, forms an open 


base for the semireguiarization topology Qʻon X. 


Theorem 9. [5] A space (X, Q,, Q,) is said to be ij-QHC iff every Q-open cover 
of X has a finite Q -proximate subcover (i.e., a finite subfamily the union of whose 
members is Q-dense in X). 


Theorem 10. A space (X, Q, Q) is ij-QHC iff whenever u is a cover of X by 
ji-0°-sets such that for each point x of X some member of u is a Q- neighbourhood 
of x, then u has a finite subcover. 


Proof. Let u be a cover of an tj-QHC space X by ji-9°-sets with the stated property. 
For each x e X, there exist a U, e p and a Q-open set V, such that x e V, cU. 
The collection {V, : x e X} is then a Q-open cover of X, and consequently by ij-QHC 


n 


property of X, there is a finite subset {x,, X, ........ x} of X such that X =. ù Q-cl 
k=1 


n n A 
ł 
—y $ * 7, = 
i Q-cl U, = be Ux, since U, ’s are Q-closed sets. 


atte 
“ne 


Coversely, let the given condition hold for a space X and u be a Q-open cover 
of X. For each x e X, there exists U, e u such that x e U. By Theorem 1 (d) we 
have, V, = Q,- cl U, = ji-8-cl U, and hence V, is a ji-@°-set for each x e X. Then {V, 
: x e X} is a cover of X by ji-@°-sets with the stipulated property. Thus we obtain, 


n n 


X= U Va, = J Q -cl U, for a finite subset (x,, Xs- X} OF X, and this proves 
kæft k=ł 


that X is ij-QHC. , 
Definition 11. A family Zof sets in a space (X, Q,, Q,) is said to possess ij- 
6°-FIP iff the ij-6-interior of every finite intersection of members of Z is non-void. 
Theorem 12. A space (X, Q,, Q,) is ij-QHC iff every family of ij-0°-sets with ji- 
6°-FIP has non-null intersection. 
Proof. Let X be an ij-QHC space and {F, : œ e A} be a family of ij-9°-sets in 
X with ji-0°-FIP. f N F= ©, then u = {X= F,: a e A} is a cover of X by jj-6°-sets 


QEA 


and hence u is also a Q-open cover of X. Since X is ij-QHC, we have : 


n 
X ae (x -F, for a finite subcollection { X -F,, , X ees eX - F, } of p. 
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n n n 
Thus Ø = X - U Q-cl (x - Fy, ) = N Q-int F,,= N ji-6-int F, (by therorem 4 (c)) = 
k=t k=1 k=1 


ji-9-int i Fa [by Proposition 4 (b)], which contradicts that {F, : œ e A} hes ji-6°- 
k=l 


FIP. 


Conversely, let ‘the given condition hold in a space X. We first shcw that 
(x, QS, Q$) is ij-QHC. Since the family of all ij-6°-sets of X forms a base for Qř, it 


suffices to show that every cover of X by jj-0°-sets has a finite Q? -proximate subcover. 
So let p = {U, : & e A} be a cover of X by jj-6°-sets. Then {X - U,: ae A} ES 
say) is a family of ij-6°-sets with nF = Ø, so that F cannot have ji-6°-FIP. This there 


n 
exists a finite subset {X - Us, ..., X-Ua«,} of F such that ji-6-int iG =U J- Ø. 


n 


n n 
N (x =U |l- ji-6-cl č ta fo U,, (by proposition 


Then X = X—ji-9-int | 
k=1 


ii 
4 (a) = U aj-cl U, (Since U, ’s are Q-open). Hence (X, Qf, Q3) is ij-QHC. Since the 
k=1 


property of a space being ij-QHC is known [8] to be a pairwise semiregular property, 
(X, Q, Q) is ij-QHC. 


Definition 13. Let {U. : ae D} be a net of ij-9°-sets in a space X with the 
directed set (D, =) as its domain. A point x of X is said to be an ij-6-adherent point 
of the net if for each œ e D and each Q-open set V containing x, there exisis B e 
D with B 2 « such that U, A Q-cl V # Ø. 


Theorem 14. A space X is ij-QHC iff every net of non-null ji-6°-sets hes an ij- 
8-adherent point. 


Proof. Let iU: & e D} be a net of non-null ji-0°-sets in the ij-QHC space X. 
For each a e D, let F, = jj-6-cl [ U {U, : P e D and B 2a}. Then ¥={F_: ae 


D} is a family of ij-9°-sets with ji-9°-FIP. By Theorem 12 there is an x e N F,. Then 


aeD 
for any Q-open set V containing x and a e D (Q, -el V) A [Y {Uy B e D ana Bza} 
# ©. Thus there & some B e D with B2«a such that (Q..clV) ^ U, # >. Hence the net 
{U.: a e D} of j+0°-sets in X has an ij-9-adherent point in X. 
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Conversely, let F be a collection of ij-@°-sets in X with ji-@°-FIP. Then the family 
F of all finite intersections of members of #becomes a directed set under the relation 
>, where F, > F, iff F cF, (F, F, ¢ Z`). For each F e & , we assign ihe set ji-6- 
int F which is non-null, as # has ji-6°-FIP. Then {ji-6-int F: F e (F , 2} is a net of 
non empty ji-9°-sets in X. By hypothesis, some point x of X is an ij-8-adherent point 
of this net. We only show that x e n & the rest follows from Theorem 12. Let Fe 
F and V be a Q-open nbd of x. Since F e F`, there is some Ge F with G > 
F (i.e. GcF) such that (ji-6-int G) ^ Q, - cl V # ©. Then {ji-8-int F) N Q - cl V # ©. 
Thus x e ij-6-cl (ji-9-int F) = Q-cl Q-int F (by Theorem 1, since F being an ij-9°-set, 
is Q-closed) < F. Thus xe nN& 

Let us now set the following definition of another class of sets in a bitopological 
space. 


Definition 15. A subset A of a space (X, Q,, Q,) is said to be ij-c-open if A 
c Q-int Q-Cl Q-int A. 

Remark 16. Clearly, a Q-open set is ij-a-open and an ij-a-open set is ij-semiopen 
(a set A in a space (X, Q,, Q,) is called ij-semiopen [2], iff there exists a Q-open set 
U such that U cA ec Q-cl U, or equivalently, AcQ cl Q,-int A). 


Definition 17. A point x of a space (X, Q,, Q,) is said to be an ij-a-adherent 
point of a set A (c X) if every ij-a-open set U containing x interesects A. The set 
of all ij-a-adherent points of A will be called the ij-a-closure of A, to be denoted by 
ij-a-cl A. 

Lemma 18. For any ji-semiopen set A in a space X, jj-o-cl A= Q, - cl A. 


Proof. Clearly, ij-a-cl A <Q-cl A, as Q-open sets are ij-a-open. Now, x œ ij- 
a-cl A => there is an ij-x-open set V with x e V such that AN V = © = Q-int A 
Nn Q-nt V = Ø > Q -int A ^ Q-cl Q-int V = Ø = Q -int A NQ-int Q-cl Q-int V= 
© => Q-cl Q-int A ^ Q-int Q-cl Q-int V =Ø. Now, x e V c Q-int Q-cl Q-int V = 
W (say) e Q, such that Wm A c Wo Q-cl Q-int A (as A is ji-semiopen) = ©. Hence 
x € Q-cl A. This proves the lemma. 

Theorem 19. A space (X, Q,, Q, is ij-QHC iff every cover u of X by ij-a-open 
sets has a finite subcollection u, such that X = Ufji-a-cl U : U e ph. 

Proof : Let u be a cover of an ij-QHC space X by ij-c-open sets. For each U 
E€ yp, Q-int U e U c Q-int Q,-cl Q-int U = V(U) (say). 


= Q-cl Q-int U c Q-cl U c Q-cl V(U) c Q-cl Q-int U 


= Q-cl V(U) = Q-cl Q-nt U = Q-cl Ue ante teeee (1) 
By Remark 16, U is ij-semiopen and hence by Lemma 18, ji-a-cl U = Q-cl U: 
Then ji-a-cl U = Q -cl V(U} (by (1)) are (2) 


Since U c V (U) e Q, for all Ueu, {[V(U) : Ueu} is a Q-open cover of X. The 
ij-QHC property of X then implies that for a finite subcollection u, of p, X = 
U {Q-cl V(U) : Ue Hy = V fji-x-cl U : Ue u}. (by (2)). 


~ 
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Conversely, suppose is a Q-open cover of a space X for which the given 


condition holds. Then by Remark 16, u is also a cover of X by ij-a-open sets. Thus 
for a finite subcollection p, of u, X = ù {fi-a-cl U : Ue u}. By Remark 16 and Lemma 
18, X =v {Q-cl U : Ue u} proving that X is ij-QHC. 


10. 


12. 
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ALGEBRAIC L-VARIETIES AND INTERSECTION EQUATIONS 


D. S. Matix AND Jonn N. Morpeson 


ABSTRACT : We give an up to date account of the theory of nonlinear systems of 
intersection equations of L-singletons. The concept of an algebraic L-variety is 
presented in orcer to bring the current knowledge of fuzzy commutative rirg theory 
to bear on the solution of such intersection equations. 

Key words : Alcebraic L-varietis ; intersection equations ; L-ideal ; R-primary L- 
representations. 


1. INTRODUCTION 


Unless otherwise specified, L is a complete chain throughout this paper. We let 
1 and 0 denote the maximal and minimal elements of L, respectively. 


The purpose of this expository paper is to give an up to date account of the 
theory of nonlinear systems of intersection equations’ of L-singletons. We bring fuzzy 
commutative ring theory to bear on a natural application area, namely, the solution 
of such intersection equations. Let R denote the polynomial ring F[x,...,.x_| where 
F is a field and x,...x, are algebraically independent indeterminants over F _et C be 
a field containing F. C may be taken to be the algebraic closure of F or an algebraically 
closed field with infinite transcendence degree over F. Let C% denote the set of all 
ordered k-tuples with entries from C, k a positive integer. Our approach is to consider 
those L-ideals u of A which are finite-valued and are such that u (0) = 1 since these 
are precisely the L-ideals of R which have AR-primary L-representations [6, 8]. VJe define 
the algebraic L-variety M(y) of u and show that from-an irredundant F-primary 
L-representation of u, M(u) is a finite union of irreducible algebraic L-varieties, no one 
of which is conteined in the union of the others. We then apply this result to the solution 
of a nonlinear system of equations of L-singletons. We show that there exists an 
L-ideal u of A which represents this system and the irredundant F-primary 


L-representation o7 Ju displays the solution of the system in a manner similar to that 
of the crisp situation. 
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2. ALGEBRAIC L-VARIETIES 


If / is an ideal of R, we let M(I) denote the algebraic variety of I, [9, p. 203]. 
lf Z is a subset of C*, we let (Z) denote.the set of all f e R which vanish at all 
points of Z. Then f (Z) is an ideal of R,:[9, p. 203]: We now: give definitions for the 
fuzzy counterparts of M and J. Letc bea Strictly decreasing function of L into itself 
such that c(0) = 1, c(1) = 0, and Y a e L, c(c(a)) = a. The following approach has 
the advantage. that c, may be- changed.to fit the application:: The proofs of ‘this sections 
can be found in [10, 11]. _ 


Definition 2.1. Let X be a finite-valvéd L-subiset of C, say Im(X) = {a,, 
a} where a< 4, <<, Define the L-subset (X) of R as follows : 


eS e o(a,) iff € PNS (Xa Ja PGPR 
wo to AXA = ca) if t e I (Xa, WF (Xa) i= 1, nr? > 
= Le@) itfe ¥ (Xa). - 


-~ 


“ E 
lf n = 0, then we define J (X)(0) = 


Definition 2.2. Let u be a-finite-valved L-ideal of R, say Im(u) = {b,, b,,-.., D} 
= where b< b, <.. “<b, Define the L-subset EUA of C* as role : 


~ -“ 
wae 
a > 


olb, ) itz € CAM (u, oF 
cess zen st MUM) = 4 0b) itz e My) WM (ay biS Ty any mat 
ithe J Fe, oly). if z E. es ) a Sp Te nen 


` Mw is called an algebraic kanig (of 4). 


“ih Befinition 24, it is ana for. Í (Xa, al = I (Xo ye or. R = IXan). In this 


case, ocu) g- Im Bd es = 1.4; n TERAN it is possible f for c(b) ¢ Im (M (iy) for 
iis T m. , ee tees el i He ce 2o 


‘ re 
~ 


"r 


P _;, Proposition 2.3. Let. X be defined asin Defi nition 2.1.: Then Dae a os 


i 


7 (1) F Koah = IXan) Tri = 0, 4,... TEE l 
“4B -Ñ O's b < c(a), then IR; eS 
(3) if cla, a < b < cla )y then I p I (Xow) for i = 0; 1s. n= 1; 


a) if ela) < `b <1, then I (X), = ate oe 
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, ~ 
4 git oo PAF 4 ve z x 


. For X as defined in Definition 2.1, f (X) ela, p7 I (X, p is an ideal of 3 for 
a j4 


i = 0,1,..., n-1. Thus since Im% c {c(a) | i = 0,1,..., 2}, IX) is a L-ideal of R. 
Proposition 2 „4. Let u be defined as in'Definition 2.2. Then 


(1) M (Y) aM (iy | ,) for i = 0, 4, o met; a 28 
(2) if Os a ), then (u), = 
(3) it c(b, 3 < a < c(b), then M n = M Hey) for i = 0,1,..., m-l; 


(4) if cb) <a, then M (u) = 


Proposition 2.5. Let X and u be as defined on Definition 2.1 and 2.2, respeccively. 
Then 


(1) [im m (s| = lim (F l; 
(2) lim (FMi = lim M l 
Proposition 2.6. Let X and u be defined as in Definition 2.1 and 2.2, AR 


ti 


Then ‘^. l p 7 
| (1) Vael, M (F(X), = M (J. X); 
(D Ybel IMU IM h T 
Proposition 2.7. Let X and ube defined as in. Definition 2.1 and 2. 2, aaenieea 
Then 
M) FM (FO, = 400; 
_ (2) MF (M (wy) = M (4. 


Proposition 2.8. Let a be a L-subset of C*. Then o is an duak L-variety’ 
if and only. if œ is finite-valued and V-a e Im (a), œ, is-an algebraic variety. 


Proposition 2.9. If u is a nonconstant prime L-ideal of R, then 
ee p= FM WW. | 
neo rein 2.10. Suppose that u is defined as in Definition 2.2 and Po 1 Then 
M) =M (Ju) = MR oo E 


Corollary 2. 11. Let L be a dense chain. If nm is a prime L-ideal of R bardio 
to the pinay L-idral y of R, then M (y) = M (n). 


- 


emma 2.12. Suppose that u and y are L-ideals of R such ‘that Imi i) = {by 
Dis ees Di} where b,< b,...< b, =,1 and Im (} = {b,1} where b < 1. Then M (LA ? 
=M (u) OM (). . 
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Theorem 2.13. if u and yare finite-valued L- ideals of R such that. 4: (0) = 0) 
= 1, then M (ua y= MG) o Mp. 


‘Proof. -- 


Lemma 2.14. Let X and n be finite-valued L-subsets. of a set S. a X, =n, V 
b e [0,1), then X = n, 


Lemma 2.15. Suppose that œ and 8 are algebraic L-varieties such, that Im (a) 
= {ap 4p a} where 0 = a, <a,<... <a, and Im (B) = {0, a} where 0 <a < a, Then 
F (wR) = F (ATS (B). 


Lemma 2.16. If « and § are algebraic L-varieties such that 0.e Im (a)q Im (8), 
then J (œB) = J (an (B). 


1 


3. IRREDUCIBLE ALGEBRAIC L-VARIETIES 


Definition 3.1. Let a be an. algebraic L-variety. Then œ is irreducible if V 
algebraic L-varieties.€ and ¢ such that a = Eu C either a = es or a = A ; otherwise 
a is called reducible. OO 


Theorem 3.2. Let a be an algebraic L-variety. Then a is irreducible and 
nonconstant if and only if Im(a) = {0,a}; 0 <.a, and «, is irreducible. 


Example 3.3. Let L = {1,a,b,0} where 1 > a, b > 0 and a and b are not comparable. 
Let G be, an irreducible variety. Define the -L-subset a of C* by a(z) = 1 if,z e G and 
a(z) = 0 otherwise. Define the L-subsets & and C of C* by E(z)=aifze Gandé 
Z=O0nz¢G;C(z=bifzeG;C () = 0 if z ¢ G. Then & and € are algebraic 
L-varieties. Let z e C*. If z e G, then (E o &) (z) = 4 z VC =aVb =1 = az). 
lffz¢G,then(EvVUQM=aEAMVE@M=0V0 = 0 = a(z). Hence a = € v £) and 
a > € and a > ¢. Thus a is not irreducible. enon een 3.2 is not true if L is 
not a chain. ~ 


Theorem 3. 4. Let bea nonconstant finite-valued. L-ideal of R. Then J (M (u) 
is prime if and only if M (u) is irreducible. 


Theorem 3.5.. Let u be a finite-valued L-ideal of R with u (0) = 1. Then J (M 
= Ju =R W. 


Since this section deals with L-ideals u which are finite valued and have the 
porperty that 4 (0) = 1, it is. evident by now that the results in this section hold 


interchangeably with di and R (tt). 
- Corollary . 3.6. Let u and y be finite-valued L-ideals of R such that- H (0) = 
(0) = 1. Then M (4) c M (} if and-only if Ju >y. 
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Theorem 3.7. There exists a one to one correspondence between algebraic L- 
varieties « with 0 e Im (œ) and radical L-ideals. 


Theorem 3.8. Every algebraic <-variety a with 0 e Im (qa) can be uniquely 
expressed as the union of a finite number of irreducible algebraic L-varieties no one 
of which is contained in the union of the others. 


Given a finite-valued L-ideal u of R with u (0) = 1. Let yu = mq, n..07 be 


an irredundant A-primary L-representation. Then the r, are the minimal prime L-id2als 
belonging to u. We thus may obtain M (u) as the union of algebraic L-varieties of the 
minimal prime L-ideais among the prime L-ideals belonging to the A-primary L-ic2als 
in an irredundant AR-orimary L-representation of u.. 


Example 3.9. Let L = [0,1]. Let A = F [x, y z} where F is the field of comalex 
numbers and x, y, z are algebraically independent indeterminants over F Define the 
fuzzy subset u of R by 


if f= 0 

if f e (x'z)\(0) 
H tf) = 
f +z = 1, x2) \ (x2) 


if fe Re+? = 1, x2). 


Then u is a fuzzy ideal of R. Now «u is such that 
if f= 0 


if f e (xz) \ (0) 


if (x + y — 1, xz) \ (xz) 


if fe R\K + y = 1, x2). 


a 
il 
p: 

A 

© 
i 


R 


= (X + z = 1, xz) 


= 
i 
Hi 
F 
-+ 
tN 3 
l 
mole 
are 
NS 
Mt” 
X 
F] 
Pa fs 


(xz) 


= 
ND fa 
i 
RN 
L 
n] 
ND [and 
Hi 


(0). 


$ 
i 
S 
F 
il 
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Since F = M ((0)), 


E o(5) if o e M (ODAM ((x2) 

M- (4): (0) = 4 me ee 
e(z) if @ © MINM (@ +z - 1, x2). 
c(0) = 1 if oe M (x + z.- 1, x2) 


Consider ME fuzzy subsets œ, y, n of R defined by 


T E eae 
0 otherwise 


a 1if fe (2) 


otherwise 


1 if fe (0) 
TER 1 


~- Otherwise 
2 


Then œ, x, n are fuzzy ideals of R and uw =a %O Nn. Define the fuzzy subsets 
w of R, i = 1,..., 6 by 


om. f life &y-1) 
veo | 0 otherwise : 
o,f liffe @ y+) 
wo 0 otherwise 
(3) as 1iffe +y- 
v n= i 0 otherwise 
tife 6 
y? (f = O 
— Otherwise 
4 
1iffe @ 
yP f) = | 4 
4 —, otherwise 
4 
( 1 if fe (0) 
y® (fì = | 1° 
3 otherwise 
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Then y is a fuzzy ideal of R, i = 1,..., 6, such that œ = y® ^n y® ^ y® since 
(ec +z -1, sd = y -1A xy +10 (+z -1, 2),% = wv nm y® since 


(2) = We’) A O), 


n = y®. Thus p = aw and in fact this is an irredundant fuzzy primary 


represntation of u. Now 


| ities- 
wv" @ = | 


0 otherwise E 


1iffe (x, y+ 1) 
y’ f = | —* 
0 otherwise 


yi) 2 y® 


1-if fe (x) 


otherwise 


yh = | 1 
| 4 


y5 = y? 


6) . (6) 
yí y 2 
Hence Ja 7 a n°’ where n? = yl) is fuzzy prime ideal of A, i = 1,...,6. 
We .have the following fuzzy algebraic varieties + e 
ie ee ES M ad al 
i : 0 otherwise l 
if oe M(x% y + 1) 
otherwise 
foec M(x + y -1,0 °: 
otherwise 


q 


M (n°)(o) = 


O = O = 


: o(=) if œ € M (œ) 
M (mo) = 4 


M (nfo) = d 
| 


0 otherwise 
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7 SON 
M (x(a) = l eg foe M (z) 


0 otherwise 
M mPa) = c(Ż) if vo e C 


Then M (p) = o$ _M (x") and in fact M (x") is irreducible and no M (x") is 
i= i 


contained in the union of the others, i = 1,..., 6. Consider the nonlinear system of 
equations of fuzzy singletons, - a 


EAI -+ O) - 14 = | 04 
4 4 
a = 04, 
; 2 
Then a solution is given by a 2 k and bAu = ; and the solution of 
(x + y ~ 1) and xz= 0. Note also that p = (x + y - 1) A (xz) 1) If we let 
4 2 
1 1 1 1. 
‘c(0) = 1, c(—) = —, e(—) = —, c(i) = 0, 
(0) (a) = 51 5) = 7 eft) 


Then the above representation of M (u) seems to better represent the solution 
of the above ‘nonlinear system of equations of fuzzy singletons. The M x”) for i = 
1,2,3, yield the crisp part of the solution while the M (x”) for i =-4,5,6 yield the fuzzy 
part. SF ee | | l 


In Example 3.9 it was shown how a solution to a’system of fuzzy intersection ` 
equations could be displayed by’a primary representation of the L-ideal generated by 
the defining polynomials of the intersection equations. We now show this holds in 
general. The proofs of the results are in [13]. l 


Theorem 3.10. Let p= (F), (C) V Tg where fw Le R,124,2...2 


a, > 0 and.a + a„ Suppose that (f,,..., f) # R. Let fa, ...a; } = {a,...a,} be such that 
; . Let 


F = ff\a,> a; | h 


m~tu-1 
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m 


u = 0,1,.... m - 1, and let F = {f,,..., f} Define the L-subsets ©, @,,..., @ 
I 


of R as follows : 

1ifre (F ) 

62) (r) = Im 
O fr g UFa, ) 
1 ifre (F, ) 

o, (r) = ‘m-u 
Din pat freg (Fa. ) 

i 


m-u 


1 ifr e (Ø) 


RS l a, itr e (2) 


Then ©, @,,....0, are L-ideals of R and u = @ NA @, 2... Op 


m 


Theorem 3.11. let p = ((f)a,,...; (fag? Ula where f, ..., f e R1242... 2 


a > 0 and a. + a,. Suppose that (f, ..., f # R. Let o, @,,...0@, be defined as 
in Theorem 3.10. 


Let 1 = Qi LY wee ON Qo. 
0 


and 1 = QLA.. A Qik 
u 


be R-primary representations of 1, and 1, » respectively, u = 1, ..., m. For ech 
u 


u = 0, 1, ..., m, cefine the L-subsets u 


ul? ° 


-» Hg Of R as follows: V re R, 
u 


Tifre Q) 
j 


Ho (r) = l 
J 0ifre Q 
j 


1ifre Q 
Hy (r) = f z 
Oifre Qj 
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j=, k 


u 


; u = 1, .. m.. Then the following asertions hold : 


(1) Ugs Hak are L-ideals of R, u = 0, 1, ..., M. 
tt 
(2) O, 5 UO A Huk? u = 0, 1, vy M. 
(3) p= (yA NA Hox) eu METER Hy, ).0 ee ae | eee eer Hm) is 


an R-primary L-representation of u. 


Let R denote the polynomial ring Fres x] in n indeterminates over the field 
F. Then every ideal of R has a primary ‘representation. Let 


kij knj i 
Do o D (h e indy HB) e MD Ong) = aj 1 = Tr (1) 
i= i, = = 3 Pae 


donote q nonlinear equations in the L-singletons (x,), ,.-., (x,),, Where b, = b, if x, appears 


in equation j and 1 otherwise, i = 1..., n ; j = 1,..., g, and where the (Ti ), and 


š Inj 


j 


haai 


the (ry are L-singletons and the r and the ly In are in F Let 


s GG kpj. 2 
EERS. A 
f = > sae $, By ee FE) 1 jE t, en q. 
i =1 i =1 


~ 


Then the system of equations (1) is equivalent to the following two systems of 
equations : 


f= J = Ine q (2) 
and Ta ie 
bi, Aw. A By = ay jain q. ; (3) 


let u = A) ay siii ((f,) a,) U Tor It is clear that in (8) of Theorem 3.1, 


Jiz N a A Hoge 


gives, via unions of the corresponding irreducible algebraic L-varieties, the crisp 
part, (2), of the solution to the L-intersection equations, (1), while 


Ca Cte. f Hy, | CY nae) (7 ea NA Hmc, | 


gives the fuzzy part, (3). 
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4. LOCALIZED L-SUBRINGS 


+ 


The noticn of algebric L-varieties was introduced in order to use primary 
representation theory of L-ideals to examine the solution of fuzzy intersection equations. 
The concepts of quasi-local L-subrings and complete local L-subrings were developed 
in [7] and [4, 12], respectively, in order to lay the ground work for the examination 
of fuzzy intersestion equations locally. In this section, we characterize local rings in 
terms of certain L-ideals. We also characterize rings of fractions at a prima ideal in 
terms of L-ideais. We apply our results to fuzzy intersection equations. In 2articular, 
we show that the L-ideal which represents a system of fuzzy intersection 2quations 
in a polynomial ring is such that its extension in a ring of fractions represents the 
same system cf fuzzy intersection equations. The results in this section are’ tarer 
from [1]. -. et, oe ie > - 


"Throughout this section R denotes a commutative ring with identity and L- is 
a dense chain. Letu, = { € RV u (x) =u (0} and u, =fre R\u (x) > u (1)}. Then- 
H. and -u, are ideals of R. Let S be a set of L-singletons of R such that f x, x, € 
S, then a = b > 0. Let foot (S) = {x |x, ¢ S}. If u is an L- ideal of R such ‘that us 
(S) U0 uo) for some S, then. S is. called a generating set for u. If ‘S is.a cenerating 
set for u, and ‘S \ oh Y 0, uo) < LV x, € S, then $ is called a minimal cenerating 
set for u. If S is a subset R, we let (S) denote the ideal of R generated by S. 


A commuiative ring with identity, but not necessarily Noetherian, is said to be 
local if it has a unique maximal ideal. (Such a ring is called quasi-local in [7]). In [7] 
the definition of a quasi-local L-subring of R' was given when. R was assumed to 
be local. That is, an L-subring 4 of a local ring R was called quasi-local if u (x) = 
u(x ^ for all units x of R. f u is an L-ideal, of R, then u (x) = u (1) for all units x 
of R. Hence if X is a local ring and u is an L-ideal of R, then u is a quasi-local L- 
subring of R. We also know that if u is an -L-ideal of R, then u O) > u (ti Vy e R, 
if u is a nonconstant L-ideal! of R, then u (0) > u (1). - 


- Definition 4.1.: An L-ideal u of R is called local if Wx e R, u (x) =u (1) i 
equivalent to x being a unit in R. 


Note that if u is an L-ideal of R which is local, then u is not constant since 
0 is not a unit. of Let R denote me i ii ring F [x] over the- field F. Define 


the L-subring m of R by u g= = 0, hu Ou pa if z € F \ {0}, and B ue > 
if ze R\F. Then u is an L- Suh of R. Also, u (z) = u (1) if and only if z is a unit. 
However u is not an. = aea of: R. We also note-that R is not a local ring. 


Lemma a 2e Let. u be a ‘nonconstant L-ideal of R. Then, H is local if and sly 
if g, is the unique maximal ideal of R.. 
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Example 4.3. Let L = [0,1]. Let u be the fuzzy subest of the ring Z, defined 
as follows, where 0 <a, <a <a <1: 
aif x e Z, \ (3) 
u (x) = a, if x e (3) {0} 
a if x = 0. l 
The u is an L-ideal of R. Suppose that a, < a,. Then 4, = (3) is the unique maximal 


ideal of Z, and so u is local. Suppose that a = a,. Then yp is not local even thought 
u us a quasi-local L-subring of R. ' 


The ring Z, has no L-ideals which are local since Z, is not local. 


Recal! that an L-ideal u of R is a generalized maximal L-ideal if u is not constant 
and for any L-ideal y of R, if u c y then either u. = y = or y= 1,. Then an L-ideal 
u of R is maximal if and only if | Im (4) | = 2, uw (0) = 1, and u. is a maximal ideal 
of R. We see that the L-ideal u of Example 4.3 with a, < a, and a, = 1 is not maximal 
even though u is local. 


Let uw and à be L-ideals of R. Then u and A are said to be equivalent if 


{u,] a e im (u)} = {A | a e Im (A}}. 
Theorem 4.4. The 
(1) R is local ; 
(2) R has an L-ideal which is local ; 
(3) all generalized maximal L-ideals of R are local ; 
(4) all generalized maximal L-ideals of R are equivalent. 


if R is Artinian, we say that an L-ideal u of R is of maximal chain if the level 
ideals of u form a composition series. 


‘Theorem 4.5. Let R be Artinian. Then R is local if and only if every L-ideal 
of R of maximal chain is local. 


An L-ideal u of R is called normalized if u (0) = 1. 


Theorem 4.6. Risa field if and only if the set of all normalized L-ideals of 
R which are loca! coincides with the set of all generalized maximal L-ideals of R. 


Throughout the remainder of the section, S denotes a closed multiplicative system 
in R such that 0 ¢ S and which is saturated, i.e., Vx, e R, xy e S implies xy e S, [3]. 
Let RS” denote the corresponding ring of fractions. Then RS" = {o(r)/o(s) |r e R, 
s e R} where o is a homomorphism of -R into RS” such that Ker ġ=xeR]|xs= 
0 for some s in S} and the elements of ẹ(S) are units in RS", [16, p. 222]. If / is an 
ideal of R, we use the notation IS™ for the ideal of RS” generated by o(). 
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Definition 4.7. Assume yu and ¿x are L-ideals of R and RS”, respectively. 
Then x’ is called the localized L-subring of u in RS” if Im (u) = Im (uy and p’= 
uS” Wa Im (4). 


In the following example, we show that not every L-ideal of R has localized 
L-subring in RS". 


Example 4.8. Consider ring of integers Z. Let L = [0,1]. Let u = (6,,2 1 ). Then 
Im (4) = {0, 4,1}, u, = (6), and Ha = (2). Let S denote the complement of (2) in Z. 


Now 2 = 6.3 e (6) S™ and so u, S” = (6) S” = (2) S`” = HS”. Thus u does not have 
a localized fuzzy subring w’ in ZS" since if u’ is a fuzzy ideal of 
ZS" such that w, = # S” Va e Im (u), then Im (w) = {1,0} + Im (4). 


Example 4.9. Let L = [0,1] Let Zo be the localized ring of the ring of integers 
Z for a prime number p. Let u and p’ be fuzzy subsets of R = Z and 35” = Z 
respectively, defined as folloqs : 
i+T 


Z, 
wa) = a ifxe pZy \p"Z,, 


u(x) = a ifxe pZ\p 


, 


where i = 0,1,... and 0 < a, < a, < ...< 1. Then clearly u, yp’ are fuzzy ideals of Z, 


Z respectively, and œ is a localized fuzzy subring of u in Zo)" 


We say that the ring of fractions RS” is a localized ring of R at a prime ideal, 
if there exists a prime ideal P of R such that S = cP, the complement of P in R. 


Theorem 4.10. The ring of fractions RS” is a localized ring of R a a prime 
ideal of R if and only if there exists an L-ideal u of R which has a localized L-subring 
uw in RS” and S > R\u,. In such a case, 4, is a prime idel of R and RS” is a localized 
ring of R at u, 


Let S be a set of L-singletons. Define the L-subset o, of R by Vz e P, 
o (x) = Vfa | x, S} 
lf re R and x is an L-singleton, we let rx, denote the L-singleton (rx) . 


Theorem 4.11. Let S be a set of L-singletons of R. Let o be the L-subset of 
R defined by Vx e R, 


k 
ox) = MCL r(x) |e R, aE Si = 1, ay ki ke Nh 
p= 


Then o = (S), where (S) = (6)). 
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Lemma 4.12. Suppose that H is an L-ideal of R such that u has ‘the sup property. 
‘Let SS U, oy Sy Where’ S c p, ixe Ru @ =aifae Im wy and S = © if 
a e L\Im(). Then u = (S) U 3 nt ff and only if u, = (foot (U, S) V, € Im (u). 
O Example 4.13. Let L = [0,1]. Let R = Z. Define the fuzzy subset mof. R by 


1 ifr e (4) 


u (D | 1 if re (BA (4) l 


0 if re ae 


r 
~~ 


_ Then j is a fuzzy ideal of R, S = 4, 2 a) is a minina zengaiti ‘set for 4, m 
(4), and Ha = (4,2) = (2). Thus {4,2} is not a ee generating set for u 1- However, 
Ha has a ‘minimal generating set, namely {2}. a 3 cm Te SOBER 


Proposition 4.14. Suppose 4 is an L-ideal of R auch that m ‘has the sup property 
Let 
S=U S` 


a e [0,1] 


where S, c {i [xe R, p (= a} if ae Im (u) and S, = Øif ae L\Im WW. 
If foot (U,, S,) is a minimal generating set for H, va € Im (4); then S Is a | minimal 
generating set for u. 


Example 4.15. Let L = [0,1]. Consider the polynomial ring Zi over the:the ring 
of integers Z. Let u = 6,, 24, x 1). Let S denote the complement of (2) in Z[x]. Then 


Im (u) = {0, 1 , 1} u, = (6), and ws = (2, x). Now 2 = 6.3" e (6) S* and so 


mS” = (6) S* = (2) S` 


and 
(6,x) ST = (2, x S$: 


uS” 

Thus u has a fuzzy localized subring x in Zīx] S". The level ideals of gœ are 

H, = us” and ‘uv’ Tau {S™. Now {6,, 2 jy x a} is a minimal generating set for u, but 

{6,, 2 4s Xl } is.not minimal .generating.sets for yu’. We note that (2) is-the contracted 

aie 7 yu’, and not yu, = (6). In the proof of Theoren 4.10, we have /, = (2) and | 4 
= (2.x). 


Definition 4.16. Let-S denote a set-of L-singletons such that. if x, and x, e S, 
then a = b > 4 Let u be an L-ideal of R is called an S-minimai generating set for 
Lif uw = (S) U 0, © and Vx e foot (S), there does not exist s e S such that sx e (foot 


(S) \ {x}). 
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_ Proposition 4.17. Let S denote a set of L-singletons’ such that if x, and 
xE S, then a = 6 > 0. Let u be an L-ideal of R such that u has the sup property. 
lf S is an S-minimal generating set for u, then S is a minimal gnerating set for u. 


If x, is an L-singleton of R, then 6 (x), = ọ (x), Let u and p be L-ideals of R 
and RS”, respectively, such that yp’ is a localized L-subring of u in RS". If S is a set 
of L-singletons which generate u, then {b (x), | x,¢ S} generates yy’ and we say that 
„and u and x have the same set of generators and we write > (S)-for {b (),| x,¢ S}. 


Theorem 4.18. Let à, X be L-ideals of R, RS”, respectively; such that à has 
the sup property. If à has an S-minimal generating set ‘and 2’ is a locallized oe 
of à in RS”, then à and X have the same minimal generating sets -and Im (A) = 
(A). Conversely, if RS’ is a localized ring at a prime ideal of R, à and X have Pih 
same ae generating sets and Im (A) = Im (A), Then X is a localized L-subring 
of à in RS": 


We now apply our results in the following example.. 


Example 4.19. Let L = [0,1]. Let R denote the polynomial ring R [x,y,z] in the 
algebraically independent indeterminates x,y,z over the field of R of real numbers. Then 
the ideal (x’—,x"z) represents the nonlinear system of equations 


eal x - y = 0 
x y = 0 
and has the reduced primary representation E 
(x’-y,z) Nn (xy). 
Hence _.. eo : ae pus 


N- 


Ja? -y xz). = (x -y2) N y) 


arid the prime ideals (x -),z) and (xy) display-the solution of the nonlinear system 
of equations via their corresponding ‘irreducible affine avarieties. 


tae y} x2) 


Now consider the followinė nonlinear system of ea intersection equation 
(x, -y, ‘= -0 
(x,) Za = 0 


i 


Mpa apa 


Then this system is represented by the fuzzy ideal yu = xe ~y) ais (x Ya) and $ 


= H -y) 1 (x y) ay is a minimal generating | set for H. in order to examine the system 
locally we consider either of the prime ideals x" ~Y,Z) and (xy), say, P = (x,y), and we 
form the quotient ring. R; Then in R the extended ideal f of (x? —y,z) is 


w 


y x2) = yY 
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Hence the the corresponding nonlinear system of fuzzy -intersection 
equations is 


a 
I 
© 
þa + 


This system is represented by the fuzzy ideal y = (yı ()1) in R. Now S = {yı Q1} 

4’ 2 4' 2 
is a minimal generating set for y By Therorm 4.18, .we have that S is a minimal generating 
set for the fuzzy localized subring y of yin R, Hence y represents the: same system 
of fuzzy intersection equations as y does. 


If we consider the prime ideal N = (x -y,z), then R, 
(x -y, x2) = Wy, z. | 
Hence the corresponding nonlinear system of fuzzy intersection equations is 


ay a 


Ne 
R 
Hi 


0; 
4 


z = 0 


Nine 


This system is represented by the fuzzy ideal à = (č —y), z1) in R. We have that 
4' 2 : 
{(x —y) 1 z1} is a minimal generating set for à and also for the fuzzy localized subring. 
4' 2 i 
X of A in Ry 


5. LOCAL. EXAMINATION. OF FUZZY INTERSECTION EQUATIONS 


In this section L denotes a dense chain and R a commutative ring with identity. 
The notion, of.algebraic L-varieties was introduced in order to use primary representation 
theory of L-ideals to: examine the solution of fuzzy intersection. equations. Local 
concepts of subrings were developed in order to lay the ground work for the examination 
of fuz%y intersection equations locally. In this section, we carry out a local examination 
of fuzzy interection equations. We show that a system of fuzzy intersection equations 
can be examined locally to obtain the general solution to the crisp. part of the system. 
The details can be found in [2]. 


Let M be a multiplicative system in R [16, p. 46]. Let N =:{x e R.| mx = 0 for 
. some x e A}. Then N is.an ideal of R. fN = z then M is said to be regular. Let 
h be the natural homomorphism of R onto R/N c R the quotient ring of R with respect. 
to.M. If fis an ideal of R, then the ideal in R; senerated by A(/) is called the extended 
ideal of / in R, and is ‘denoted. by A()*. If J is an ideal of R, then h” (J) is called 
the contracted ideal of J in R: 


© 
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Let u be an L-ideal of R. Define the L-subset h(u)” of R, by Vy e R,,, h) O) 
= Viae L] y e h(u),„} Then h(u)’ is an L-ideal of R,, Let a e L. Nowy e hi) © 
hy) z a e V {fu w | AG) = y} za &3xe u such that h(x) & y e h(u,) where the 
“c=” becomes “<>” if u has the sup property. Hence if u has the sup property, then 
hiu), = h(u,) and so (h) = P) We use the notation m for h(u) at times. If / is 
an ideal of R, we sometimes use the notation F for h(i. If B is an L-ideal of R,,, then 
we use the notation B for K'(B at times. If J is an ideal of R,,, we sometimes use 
the notation J for h” (J). 


Suppose that u has the sup property. Then (x) O) = a e hW? 6) 
V {b4 e Aly), = flu,),} = a & ais maximal in L such that y e hy) ,,= A(u,),, 
(since u has the sup property) = u‘. Hence (H), = 4, Vae L. 


ae 


hiu y 


C 
Theorem 5.1. Let 8 be a primary L-ideal, of R, Then JB = (ve) ; 


Theorem 5.2, Let u be a primary L-ideal of R such that uw is disjoint 
from M. 


M) Then u = u and (es (lu) 


e 
(2) Then ¿f is is primary and Jp? = (Ja) ; 


Lemma 5.3. Let u and y be L-ideals of R, Then (ua y= un /. 
Theorem 5.4. Let u be an ideal of R such that u has a reduced primary 


representation u = Ajatu . Suppose that fori<i< k (4) AM = © and that for 


k+1sisn, (p) AM #2. Then p = na’ is a reduced primary representation. 
i= Sues y 


e 
i 


n 


Furthermore, u = ety," 
— oa | 


Example 5.5. Let A denote the polynomial ring R[xyz] in algebraically 
independent indeterminates x,y,z over the field R of real numbers. Then the ideal 
oa -y x2) has the reduced primary representation 


(i -y x2 = -yN y). 


ETTE T 


We also have 
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Now consider the nonlinear system of fuzzysingletons 


CAI ee 2 = ol 


il 
© 


aY z, 
_ The solution to system (4) is 


{0, 0, r) | re RYU {(s, s’, Os € R} 


a= + bAus > Let u denote the fuzzy ideal a - ya @2) 1) U 0,- Then 
: Pe 4° 2 
1ifr=0 
~ of pire wao 
Onn 
7 if re (x" ~ y, x2) \ 2) 


0 ifre R\ (č -y x2) 
Define the fuzzy subset u of R, i = 1, ..., 5, as follow : 
u,() = 1 if re (x, y) and 0 otherwise ; 
u(r) = 1 ifr e (č -y z) and 0 otherwise ; 


u(r) = 1 ifre (x) and 7 otherwise ; 


u,() = 1 ifr e () and otherwise ; 


1 
4 
i 
2 


H (f) = 1 if r e (0) and > otherwise ; 


Be 


-~ 


-- Then is: a primary fuzzy ideal of R, i = 1, ....6 and u = APH; is a primary 
representationm of u. Now 


Ju (N) = 1 if r e («, y) and O otherwise ; 

ee Ps a| io () = 1 if re ( -y- 2 and 0 otherwise ;’ 
Vis (r) = 1 ifr e (œw) and 1 otherwise `; 
Ju (r) = 1 if r e (z) and i otherwise ; 


Hs (= 1 ifr e (0) and 3 otherwise ; 
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Hence we see that u = AP aby is a reduced primary representation of p. 
We see that the crisp part of the solution of system (4) is displayed by 


Jm A“ while the fuzzy part is displayed by Jus N J Ha a Jus . (In order .to 
see this “more clearly, one should consider the irreducible fuzzy algebraic varieties 


corresponding to the Jui . Then one would be concerned with (4) = 3 rather than 


7 and (3) = 1} rather than >) 
Consider the quotient ring R, where P is the prime ideal (x,y). Sicnce P ^n cP 
= Ø, we have in R, that (x — y, xz)" = (x’y)° = by [16, Theorem 17, p. 225]. Now 
LM, O CP = (xy) A cP = @ 
H, O CP = (2) A cP = Ø, 


| H. © CP = (0) mM cP = Ø, 

while _ 2 

H, OCP = (x — y,z) A cP Ø, 

H. © CP = (2) 0 CP # ©, 

Thus by Theorem 5.4, we have in R, that p° = m° ^ êo yu, and so 
1 if re RÀ (x’y)° 

r if re (x, yy ey 

u(r) = | 

if r e (x)°\(0) ~ 

O if r e {0} 


t 
Nja Ala 


~~? 


ars 
Hence by Theorem 5.4, 


LA 1 ifr e R\ (y) 
if re (x, yoô 


rt? 1 
Osunn d 4 
AA 3 if r e (x)\(0) 


0 ifre {0} 


Consider the nonlinear system of fuzzy singletons 


dye (xy = 04 
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Then {(0,0,r) | re R}, a = 7. b= > is the solution to this system. It is represented 


by the fuzy ideal y = (x1), y4) U 0, Now y= 4,0 4,29 pis a reduced primary 
2 4 


representation of y. Jm displays the crisp part of the solution while 443 A Jus 
displays the fuzzy part. Now consider the prime ideal N = (x? — y,z). Since 
N ^ cN = Ø, we have in R, that (x° — y, xz) = Q — yz). Now l 


H4, O CN = (č ~ y, xz) Nn cN = Ø, 
{z) A CN = Ø, 
(0) m CN = Ø, 


i! 


Ha. A cN 


ii 


Hs, © cN 
while 
u.n CN = Ky) A cN Ø, 
u, A CN = WA oN # Ø, 
Thus by Theorem 5.4, we have in R, that w= uO u ^ u; and so 
0 if r e RA (x-y,z)" 
Lifre č- yae 
u(r) = 
3 ifr e O 
1 ifr e {0} 


Hence by Theorem 5.4, 
0 if r e RV x-yd 


= if re (x y2 \ (2 
K = A oA BO = 
; if r e (z)\{0} 
1 ifr e {0} 
Consider the nonlinear system of fuzzy singletons 
a-y, = om 
rA = 0 4 


a 2 
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Then {(s, s*, Oise R, bAa = } and u = 3 is the solution to this system. 
The system is represented by the fuzzy ideal 4 = (x - y) pz 3 U 0, Now A = 
L, A LO 4 is a reduced primary representation of à. displays the Ji displays the 
crisp part of the solutin while Jua N Jus displays the fuzzy part. 


We have examined the system (4) locally. From the two examinations, we obtain 
for the crisp part of the solution {(0, 0, r) | r e R} for (5) and {(s, s 0) | s e R} for 
(6). The union of these two qives us the crisp part of the solution to system (4). However 
the fuzzy solutions to (5) and (6) are a = re b= 3 and bAa = 4, u = a respectively. 
The fuzzy part of the solution to (4) is a = 1 and bAu= + The two “loca.” fuzzy 
solutions do not seem to give us the fuzzy part of the solution to (4), at least not 
immediately. 


ae Consider all possible A’s of the two fuzzy solutions above 


ahbAa = ; A A 
anu = i A 1 
bAu = 3 A 3 
These equations reduce to 
jai 
añu = ł} 
bha = i 
bAu = > 
Hence a = 1 and bAu= > which is the solution to the original problem. 


Problem : Determine a general procedure to find the solution to the fuzzy part 
of the original problem from the local solution. 


An algorithm for solving fuzzy systems of intersection -equations is given in [14] 
and an application to fuzzy graph theory is given in [15]. For a stury if L£-intersection 
equations for L a complete distributive lattice, the reader is referred to [5]. — 
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16. 
`- Comparniy, Inc., Princeton, New Jersey (1958). 
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THE CONSTRUCTION OF A CLASS OF 
FY-REGULAR SEMIGROUPS* 


ZHANG RONGHUA 


ABSTRACT : In this paper, we whall introduce a concept of regular transversal and 
characterize the structure of #-regular semigroups with regular +«-transversas by 
applying partial bands and regular +-semigroups. 


4. INTRODUCTION | = 


In [2-9], T. S. Blyth, R. McFadden, D. B. Mcalister and T. Saito introduced and 
studied multiplicat tive inverse transversals, inverse transversals, S-inverse transversal 
Q-inverse transversals and so on. Applying left regular bands, right regular bands and 
inverse semigrougs, they characterized some special regular semigroups with inverse 
transversals. In [12], Tang proved that every inverse transversals of S is an ' §-irverse 
transversal. Especially,.T. Saito, described the structure of regular semigroups with 
S-inevrse transversal in, [9]. In 1982, Yamada proved that a semigroup is a regular 
«semigroup if and only if it- has #-system in [10]. Furthermore, Yamada and Sen 
‘introduced #%-regular semigroups in [10] which are generalized: regular *-Semigroups 
and orthodox semigroups.., pe soe te = - - 


First; we recall Some “concepts in order to introduce regular s-transversals. Let 
S be a regular semigroup. An inverse subsemigroup S° of S is an inverse transversal 
[4] if | V @ a S* | = 1 for each xe S, where V (œ) denotes the’ set of invarse of 
x. In this case, the unique element of V (x) ^, So is denoted by x. Let E (S) = & 
denote the semilettice of idempotents of S°, The sets fee Slez ee} and {Fe S| 
f = P f} aresdenoted by I; and A, respectively, or simply / and A. Clearly, every element 
of these sets is idempotent. When both / and A‘are sub-baridS of S, © is callad an 
S-inverse transversal [4]. An inverse transveral S? is noe [4] if xa e Æ, 


è 


= 





* The project is jointly supportéd by the NNSF of China, and ao Founcialion: of STC and 
EC of Yunnan Province. 
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and S° is weakiy multiplicative [4] if (x°xyy°)’ e Æ for every xy e S. A band B is left 
fresp.right] normal if efg = egf [resp. efg = feg] for every e, f, g e B. A subset Q 
of S is a quasi-ideal of S if QSQ cg Q. 


Let S be a regular +-semigroup, E, the set of idempotents of S, and P the set 
of projections of S (see[10]). Then (S, P) satisties -the following. m 4 


(i) every L-class [R-class] of S contains a unique element of P; 
(ii) For every element a e S, a* e V (a).such that aP'a* c P and a*P'a c P; 
(iii) P? c E, i l 
On the other ‘hand, let T be an orthodox semigroup and E. the set of idempotents 
of T. Then (T, E) satisfies the following : 


{iy ‘For every element ae T, there exists a’ e V (a) such tnat aEld c E, and 
d Ela C E. | g _ | | E 

{ii)’ E2a a a 

Unifying these two concepts ‘regular «-semigroups' and ‘orthodox semigroups’, 
Yamada and Sen introduced the concept '#-regular semigroups’. 


Let S-be a regular semigroup; and E, the set of idempotents of S. Let P c E 
Then (S, P) is calle a -regular semigroup [11] if it satisties the following : 


(1) Poc ; (2) for q e P qabq c . P (8) for any ae S, there exists ate V (a) 
such that Pe. 2 P and a*P'a © P; l ; 


Hereafter, (S,P) is denoted by S(P), and a+ is called a Pinieiss of a. V (a) denotes 
the set of all #-inverses of a. ‘If (S, P) satisfies only (1), (2) and (3Y P SA L # Ø and Pa 
R + Ø for-every L-class L and R-class R of S, (S, P) is called a weakly P-regular 
semigroup, and denoted by-S[P]. A subset P of ‘E,is called a characteristic set [weak 
characteristic set] (a C-set [weak C-set]) in S if it satisties (1)-(3) [(1)-(2); (3)]. This 
concept of a C-set is a generalization of both the concept of a P-system [10] in a 
regular semigroup and the concept i the set of projections ina regular *-semigroup. 


We ‘know that 


{regular »-semigroup} w {orthodox semigroups} c {#-regular semigroups}. 


ot 


in [14], we generalized -regular semigroups to abundant semigroups and 
established the structure theorem for the #-regular semigroups and specie oa 
f-reguiar semigroups. . 


in this paper, we investigate a special class of. -regular Bemigraupe which 
satisties that this class-c {-regular semigroups}. 
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First, we give a definition. 


Definition 1.1. Let (S, P) be a #-reguiar semigroup with C-set P end © a 
subsemigroup of S. Then S° is called a regular »-transversal if it satisties that | V, (a) 
Nn S| = 1 for each a e S. 


Hereafter, this unique element of V,(a) ^n © is denoted by a’. 


Proposition 1.2. Let (S, P) be a ¥-regular semigroup with C-set P and © a 
regular «-transversal then (S°, P°) is a regular *-semigroup, where PP = $ P is the 
set of projections of S. 


Further, it is clear that e e P’ if and only if e = e° fore e E. 


Proof. it is clear that (S°, P9) is #-reguiar because. it satisfies the following 
conditions. 

(1) (Vp e P) pP°p c S° ^ pPp ao oe rat 

(2) PP gc SSN Pc SNE, = E, and 

(3) (Vx e SY xP" co SP aP g Sa P = Po and xP ty c Pe 


Applying Lemma 2.7 in [11] P? œ P, for any a e S, {#-inverse of a in S° (P*)} 
(is denoted by V,.(a)) c {P-inverse of a in S(P)}. Furthermore, S° is a regular 
«-transversal of S, P). So V,.(a)) œ V, (a) ^ $. Therefore | V,,(a) | = 1 since 
| V, (a) A S | = 1. This is that (S°, P’) is a regular »-semigroup and the other parts 


hold. 


In the following discussions, we illustrate that {7-regular semigroup with a regular 
x-transversal } c {#-regular semigroup} and a regular «-transversal may be not an 
inverse transversal. 


Exmaple 1.1. Let M(G ; 3, 4 ; Q) be a completely simple semigroup, where 


e a b 
~| 
a e c 
GE att al 
b Cc e 
pl co e 


and a, b, c such that ac + b. Then S = M(G ; 3, 4 ; Q) with C-set ([14]) P = {(1, e, 
1), (2, e, 2), (3, e, 3), (3, e, 4}. Let S = {ix ADL I< GAS3, xe Be A 
»-semigroup with #-system - 

P=aSnP=z=f{iieg dD)]i<si< 3} 


Then, clearly | V, (x) ^S? | = 1 for each x e S, and so S° is a regular +-trensversal 
of S. But S° is not an orthodox semigroup because (1, a, 2), (2, c, 3) e E, and 
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(1, a, 2)(2, c, 3) = (1, ac, 3) # (1, b, 3). We know that every completely simple semigroup 
has an inverse transversal and there exists a completely simple semigroup T such that 
(T, P) is not ¥-regular for any P c E TET 


Let S(P) be a #-regular semigroup with a seguia -transversal S°. The sets 
{e e Slee’ = e} and {f e S|ff =f} are denoted by ki and A,,, are not sub-bands 
of S(P). But Joo. Age, E P- 

Proposition 1.3. Let S(P) be a -regular semigroup with a eguan? siranevajsd 
S. Then ‘a 

(1) (Va, b € S{P)) (aby = ba ; 

(2) P = $ a P is a subsemilattice of S(P) and P? = Egif Ip and Agp are two 
sub-bands of S(P). 

Proof. (1) since V, (a) Vp (b) œ Vp (ba), (ab)? = b'a’. (2) clearly P°'= loge Asp 
Let Iga and Agp be two sub- bands of S(P}, and let e, f e P°. Then ef e /,, and 
ef € Ag, imply efe hpn Ap = P? and so that (ef = Pe? = fe = ef. Consequently, 
S° is an inverse subsemigroup and P° = En. 


In general, Jap, and A 


sp) are not sub-bands of S(P). By Example 1.1 and . 


Proposition 1.3. 


lyn, = {(f, e, 1), (2, e, 2), (3, e, 3} 
and 

Agip) = (1, ©, 1), (2, e, 2), (3, ©, 3), 3, e, 4)} 
are not sub-bands of S(P). 


Let-S(P) be a -?-regular semigroup. Then S(P) is called strongly ?-regular if V,(q) 
g P for every q e P (A5). 


Let S(P) be a #-regular semigroup. Then S(P) is strongly -regular 
> “I Va) N V,(b) # Ø = Vla) = V(b)” 


& (Vp € P) Vip) c P) & (Vp,qe P) “pqe P = qpe PY (see [13], [14] or [15)). 


Theorem 1.4. Let S(P) be a strongly #-regular semigroup with C-set P and let 
S? be a regular «-subsemigroup of S(P) with #-system P? = S°. 4 P. Then S° is a regular 
«-transversal of S(P) if and only if V(x) ^ S°# Ø for each x'e S(P).. 


Proof. The direct part is clear. Conversely, let V œ) ^n S°# © for each x e S(P) 
and S(P) be strongly #-regular. If x°,x° e V œ) ^ S° then 


xe Vi") A VEN. 
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So V,(x’) = V.(@’). (since S(P) is strongly ..?-regular). According to Lemma 2.7 in 
[11] and P = S° ^ P, Vola) CV,(a) and Vi» (a) = Va) © S (Va (a) dentotes the set 
of #-inverse of a in S? (P°)) for any ae ©. Let x” be an ¥#-inverse of x’ in S (P*). 
Applying x’, x e Vœ) n S and VO) = V), x” eE V) = V(X’). So xX, x’ are two 
#-inverse of x” in S°(P°). But Pò = §° ^ P and Sis a regular »-subsemigroup of S(P) 
with ¥-system P°. Therefore x = x’. 


In theorem 41.4, if S(P) is only #-regular, then V œ) ^ S + Ø for each x e S(P) 
does not imply that S° is a regular «-transversal of S(P). For example, let B=/x A 
be a rectangular band, where / = {1, 2, 3, 4}. Take 


P = {(1, 1), (2, 2), (8, 3), (1, 4), (2, 4), (3, 4)} 


Bo = {(i, ji <i j< 3}, P = {(i ili = 1, 2, 3}. Then (B°, P?) is a regular *-semigroup 
with #?-system P°,= S° n P and (B, P) is -?-regular. Applying (i, 4) P! (i, A) = {(i A}, 
we know that (1) P? c B ; (2) pPp = {p} ; and (8) if i, A < 3 then (i A) P' (À, j= 
{i ij}, c P and (A, i) P' (i, A) = {(A, A}, c P; if A = 4, then (i, 4) P! (i, 4) = {0 4}. 
Clearly (B°, P°) is a regular »-semigroup. For .any (i 4), (i, ù e V, (i 4). So Via) A 
B? + © for any a e B. But | V,(a) n B°|# 1 for some a e B For example let a = 
(3, 4). Then (2, 3), (1, 3) e Via) ^ B? and (2, 3) # (1, 3). 


Proposition 1.5. Let S° be a regular «-transversal of S(P). Then l = {aa@| a 
e S(P)} are of idempotents of P Z-related to an element of P’, Agp = {aa®| a e S(P)} 


are of idempotents of P &-related to an element of P” and P? = lap) O Ago 


Proof. Let {aa"| a e S(P)} and A’ = {a’a| a e S(P)}. Then, clearly J. c I and Ap 
c A’. Conversely, aa? (aa®) = aa aa? = aa? and ((a°a)) aa = a? aaa = aa. Hance aa’ 


el and dae A The remainder part is clear. 


s(P) s(P)" 
Theorem 1.6. Let S° be a regular «-transversal of S(P). Then Ty and Aye) are 
two sub-bands of S(P) if and only if S? is an inverse transversal of S if and only if 


S? is an inverse subsemigroup of S. 


Proof. Assume that lip and Ap are sub-bands of S. By Proposition 1.3. we 
know that S° is an inverse semigroup. Let x, y e V(a) ^ S®. Then x = xax, y = yay and 
a = axa = aya. So xX = Xa, y? = ayt are a® = ax? = ayat imply x°, yee Via’) a 8%, 


and so x? = xX and x= y, that is | Vx) ^a S°| = 1 for each x e S. 
Conversely, it is clear (reference to Tang [12]) and the other parts also hold. 
In [2], D. B. McAlister and T. S. Blyth investigated a class of split orthodox 
semigroups. According to [4], we know that a band B has an inverse transversal if 


and only if B is split. But, for every hand B, let P = B. Then (B, P) is #-regular and 
(B, P) has a regular «-transversal if and only if B has an inverse transversal if and 
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only if B is split. So, for every band B, B may have not a regular +-transversal. According 
to [8], we easily obtain the following results. 


Corollary 1.7. Let S(P) be a -regular semigroup with an inverse transversal 
S°. If J, and Agp are two sub-bands of S(P), then lp [A,.] is a left [right] regular 
band. 


s{P) 


2. ANOTHER DEFINITION OF REGULAR «-TRANSVERSAL 


Throughout this section, let S denote a regular semigroup and E, the set of all 
idempotents of S. 


Theorem 2.1. Let S° be a regular «-transversal of P-reguilar semigroup S(P). Then 
there exists C-set P’ in S such that 


(1) p’ e P if and only if p® e P, and (2) (S°, P°) is a regular +-transversal of 
strongly #-regular semigroup S(P’)), where P= Pa S®° = P® na œ. 


Proof. In the following discussions, x? always denotes the unique #-inverse of 
x in S*. Let P = {xe S| Le P9}. Applying the S(P) is ¥-regular and Lemma 2.7 in 
[11], we know P g E, (since x e E. & VQ) c E, in [11]. Clearly (S, P) Satisfies the 
following conditions : 


(1) (Yp e P) p’P’p’ c P (since p” qp? e p° Pp? c P for any qe PY; 
(2) P? c E, (since (xy)® = y#e PP g PP œ E for any x, y e P’) ; and 


(3) (Va € ePad c P and Pa c P (since (aa? = a”a® and. (a°a)® = a°a™ 
belong to P*). 


Then (S, P3) is a--¥-regular semigroup and a? is a #-inverse of a in S°. Let p,q 
e P’.and pq e P’. Then (pq} = qp? e P® and q®, p° e P®. According to Proposition 
1.2, (©, P”) is a regular «-semigroup. So it is strongly #-regular. Therefore (qp) = 
p°q’ « P and qp e P. Thus (S, P^ is strongly #-regular. Clearly P? ¢ Pa S. Let 
p e P a &. Then pe P’, Thus p, p° e V (o°) œ S°. But S° is a regular +-transversal 
of S(P). Therefore p = p? e P, that is P? 7 S*°. c P. By Theorem 1.4 and (3) above, 
we know that S° is a regular «-transversal of the #-reqular semigroup S(P’). 


Now we may give another difinition of regular «-transversal. 


Definition 2.2. Let S be a regular semigroup. Then S is called having a regular 
«-transversal map if there exists a map o from S into itself such that (1) (Va e Sja? 
e V (a) and de E, = ae E ; (2) (a5) = ba’ for any a, b e S ; and (3) S°is a regular 
«-semigroup with #/-system P? = {p = E.,| p° = p} (S° is the image of map o and a® the » 
image of a under map o). In this case, map o is called a regular «-transversal map. 
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Theorem 2.3. Let S be a regular semigroup. Then there exists P œ E, such 
that (S, P) is -regular and it has a regular «-transversal if and only if there exists 
a map o from S into S such that o is a regular «-transversal map. 


Proof. Let S have a regular «-transversal S°. Define a map 0: S > S, a -> d, 
where a denotes the unique element of V, (a) ^ S. Then the map o is a regular 
«-transversal map. Conversely, let map o be a regular »-transversal map anc let S° 
denote the image of the map .o. Let 


P=freS|xe« PJ 
where P? = {pe E | p = P}. Then (S, P) satisfies the following conditions : 


(1) P c E; (2) (Vp e P) pPp c P (since (pqp)? = p°q*p® e P for any q = P); 
and (3) (Va e S) aP'a® œ P and d'P'a c P (since (apa?) = apa e P? and (a°va) = 
apg e P),So (S, P) is -regular. Let p, q e P and pq e P. Then (pq)°= g9 e P? 
and q°®, p? e P®. Therefore (gp) = p°q® e P® (since S°(P°) is regular »-semigroup and 
every regular *-semigroup is strongly ?-regular) and gp e P. Thus (S, P) is strongly 
#-regular and a° is a #-inverse of a in S°. By Theorem 1.4, S° is a regular «-trarisversal 
of S(P). 


Clearly, in Definition 2.2. (1)-(3) are equivalent to (1), (2) and (8) (Va = S)ja™ 
= a’, Therefore we shall see that-all #-regular semigroups have regular «-transversal 
is composed a interesting class which generalize split orthodox semigroups [2] from 
the following Theorem 2.4. 


Theorem 2.4. Let S(P) be a strongly 7-regular semigroup. Then there exists 
a regular +-transversal in S(P) if and only if there exists an homomorphism 9 : S(P) | Y» 
— S(P) such that œ is the identity map on S({P)|¥,, where y, = {(@, b) €e Sx S| V, 
(a) N V, (b) # Ø}. and 4 is the ‘natural map induced by y,- 


Proof. According to [13] or [14], we know that yp is the least strong 7?-congruence 
[11] and V, (a) ^ V, (b) # @} if and only if V, (a) = V, (b) (a ‘P-congruence is a congruence 
in a #-regular semigroup. A -congruence o is called strong if it satisfies that, for 
any q e P and ae S, qoa implies qoa* for all -inverses a* e V, (a)). Let S be a 
regular »-transversal of S(P) and a map y : S(P)|yo — S, ayp — a™. Then wis a 
homomorphism and it-is surjective. Further, if a% = b”, then a° = b° and so ay, = by. 
Therefore wy is an isomorphism from S(P)| yp into S° : 


aypWh = aM = ay, = Ap, 


that is y = 1 S{P)/ yP 


Conversely, let y be a homomorphism from S(P)|yp into S such that 


We = 1mp Let S° = image (y). Then S° is a regular «-semigroup with #-system 
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P = {(p)y,w| p =€ P } because wis an isomorphism from S(P) | yp onto S°. Furthermore, 
rh that S(P) is strongly P-regular, we have that (p) yo c P (applied xe (p) P, 
V> (p) = V, œŒ) and so xe V P) = c P for every p e R Let p, =" py,ų for any p € 


P. Then p= PYpWE = PY» = = Pile ' So p, € V> (pc P; that is P. c P. 

Let p e $ ^n P. Then there exists x e `S such that p= CYN. So that V> (P) 
= V, (x). Therefore p = (py,)y, thať is P > § ^a P. Put a; = (ay,)w. Then (ay,)ys = a, 
= (a,4 = ay, SO V, (a) = Vp (@). Let a denote the unique «-inverse if a, in S*. Then 


a eV, (a) A S, that is V, (a) MA S+ Ø for any ae S. By theorem 1.4, Sisa 


regular i pransvorsa of S(P). - = a" 
. i : 3. 


'3. SPLIT ZOREQULAR ORTHODOX SEMIGROUPS ` 


In section 1, we know that ko and Ap are ‘not sub-bands in general. In this 
section, we shall investigate a special class of "P-regular semigroups, i.e. split 7-reqular 
orthodox semigroups. In [2], D. B. McAlister and T. S. Blyth investigated split orthodox’: 
semigroups and special cases. An orthodox semigroup T is said to.be split if the natural 
morphism 4 : ToT/h splits, i.e if there is a (splitting) morphism’: x TIN >T 
such that n 4 is the identity on T / à. Here x is the least inverse congruénce in T. 
Therefore a #-regular semigroup with a regular »-transversal may be called a split” 
¥-regular semigroup by Theorem 2.4. 


Definition 3.1. Let S? be a ‘regular «-transversal of a  P-tegular Semigroup S(P). 
Then S? is called a “regular »-inverse transversal if I. ste and A, are sub-batids of S(P). 
In this case, S(P) is also called split, #-regular orthodox sémigroup. A regular 
«-transversal S° is called P-multiplicative if Oy eP? = Se~ P In the ee 
discussions, Æ = E and P°= P m S.: i A 


l Theorem 3. 2, Let S° be a ‘regular +-transversal of a P-reguiar semigroup SP). 
Then S°? is P-multiplicative if and only if S° is an inverse transversal of S(P) and it l 
is a 'quasi-ideal of S(P). 


Proof. let S° be #-multiplicative. Then S° is -a quasi-ideal. (since ` Xay% = 
OM aD day). Let p, q e P®. Then pq e P? and (pq} = q°p° = qp = pq. Therefore, 
S°? is an inverse semigroup. By Theorem 1.6, we know that $ is an inverse transversal 
of S(P). Conversely, it is clear. 


Lemma 3.3. If S° is a reguiar »-transversal of a ¥-regular semigroup S(P), then 


(i) Each element of S can be ‘writen in the form exf where e = ee°, f = Pf 
xe SV, xy = ehf; i 
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(ii) Let e, f, x be as in (i) and-let.g,= gg°, h = hh, y. €-S° with y = g°yh°. Then 
exf = gyh if and -only if x =:y, ex = gy, xf = yh. 
Proof. (i) Let a e S. Then 


~ b&. nt 


ei ; a = adda. 

. By -Proposition 1.5, a@e hip ae S. Let e = aa’, f = aa, x'= a®. Then e, f, 

x satisfy the conditions in ‘(i). i 
(ii) Note first that if e, x, f are as in (i), then since x, e°, P e S, £L =P x e 
= (exf. It follows that exf = gyh implies x = y, and on per-multiplying exf = gyh by 
e°, that is xf = e°ghy. Therefore xxf = x°e°gxh = x*gxh = Yg’gyh = yg*yh = yyh, whence 
xf = xh ; and similarly ex = gx. Conversely, x = y, ex = gy, xf = yh imply exf = gyh. 
In section 1, clearly Example 1.1 satisfies tħat-S° is a quasi-ideal of S(P), but 

cy ted lop = {(1, e, 1), (2, e, 2),°(3, e, 3)} 


and wea 


{(1, e, 1), (2, e, 2), (3, e, 3), (8, e, 4)} 


ll, 


Asp 


are not sub-bands.: i 


Theorem 3.4. Let S(P) be a ¥-regular semigroup with regular +-transversal such 
that lowe) and Asp are sub-bands. Then S is orthodox. 


Proöf. According to.T heorem 1.6, S is orthodox. In fact, let e, f e E.. then e, 


Pe Eo and (ef? = Pete E go: Thus ef e Eig- 


But let 'S(P) have a ca x-transversal S° ànd. let S be orthodox. Then EX and 


Asp, May be not sub-bands. 


, Example 3.1. Let S = = MG ; LA ai) be a completely simple semigroup, where 
EEU a 2; 3h 


ME - i 
« - 
Shana te 1 


e e G is. identity. 


Let P= {(1, e, 1), (2, e, 2), (3, e, 3}. Then S is a regular rales with 
P-system P. Let S° =S. Then F is a regular ATISVBIRAI of S(P). But lp =P =A 
is not sub-bands of S. ` 


S(P) 
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Proposition 3.5. Suppose that S contains a regular +-transversal S° ‘that is a 


quasi-ideal of S, and Jet e P, g = gge I. Then e’g = (ge)? = eo e P= E 50 


Proof. Let x = e°g. then x = e°gg® e S° beacuse S° is a quasi-ideal. So x = e°xg°® 
and X = g°x°e°. It follows that gx°xgx° = gx°xg°gx” = gx" since g°g = g° ; similarly xgx°x 
= x, and so x e Vigx®) Aa S ; further, xgx° = x9°gx° = xg°x® = x£ = e Pand gx = 
gxxg’ = gx (gx e P. Soxe v (92°) Nn S° that is (gx°) = x. But also x = gx" = (gg°e°)° 

= (ge? = e°g’, that is e°g = eg., 

Theorem 3.6. suppose that S(P) contains a regular =Wanevercat S°. Then the 
following statements are equivalent : 


(1) S° is a quasi-ideal of S(P) ; (2) exf = ex”f for any x e S(P) and e, fe P; 
and (3) <xyy® e E for any x, y e S(P). 


Proof. (1) = (2). Since (ex)? = Px°e°® = fe and (exf™ = exf, exf = (exf) = exf. 
(2) = (3). Let e e Ay, fe J. Then 

ef = eff = (eP = ee PP = ep e P. 
(3) => (1). It is clear. 


Proposition 3.7. Suppose that S(P) contains a regular *-transversal S° then the 
sets 


ly = fe € S| @ = ee}, A wt fe S| f = PA 
are #-unipotent and -unipoent partial sub-bands respectively of S(P). 


Proof. Let e, f e Loy" Then eRf implies e°LP. therefore e = f. Similarly A PE iS 


&-unipotent partial sub-band of S(P). 


Under the following discussions, we always suppose that a -7-regular semigroup 
S(P) contains a regular +-inverse transversal. Then according to Theorem 1.6 and 
Definition 3.1, we know that S° is an inverse transversal of S(P). Therefore, we have 
the following results similar to [5]. 


Proposition 3.8. Suppose that a #-regular semigroup S(P) contains a regular 
x-inverse transversal S° then 


(1) Jp and Agp are #-unipotent a Y-unipotent sub-bands respectively of S(P) ; 
if S° is a quasi-ideal of S(P), Igp and A,,, are left normal and right normal respectively ; 


(2) dee and Age) have a common multiplicative inverse transversal P? ; further, 


if S is quasi-ideal, then P? is a quasi-ideal respectively of lp A SP)" 
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Proof. Notice Proposition 1.7 and Corollary 1.8 in [5]. 


Lék SIP.) and 7(P,) be two #-regular semigroup and ọ isomorphism from 5 into 
T. Then ọ is called an -isomorphism if P, = (P) ọ. In this case, S(P.) and T(P} 
are called -isomorphic and denoted by S(P,) =, 7(P,). According to [5] ard [13], 
we have the following results. 

Theorem 3.9. Let S° be an inverse semigroup and let (B, P) be a .F-regular 
and with a regular «-inverse transversal E? which is a quasi-ideal such that E? és just 
the subsemilattice of S°. Suppose there exists a A x / matrix Q over S® satisfying : 
[f, e] = Pæ for ale e /, fe A, where I = {fe e Ble =ece$andAsgffe Bifs= 
Pf} (in fact, applying Theorem 3.6, we have Pe? = fe). 

Let 

T = [ax fe lx Sx Al eZ, or RA 
where x° is the inverse of x in S°, and define multiplication in T by 
(e, x, į (g, y, h) = (eaa®, a, aah, 
where a = xff, g] = xy (in fact P = xx, g® = py’). 

Let P, = {(pp®, p°, p°p) e 1x Ex A |p e P} Then (T, P,) is a ?-regular semigroup 

with-a quas-ideal regular -inverse transversal inomorphic to S°. 


Conversely, svery ?-regular semigroup with a quasi-ideal regular inverse transversal 
can be construct=d in this way. 

Proof. Clearly P n Æ = Æ and &@ e EŒ and ec v(e) for every e e =. Let 
Pr={w, y, YYY | y e S}. Then, aff, e] b = [af, eb] and [f, e] = [P, e] = [f 29 for 
a be E, ee land fe A. So applying Theorem 4.2 in [5] and Proposition 38, we 
have that 7 is a regular semigroup containing a quasi-ideal inverse transversal T° 
isomorphic to S°. Under the following discussions, we prove the (T, P,) is #-regular 
with a regular »-inverse transversal T°. 


Clearly (e, 3, f) e E, & Pax =x & xe E. Let 
0 0 0 
: (p, P1? P1° P+P,); (P, po, pe, pep.) € P. 
Then 
(1) Clearly 7, c E, ; 
0 0 0 0 0 0 
(2) (p, P419 P19 PyP,), (PaPa Po: PoP.) 


0 c 0.0.0 0 0 0.0.0 00 
(P, Py P{ P,P, P2 P4 Po: PP Pa Po Py Po PiPPa Pz PoP.) 


0 0 0 0 0 
(P,P, P3 09, Pi Po Py PSPP) € E, ; 
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(3) (p, pi» Pi» PiP.) (P, Pos Pos PoP.) (P, p?, ph, PiP.) 


Pp, p? pi Py p>: pi pep,p,)- (p, p. Pir P pip.) 


(p,p, P2 P1 P? Po» Py Po Py p? P1P,) 
0 
(P,P, Ps PS Py pss. P? p, psp? ps plp) 
(PP: P2PP, P1 Po» P; Po». Py -PoP,P2P, PiP) (by Theorem 3.6) 


(0,p,p,(0,p,p,)°° p? Poy (p,p.p,)° (PPP) e p, Similarly proof of Theorem 4.2 


in [5], we have (£x, x, x) e V (e, x A) A T (in fact, (e, x A x, xX, xe x A 


(exx? (xx°)?, xx?, Pata) (e, x A 
(exx®, «0°, xx" (e, x, f) = (ex, x, LA = (Ce, x A 


Similarly 


(x°x, x°, xx) (e, x, A) (xox, x°, 0°) = (8x, x, xr) 


Moreover, 


(fe, x f) (x, æ, x) = {exx®, x, xx) = (e, xe, x0) (ee, eo e°e) e P, and 


(aor, £ xx) {e x, f) = (x°x, Xx Lf) = (xx, x, f) = (fP, fp ff) e P, and 


t 


(e,.. x, f) (p, p°, Dy: p?p.) (x°x, x°, xx) 


(ex py py, xp}, PIXX py PIP, (x, X, xx) 


(ex pyx, xp}, PIXX PIP) (xx, 2°, xx) 

(ex p: Ox po xox pr x; x pox, x phx pt xox) 

(ex pp x’, x py, x pyx) 

(ex pfx? (ex p2x)°, (ex p2x%)°, (ex p2x) (ex p2x4)) e P, (exp?) e N. 


Similarly ü 


(x°x, 2°, x") (P, P3, PI PiP) (© % À e P, 


So (x°x, x°, xx) e V ((e, x, f). Therefore, (T, P,) is P-regular. Applying that T has 
a quasi-ideal inverse transversal T, we know that the #-regular semigroup T(P,) has 
a regular «-transversal T°. 
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Conversely, given a #-regular semigroup S(P) containing a regular +*-quasi-ideal 
inverse transversal S° and applying Theorem 1.6 and Theorem 3.4., we know that the 
bands -B = Epp loms Ag, and C-set P satisfy the hypotheses of the first part of the 
Theorem. Let / | = I... and’ A,,.-Define ‘the A x / matrix Q by. Qf e] = [f, e] = fe ; 
since f= Pf, e-= ee°, and S° is a quasi-ideal, Qis a matrix over S°. So applying Theorem 
3.6, we have [f, e] = fe = Pe°. Therefore all the conditions of the first part of the Theorem 
are eeuenee and we can construct 


T = {(e, she Ix SX AL eet FR xx} 


under the multiplication ‘specified in the first part. Let P, = - {(pp°, p° p 0p) e Tipe P 
and T = {(yy’, y yy) | y e S}. Then (T, P,) is P-reguiar with a regular *-quasi-ideal 
inverse transversal T°. By Lemma 3.3, the mapping : a =n (aa°®, a” zo is an 
#-isomorphism from S onto T and ©? is isomorphic to PT. 7- 


In [15], T. Saito established a structure theorem for regular semigroups with 
inverse transversals. Similarly we have the following result for -regular. semigroups 
with regular *-inv2rse transversals. PT (A, B) denotes the set of all gee mappings 
from A into B. 


Theorem 3.10. Let S° be an inverse semigroup with the semilattica E° of 
idempotents and (B, P) #-regular band with a regular «-inverse transversal Æ, and 
let I = {aa®| a e B} and A = {æa | a e B}. Then / and A are left regular band and 
right regular band respectively. Let A x I + ©, (f; e) — Pe = f » e. Suppose that, 
for each (x, y e S°®x ©, there exist a . ¢ PT (Ax I, Nand B ^` e PT (A x I, A) 


. & y) (x >) 
satisfying : 


(a°) Dom(a,. „) = Dom(B., p) = Ra X La: ran(o ta) E „and ran B, J & 
R ; ~~ Pe ak 
(oy Pay 


yo! 
E glo, 6 9)B, A, Ka... = = (f, g(h, kja oa) EA 
(f, g(h, kba, Par a A QB, KB, 5 and 
(c) (Px, yy"a, = xy (xy)? and x yy) B= Go Go) o’, 
(d°) (f e)@ r, e = fef and (f, e)B,, oy = ofe 


(ib) iffeAR,,geEeLl he R, and ke Lp , then 


Define a multiplication on the set i i 
W ={e x felxSxAleeL,, fe R} 
by (e, x»: (g, y, h) = (ef, gio, xy, f g)B,,, h 
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Let 
P, = {(pp’, p° p°p) | p e P} 


be such that (e, x fì P (P, x, e°) c P, and (P, x, e) P, (e, x ff} c P, Then 
(W, P,) is a #-regular semigroup with a regular »-inverse transversal isomorphic to S°, 


and lapy = 4 Awp) = A and E(P.) =,B(P). Conversely, every such semigroup can be 
1 1 g 


so constructed. - 


Proof. According to theorem 3.6 in [9], Theorem 1.6 and Definition 3.1, we know 
that (P, €)O 70 e?) = Pef = Pe and (f, 2°)B (70 e0) = e°fe° = fe” and w is orthodox with 
an inverse transversal W = {(yy’, y, yy) | y e S} isomorphic to S° because (e, x, f 
(g, y, h) = (..., x(f « g) y, ...). Therefore, we only need to prove that (W, P.) is 7-regular 
with a regular «-inverse transversal W? = and E (P,) =, B(P). 


Clearly, according to (a°), we have (e, x, f\(e, x, f) = (e, x f) if and only if 
x =x, and so P, c E, 


Let (P, pi> Py» PiP (P,P, Po P2P) € P, Then 
(1) Since 


ran (œ, o o) ¢ L 00 
(P4»Po) P4 Po 


and 


ran (B (p2,p%) = ae 
0 0 0 0 0 0 
(p, Py 3 Pp 3 P1 P,) (P, Pos Pos PoP.) 
0 0 0 0.0 0 0 0 0 
= (P, P1 PyP,P, P2(P, P1)» Py P2» (P Po)? PIPP, P2 P2P,) 


0 0.0 0.0 00 í 
= (P,P, P2 Pi» Py P21 Po PyP,P,) = (o Py Po =) € E, ; 
further 


(2)  (@,p?, pis PIP) (P, Po» Po» PoP,) (P, Pi» Pi» PiP.) 
= (P,P, P3 Pi» Py Po P3 PIPPA (P, P}, Pi PIP) 
= (P,P, Po Py P2 PIPPP, Py (Po PIPPA Py Po» (P, Py)’ Pp PIPPP P; PIP.) 
= (P,P, P3 Py P3 PIPPP: Py P2» Pi Pa» Py P2 PIPPP: Py PIP) 
= (PPP Pi P? PI Pe Py P2P,P2P,) 
= (p,p,p,(p,P.p,)°; (0,p.p,)°, (P,P,P,)"P,PP,) E P, ; 
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(3) Since (x, x, x) e V (fe, x f), 
(xox, x, xx) (a, x A = (P, x, e) (2, x, A 
= (P(e, e)@ op xx (e°, e) 


= (P, P, A = (fF, P, Phe P, ; 
Similarly (e, x, f) (x, x, x) e P,. EP) =, B(P). 


con!) 


Hence (W, P) is #-regular semigroup with a regular »-inverse transversal W° 
isomorphic to S° by the definition of P. 


Theorem 3.11. let (S, P) be a strongly #?-regular semigroup. Then S(P) has a 
regular *-inverse transversal if and only if P = E, and S is a split orthodox semigroup. 


Proof. Let e e E. Then e° e © c P and we have the following diagram : 


Since ee°, e° and e°e e P, e e P, that is P = E. Applying Theorem 2.4, S is 
split orthodox semigroup. Conversely, it is obvious [2]. 


4. THE GENERAL CASE 


In this section, we shall investigate general #-regular semigroups with regular 
«-transversal. In [13], Yamada and Nakagawa proved that, for every ?-regular semicroup 
S(P), there exist a C-set P’ such that S(P’) is a strongly #-regular semigroup, ir this 
case, P’ is called a strong C-set. Therefore, in the following discussion, we always 
suppose that every #-regular semigroup is strongly #-reqgular. A partial grouboid E 
is called a regular partial band if there exists a regular semigroup S such that the 
partial groupoid E, of idempotents of S is isomorphic to E [1]. 


Let P be a partial subgroupoid (that is a subset) of a regular partial band E. 
lf P satisties the following conditions, then P is called a C-set in E: 


(1) e, f e P implies that ef is defined in E ; (2) P? = E : and (8) for a e, f 
e P, (efje or e(fe) is defined in E(hence both (efe and e(fe) are defined in E) ; jurther, 
{efje = e(fe) is contained in P. 


In this case, (E, P) is called a regular -partial band and denoted by E(P [14)). 
P is called a strongly C-set in E if, for any p, g e P pq e P. In the following discussion, 
we construct #-regular semigroups with regular »«-transversal. 
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Let E(P) be a regular #-partial band with C-set P and v(e) ={feE|e = efe, 
f = fef and ef, fe e P}. f e Vie) is called #-inverse of e in E(P). Then E(P) is 
called a regular +*-partial band if | V (e) | = 1 for any e e E. In this case, P is called 
F-system of E. Let E be a regular partial band with C-set P. Then E, c E is called 
a regular »-transversal of E(P) if it is a partial sub-band of E and, for any e e Æ, 
| Vie)n E, | = 1. Let E be a regular «-partial sub-band of E(P). If E(P) is strong, then 
| V (e)n E, raTa Ve) n E, + © {its proof is similar to that Th.1.4). 


Let E(P) be a strongly regular #-partial band with a regular »-transversal Æ? 
For e e E, < e > denotes the set {£e E |x < e} (x $ e means x = ex = xe). Then. 
< e > is a partial sub-band of E. For e, f e E, < e> and < f > are called isomorphic 
if there exists a bijective from < e > onto < f > such that, for any x, y e <e», 
xy is defined in E-if and ‘only if (x) ‘9 (yg is also and in this case, (xy)@ = (x) 9 (yọ. 
In this case < e > and <-f > are denoted by < e > = < f >. Further, 9 is called strongly 
isomorphic if, for any x e < e >, (x) 9 e P if and only if xe P . In this case, < e 
> = <f> is denoted by < e > =, < f>. Let T,, = {a,, | %,, is a strongly isomorphic 
from < e > onto < f >} and Tep = U,,. , Tey. Clearly, for x < e (x e e E, e e P), there 
exist p,q e P such that p < e, q < e and x = pq. So that o,, = Beg if and only if 
Oanl cernp = Ben! <esnp Therefore, in the following discussions, we always put that 
<e> cP and«<f> cP. Let REP = R, ^n P and LEP = LM P. Sometimes, REP 
and L ©?) are simply denoted by R, and L, respectively in no misunderstandings. Let 
S(P) be a strongly #-regular semigroup with a regular +-transversal S°. Then we have 
the following Lemma 4.1. 


om 


Lemma 4.1. For each (x, y) e S x $, let a be mapping defined by cx = x 
(ca) (which is connecting mapping), where c e < xx? >. Then a, e€ T ep) and 


A 


(1) for each (e, fle Ries) x LEP), (efe g] e nie and (Pefja, e RES) 
xx -> yy xy 


(2) if fe. RE), g e LEP, he RE”) and k e pl"), then 
xx yy Y y . z 
foP)a:' [grga hklgf g), hlaz az, = [flgthkh®) a; f] ax and 
ig°fg)a hk]o, 
= (Ig(hkh®) a3 T Fig(hkh®) aa, (khk)oa, ; 


(3) G2xyy"x) a; = xyxy). and 
‘oy’x’xyy")a,, = yxy for any „xyes; 
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(4) if S° is an inverse transversal of S, then (Pef a = Pe and (efe°) æo = fe? 


(5) S° is a regular +-subsemigroup such (4Y (Pef) Azo Pe and (efe) = œo = 


fe° for any (f, e) e Ace p) X læ „p if and only if S° is an inverse transversal. 


Proof. Let W = {{e, x„ f} | x e S e Lx, ox Ah. Defined multiplicative on W by 


(e, x N (g, y, h) = (efg) az’, xy, (9°fg)a,h). 
Defined a mapping ọ from S into W : l 
a — (aaf, a®, a®a). 


Since 
(aa, a®, ata) (bb?, b®, b°b) = (aa*(a°’abb*a’a®) g "00 , Ah, ((bb*)’a°abb*) a 0C b°b) 
= (aa, a® (aabb’a’a™) a, aMb™, bbb aabb?) b™b°b) = (abb*a®, a®b™, b°a°ab), tad) Q 


= abọ. Applying Lemma 3.3., ọ is an isomorphism between S and W. So W is a 
semigroup on the multiplicative above. 


(1) For each fe,f) € RO x Log”, (efe°) gee x(efe°)x*. Therefore e° = xx and 
P = yy? and xefe%xy(xy)? = refet = refitayy a? = EEEL = refy = 
xefe? 
and 
xy(xy? (xefe) = xyp*sxefe°? = xyypefe = xryyfefe° = xyyfefx = xyyfefex = xyyfex 
= xyyx®, so that (ef) gŭ e LEP}. Similarly 
xy(xy) 


(Pef) a e ples”) 


xy’ (xy) 
(2) and (3) are clear because S - W ; 


(4) Since Ae. p and / Ep are a right regular band and a left regular band 
respectively, it is clear ; 


(5) Suppose tnat S° is such that (4)’. Let e, f e l Ep) Then ef(ef)® = .effe® = 
efe® = eefe? = eef = ef = So ef e lig pp es liep iS a suh-band of S. Similarly, 
A (Esp) is also a sub-band of S. Applying Theorem 1.6, S° is an inverse transversal. 
Conversely, it is clear. 
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Theorem 4.2. Let S° be a regular *-semigroup with -system P*, (E, P) a strongly 


regular #-partial band with C-set P such that E ,0 is a regular «-transversal of E(P) 


and P =P. E 50 and P satisfies that p e P implies p° e P? (p° is the unique element 


in V,(p) ^ Eo). 


Let Je, = U {LEP | ae Ph Agp = U {REP | ae P} Let Ax! > 8°, (fe) > 
f » e = Pe be a mapping. Let a@ be a mapping from S° into Tp Such that 
(x) =o E To for any x e 5, and 


{E,P) (E,P) 


(a*) for each (e, Ae REP x 156P, (efg e L and (Pefja, € R 
xox yy? xy(xy)” (xy)? xy 


especially, if y x e P®, then (e)a, = (xy)? exy, Where e e < WQRyY > ; 


(b iffe REP, he FEP, he REP andke pEP, then 
xx yy’ y?y zz? 

(fo?) 0! [l9°fg)o,hk (Piah Ici = NIP =! Plat 

and 


[kig fojo, hikla, = (lo(hkh?) a1} [g(hkh®) aza, hko, ; 


(c*) Royer) of! = Gy) Gy) and (yr xyy a, = (ry)? xy. 
Define a mulitification on the set 


W = {le x, f) e len X S° x A(E,P)je e LEP, fe a“) 
XX 


XxX 


by 
(e, x f) g, y, h) = (e (fof) a7, xy, (g fg) (œh). 
Let P = {(pp®, p°, p°p)ip e P}. Then (W, P) is a strongly #-regular semigroup 
with regular «-transversal #-isomorphic to (S°,P*). 


Conversely, every strongly #-regular semigroup with a regular «-transversal can 
be constructed in this way. l 
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Proof. We can easily show, by using (a*) and (b*), that W is a semigroup on 
the multiplication above (its proof is similar to TH. 2.5 in [9]). Let W = {{e.xf = Wie, 
f e P9}. Then (e, x, f) e W if and only if e = xe and f = xx. By (c*), we obtain 


(xx, x, x°x) (vy. y yy) = Cry Oy)”, xy, Ory)? xy), 


which shows (W°, 2°) = (S°, P°), where P? = {(p°, p°, p®) | p° e P9}. So W is a regular 
»-subsemigroup of W. 


Clearly, we Fave easily the following two results : 


1. (e, x, f) e E, if and only if x e E o ; 


2. (e, x, f) € P if and only if x e P? (in fact, (EP) is strong and x e P? implies 
ef e Pand x = fe. So (e, x, f) = (e, fe, f) = (ef (ef), (ef), (ef) ef). 


For (e, x, f) e W, we have xx? = œ and (f fù) e REP) x eet So F fF az! 
X X X X 


e LEP and °F fa o € REP) . Thus we have 
xx? =e xx? =e? 


Gs fF. e) = FFP, x, Fff oe"), 
= (e, e°, e°) = (ee, e°, ee) e P 
since e e P. Moreover, (e°, e) e REP x igi ). Thus 
XX XX 
(e° e e?) ale LEP = LEP) 
e° — ex(e?x)l e° 
and 


(e? e° e)& € R(E P) 
(e°x)° e x=x axt’. 


Thus we have 


wr an eea Ree n Czy) 


= (e(e°ee") an , x, (PLLA f = (e, x, f) 
e 
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Similarly, we have 
(f°, x°, 6) le x, F) (Fo x9 e = (9 x A. 
Further, (®, x, e°) (e, x, f) = (P, P, f e P, and clearly P = {(pp°, p°, p’p) | p 
e P c Ep 
in the following discussions, we show that (W, P) is strongly -regular with a - 


regular «-transversal (W, P9). 

{i) For any p, q e R we have 

(p°, p°, p°p) qq’, g, gq) = (... p°q®, ...) € E,. 
since pge E; | | 
(ii) Since | 

(op, p°, p°p) (99%, q, 9°a) (pp’, p°, pp) = (..- p°a*P%, ...), 

it is in P because pgp eP; 
(iii) Since 

(P, x, e°) (Pp°, p®, p°p) (e, x À = (..5 xp, ...), 


jt 


it is in P 
Similarly (e, x, f (pp’, p°, pp) (©, x, e9) e P. Consequently, (P, x, e°) is an 
P-inverse of (e, x, f} in W. Therefore (W, P) is #-regular. 
Let (g, y, h) e W be an F-inverse of (e, x, f e W. Then 
e x ff) = (a, x f) g, y h) (e, x AY = (..., xyx, ... ) 
and 


(9, Y h) = (9, y h) (e, x; f) (9, y: h) = (ri YXYy ga) 


So x = xyx and y = yxy. Clearly y is a #-inverse of x in Ww p° ). Therefore, 
y = x, g = xx and y = x. Thus each element (e, x, ff! e W has the unique -7-inverse 


(P, x° e°) in W. So (W, P) has a regular «-transversal (W°, P°). Put (p°, p°, p°p), 
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(qq°,-q°, q'a) e: P for any p, q e P. If (pp°, p°, pp) (qq, q°, 9°q) e P, then 


10. 


Ti: 


_ PP’, p°, p°p) (aq°, q%, 9°q) = (... pq’, ...),€ P. 
So Ba e P. But (S°, P?) is a regular +-semigroup. Thus p°q° e P°, and it implies 


aq’ q’, q°q) (pp°, p°, pp) = (... gp, ...) € Bo 


Therefore (W, P) is strongly -regular with a regular «-transversal (W°, P®), 


Conversely, it is clear by the first part of the proof of Lemma 4.1. 
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INTRODUCTION 


A complete pseudometric space was introduced by G. Kureppa [5]. This 
pseudometric stace was completely different from the usual one. L Collatz [2] obtained 
a fixed point theorem for an operator on this pseudometric space. But the fixed point 
theorem of Collatz suffered from the limitation that it could not be applied easily to 
given problems. 


In this paper, we obtain a common fixed point theorem for the same iteration 
of two operators on a pseudometric space. The corresponding fixed point theorem 
for a single operator on the pseudometric space is given in the form of a corollary. 
As an application of this corollary, it is shown that if two operators on two pseudometric 
spaces satisfy conditions which ensure their fixed points, then it is possible to construct 
an operator on the tensor product of the given pseudometric spaces such that it 
possesses a fixed point on the tensor product space. 


To avoid confusion, we replace the word pseudometric by P-metric and limit our 
discussions in four sections. Section 1 contains some definitions as given by L. Collatz 
[2]. Section 2 considers the tensor product of two P-metric spaces. Section 3 contains 
our main common fixed point theorem and its corollary. Section 4 shows an application 
of this corollary. 


1. SOME KNOWN DEFINITIONS 


Definition 1.1. A sequence {p,} of a partially ordered linear space H over F is 
said to converge to a limit element p in H (written as p, —> P) if {p} satisfies the following 
properties : ; 
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(i) {0,3} = {o} (o being a fixed element of H) = p, > o. 
(ii) p, — p> Pan, >P ({ Pan? being a subsequence of {p} 


ü) p, — pc, >c (e) c Rce Ps oep>cp 
(iv) Pa > Pr On > 6 = p, + 6, apts 
v p, > p, p, =. 0, => p26,, where 0, is the additive identity of H 


(vi) 6,5 p,S 9, and c, > 9, => p, > 6, where {o} c H. 


Definition 1.2. A space X is called a P-metric space if any two elements 
f, g of X are associated with a map such that p (f, g) is an element of a 
partially ordered linear space H over the:field-F and p (f, 9) satisfies the following 
properties : - < ~ 
(i) p (f, g) 2 6, 
(ii) p (f, g) = p 9, f 
a) p (f, hs spf g) + p (9, h) ; : ener’ he X 


Definition 1.3.A sequecnce {f} < (X, p, H). is saq to converge to a limit element 
f in X (written as f, — f) if 
(i) p (fs f) — 8y Es 
If X is also a linear space over a field F then {f} is said to. converge to f, if 
in addition to (i), the following conditions hold.: _ zee i 
(ji) f,— f, 9,79 ff} c X, fg} c X f, gc X) >f, + 9, thes 
(iii) ff, c >o, fie} c F, Ce F} = c, fcf 


Definition 1 4. A sequence ff} c (X, P: H) is said to be a ‘Cauchy sequence, 
if ‘lim P e 1) > G oe. 


i m, n= 

Definition 1.5. A proper (improper) subset N of a P-metric .space (X, p, H) 

is said to be complete, if for every aa eaten {f} c N, there exists some 
f e N such that p (f, f) — 6. ; 


Definition: 1.6. Let (X, p, H) and (Y, œ, L) be two P-metric spaces. An 
operator T : D c X — Y Is said to be continuous if for every {f} < D such that 
fife D, Tf, — Tf in Y. 
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Definition 1.7. Let (X, p, H) and (Y, c, L) be two partially ordered linear F-metric 
spaces over F, then T : D c X > Y is said to be positive if for every f e X such 
that f > 0, Tf 2 Qs where @ and Ə, are the additive identities of X and Y respectively. 


Definition 1.8. Let (X, p, H) and (Y, o, L) be two P-metric spaces. An oberator 
T:D c X — Y is said to be bounded if there exists a positive linear covinuous 
operator Q : H — L such that 


o(Tf,, TE) < Qp (f,, f,), V f,, f, ¢ D. Obviously, if T is bounded, then T is continuous. 


Definition 1.9. Let (X, p, E) be a P-metric space where E is a partially crdered 
linear space over the field F. Then a map f : X — E is said to be bounded if tor any 
X» X,, Of X, there exists a positive, continuous, linear operator Q on E such that 


t) — fly) < Q p (x, x). 


2. TENSOR PRODUCT OF TWO P-METRIC SPACES 


2.1. DEFINITION OF TENSOR PRODUCT 


Let (X, p, E) and (Y, o, E} be two linear P-metric spaces over the field F where 
E is a partially ordered normed algebra over F. Let X* consist of all bounded linear 
maps f : X — E. Then X* is a linear space over F under pointwise operations when 
| f || is defined as || f || = inf |] Q |, where f(x) — f(x) < Qp (x, x), V x, x, 
e X and for some positive continuous linear operator Q on E and || Qa i = inf a, 
a > 0 such that | Q ()-I_L< | als || x lẹ V x e E Similarly, Y* may be 
defined and shown to be a normed linear space over F. Now, let BL (X*, Y ; E) 
= {p / > : X* x Y* — E, where 9 is bilinear and || ọ (f, g) |< 8 || f ll | g I, for some 
B>0, Y fe X*, Yge Y}. Then BL(X*, Y*; E) is a normed linear Space over F under 
pointwise operations and || | defined as || ọ || = inf & We now make the fcibwing 
definition : 


Definition 2.1.1. Let x € X, y e Y ; let x ® y be an element of BL(X*, Y* ; E) 
such that (x ® y) (f, 9) = f(x) g 0), Vf e X*, V g e Y*. Then the algebraic tensor product 
X ® Y of X and Y is defined to be the linear span of (AS G X, ye Y}in 
BL (X*, Y* ; E). 


2.2. SOME RESULTS ON TENSOR PRODUCT 


Proposition 2.2.1. Let (X, p, E) and (Y, o, E) be two linear P-metric spaces over 
F where E is‘a partially ordered normed algebra over F. Then (X & Y, d, E) is a complete 
linear P-metric space over F, where for any two elements u, v of X ® Y, 
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n n n n 


u = » x Oy Vz > (xj @ yj) d (u, v) = 2 P (x,, x;) + 2, O ‘Yr Yr) 
i=1 j=1 r=i r= 


Proof. Clearly, d(u, v) 2 6, d(u, v) = 0, iff u = v, and d(u, v) = d\v, u). : 


n 
‘Let w= È x7 ® yf be any other element in X ® Y. 
jt ° 
Then 
n n n n 
du w= plir i)e 2 oly, w)s 2 plna ie E p(x, of 
r= r=1 r=1 r= 
n n 
+ 2 O (Yrs yr) + 2, o (yrs yr) 
r=1 r=] 
n n n n 
={} p(x x) + È oly yhti p(x x) + È ply y} 
r= r=1 r=1 r=1 


= d(u, v) + d(v, w) 


Hence d : (X @ Y) x (X ® Y) > E is a P-metric on X ® Y. Now let {u} be 
an arbitrary Cauchy sequence in X ® Y. Then d(u_, U» — 6 as m, n — œ where 


a a 
un = E aM @ yim and us E @ yf, 


f=1 i= 


94 


Qa 
Now d(u_, u) = dÈ xi) o ym”, > xi") ® y$) 


i 
i=1 i=1 


am 


a (X 
= Doom, xf) E og, yM). 


i= i= 
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So there exists a positive integer N such that du, u) > 6, V mon 2 N. 
Hence p(x!™, x!) > 6., and of m, yf) 8, as m, ‘No Hence ‘for each r, 
{x} and {y!")} are Cauchy sequences in X and. respectively. But X and Y are 
complete. So, x!) x, (say). y™ _, y, (say) as m—co where x e X and y, e Y for 
each r = 1, 2,..., œ + 


a = 
Le u= È x ® y, Then ue X ® Y. We now show that u, > u as m=, In 


r= 


a - Q 
fact, d(u., u) = dÈ <™ @ yi", E xy) 
i=1 r=1 


ww 


a a 
= X} p gm, xj) + x o (yi, yj) > 8, as ms, (Since for each 
j=1 f=1 


r= 1, 2, ..., Q, xm) x, and ym) > y, AS Me), . a 
en 


So, u, > u as mæ. Thus (X @ Y, d ;E) is a complete P-metric space.. .....; 


3. COMMON FIXED POINT THEOREM IN A P-METRIC SPACE 


Theorem 3.1. Let (X, p, E) be a complete P-metric space where E is a-normed 
linear space over F. Let x, e X be given and let S = {u e X /p (u, x) < e, for some 


e 2 0}. Let I be the identity operator on E. Let T” and T?” (m 2 1): Dc X—=X 
be such that ` 


0 p(T,"x, Ty) < Qp œ y). oe (3.1) 


for all x, ye S and for some positive continuous linear operator Q on E such 
that Q < I, -Q is injective and {Q} is convergent in BL(E, E). ; 


(ll) plz, Tix) < (-Q) e er EJ 


Then 7” and 7,” have a unique common fixed point in S. 


50 : "D. K. Bhattacharya and T. Roy 


S Proof: Let x = T” (x_,) when n- is an odd integer*and x, = 7,” (x_,) when 


n is an, even — First we. verify that x, è S if n.is even. As e 2 6, so 
Qe) | 2 Qe) = 


Cai e, 


x “Thus “aie) < 6.- “Hence, ay ese. Now by (3. D, 
ou, x) < (+0) e | 


«\ 
So p(x, x) < (l-Q) e. Hence x, e S. Let us asume that x, Xs... x, E S. We now 
show that x e S. Using (3.1) and (3.2), we have, l 


m 


plx,, x) = ATE) T (x) s apy x) < Q (I-Q) e 
X x) = p(T"(x,), T (x) < Apl, *) < Q? (I-Q) e 


P (49 x) =p ( Ty" &,,2 F Ta d) s Qp a x,1) < Qu (I-Q) e 


So, P(x» x,) S P X) + P X) + e + Pu X) 


7< (FQ) e-4+°Q.(-Q) e+ Q? (FQ) e + u + Q™ (-Q) e'= (Q) e, © `> 


Again e 2 6, = Q" (e) 2 0, , so (l-Q") e < e. 


Thus p(x, x) < e. Hence, x È S. It ‘may be similarly: shown that x e`S When 


n is odd. So {x} c S, V.n e N. We now show that {x} is a Cauchy sequence in S 
We have, ) Oe | 


Ben Plt» x) 3 P (x,, a oe r Ar 1+ Ply 


x) S Orel, 0? es 
So, pity x) < Pra MET” Ko Fu) F e + Pl i x) l 
EEE O A nn 4 QN le L 
; Hence i . te. 22s F Lo moo. ' as 
(O° + Qe + 


TER + Q) p(x, x) — plx, x E 2 6, 


. “Again | > Q = lx > Qy, Y x > 0, Le. (I-Q) x > @,, V x > 6. So (I-Q) is a positive 
operator. Hence from (3.4), it follows. that ; 


(l-0) (Q + on. + qre) Ply x ra x ey : Se aud (3.5) 
«So (Q* - Q™*) plx,, x) - (-Q) Da Xa) 2 % É 


ie. (I-Q) p(x. x,,.) S (Q Q™*) plxy x))- 


Fixed Point Theorem on P-Metric Space and Related Problems 51 


. Now as n > œ, R. H..S. tends to 6,, for p = 1, 2, 3 ... (Q"} being convergent 
in BL(E,E)). ce 


So (I-Q) p(x, Xap) +» 6, as n — %, p= 1, 2,3... . Since | # Q and ([-Q) is 
injective, so p(x x „J > 8p as n>», p= 1, 2,3... . Hence {x} is a Cauchy sequence 
in S. As S is complete, So x, > x e S: We now’ show that x is a common fixed point 


of T” and 7,". In fact, 
| plx, T x) = pls, x) + pix, T” x) 


plx, x,) + p(T)” x4 T” x) (taking n even) 


< plx, x) + Qp p x). 
Now p(x, x) > 6, and pk, a X% — 0p as no, 
Again p(x 


py 2 > 8 = Qp p x) --9,, (as Q is continuous on E). 


So p(x, T” x) = 8, and hence T; x = x. Similarly, taking.n as an odd postive 
integer, it may be shown that T; x = x. Thus x is a common fixed. point of .T,” and 
T; . Now we prove that x is unique. If possible, let 7/"y = y = Ty, for some 
ye S where x + y. Then pfx, y) =- p(T x- TY) < Qplx, y). So (I-Q) p(x, y)'< 0- But 
(l-Q) is a positive operator and p(x, y) 2 0, Hence (I-Q) plx, y) 2 Ə- Therstore, 


(I-Q) p(x, y) = 6. As | # Q and I-Q is injective, so p(x, ys =.6. and hence x= y This 
completes the proof. . _ c, - ; uae 


Corollary 3.2. Let (x, p, E) be a complete P-metric space where.E is a ncrmed 
wipe space over F. Let x, € X be given and let S = {u e X / p (u, x) < e, for s9me_ 
> 8}. Let | be the identity operator on E and T: D c X > X be such taz ` ` 


() px, Ty) s Qp, y) a. E 


= 


for all x, y e S and some positive continuous linear operator Q on E such that 
Q < I, I-Q is injective and {Q"} is convergent in BL (E, E). 


(ii) p(x» Tx) < (I-Q)e. 
Then T has a unique fixed point is S: 


Remark 3.3. The conditions of Theorem 3.1 ‘are suffi ploni but not necessary. 


Example 3.4. Let R? be the 2-dimensional real vector space. Let x,y € R? where 7 


x= (x, x,)5 y = (yp y). Let x < y if x S yp Ì = 1 2. Let ples y) = ( xmi b 1-2, D. 


Let two os T, and T, on R? be defined as T (x) = T.0) = Zs xy = R.. 


£ one 
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Obviously, R? is a P-metric space with associated partially ordered linear space 


R? itself. Aiso origin is a common fixed point of 7T” and 7,", where m is a finite:positive 
integer l i 


A ' 


But T”, T do not satisfy the conditions of Theorem 3.1, which may be shown 
as follows. 


& 


If possible, let the conditions of Theorem 3.1 be satisfied by T” and T", for 
some positive integer m. Then for any two points z, = (x, y) Z, = (, y,) 


m e a 
p(T” z, T z) = {| 2 x- gale y” qa el) 


-< (al) p(z,, z,), for some a, 0 < a < 1 


= all x, -Xh ly, B y) 
` In particular, let us choose z, = (2, 2), z, = (1, 1). 


- Then- we have | amet ma r |< a, 0 < a < 1, and m is a positive integer. This 


is -a contradiction. Therefore, Tn” and T” do not satisfy the conditions of 
Theorem 3.1, although they have a common fixed point. This justifies Remark 1. 
‘Remark 3.5. If the conditions of Theorem 3.1 are satisfied only when m # 1, 


then also T?” and 7,” have a unique fixed point. 


Proof. In this case, there exists a unique „e S such that TP x, = x, = TP xy 
m+ 1. l l 


Now T, x, = T (TP x) = Tm (x,) = 7” (T, x,). Thus T, x, is a fixed point of T”. 


But x, is the unique fixed point of 7”. Hence T, x= x, So x, is a fixed point of T,. 


-. ‘Similarly, it may ‘be shown that x, is a fixed point of T,. Thus x, is a common 
fixed point of T, and T,. To show that x, is unique, let y, be another common fixed 
point of T, and T where Vo £ Xp: Obviously, x, and y, are also common fixed points 


of T” and T,” where m # 1.-As by given conditions, T” and T; have unique: common 
fixed point when m ¥ 1, SO x, = yy 
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Remark 3.6. If in a given problem, the conditions for the existence of common 
fixed point of two operators T, and T, do not hold, then the question of exts:ence 
of common fixed points remains indecisive, as the conditions are sufficient but not 
necessary. However, in this case, similar conditions for higher order iterations of T, 
and T, may be triad. If such conditions are found to hold for some iterations of T, 
and T, it may be concluded immediately from Remark 3.5, that T, and T, have a ccnamon 


fixed point. To illustrate this point, let us consider the following example. 


Example 3.7. Let R" be the n-dimensional! real vector space. Let x, y e R" where 
x= 4.4%) y = O, yy) Letxsyifxsy 51 1, 2, ... N. 


Let p be deiined by 


p(x, y) = (| ~] ™ Y, | | Xa _ Y: h E A $ | Xa al >, 1). Let E = (e,, e, SEERPS ’ e) 
be the standard basis of R” ; let T, and T, be two operators on R” defired as 
follows : 


T, (e) = e,, T, (e) e: T, (h) = h, for all h e E, h # &, e, 


il 


1 d 2 

2 2 2 
1 d é t 

e, T, h) = > W, for all h e E, h #e,, e, 


4 


and T, (e, 


Mo | = 


e,, T, (e,) = 


nO 


= 
2 


n n n 
For x= È xe, let T, @ = È xT, (e), T, œ = È xT, (e). It may be verified 


i=1 i=1 i=1 


easily that R" is a complete P-metric space with associated partially ordered | near 


space R" itself. Ncw for any x e X, T, œ) = > x”, where x” = (x,, Xp Xj X, m X) 

d T? 1 
an 1 x) = 4 (x,. TETTEIT i x) = 4 Xx. 

“ “ 1 Ji 4? 
Similarly, for any y e X, T, () = 3 y”, where y” = (Yp Yor Yp Vg oe » y,) and 
1 

TO = — y. 

2 0) 73 


Obviously T, T, do not satisfy the conditions ensuring their fixed points. 
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Now, 
i. 7 
y) = pi (| x7 DX l 1 X, = X 5 s>eassp” | x, i Ya l) 


a 7 r l S 1 
e Ate Xy T; y) plz Xy 


a Q 5 i < I, Hence, by Theorem 3.1, 


T? ; T? have a miau common fixed ee) So by Remark 3.2, T, and T, will 
also have the same unique common fixed point. 


Remark 3.8. The exampie considered in Remark 3.6, also reveals that conditions 
of Theorem 3.1 (when m = 1) are also sufficient, but not necessary. 


- 4. APPLICATION OF FIXED POINT THEOREM 


Theorem 4.1. Let (x, p, E) and {Y o, E) be two complete linear P-metric spaces 
over F where E is a partially ordered normed algebra over F. Let T.: X — X, 
T, : Y — Y, be two linear operators on X and Y respectively ‘such that Y x,, x, € X, 
Vy, y, € Y, 

p(T, x, T, x) < Q,plx, x) and off, y, T, y)’s < Q,ply,, y,) for some operators 
Q, Q, : E > E, where both of Q, and Q, are positive, linear and continuous and either 
Q, < Q, < |] or Q, < Q, < I ; moredver both of I-Q, and !-Q, are injective and {Q;'}, 


{Q7} are convergent in BL(E, E). 
Let T:X @ Y — X @ Y be such that for 


n i ` n 
= Dx@®ye X@Y, =T} x8 y) 
i=1 i= 


n 
= È { Tx) 8 T,O)} Lt v= &% @'@y) e X&Y. and let - 
i= j=1 


d(u,v) = a(S (x,@ y) X Wi Sy¥)= 2 P %8 x) + o 0,8 y) 


p a areae jt > r=1 
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Then T has a unique fixed point in x S Y, d). 


n n : 
Proof. d(Tu, Tv) = d[T(> x8 y), TL x8 y) 
i=1 j=1 


n 


dE TE S Toh E (Tx) @ ToN 


i=1 =1 
n n , 
= È pita) Te} + È of Ty), T0) 
r=1 r=1 -> 
n n 
< 5 Qe (',@ x) + 5 Q,o O, 8 y) 
r=1 r=1 i 
n n 
< Q(X pk @x)+ % of @ y) (assuming Q<Q). 
r=1 r= 
= Q, dy v). 


Similarly, if Q, < Q, then d(Tu, Tv) < Q,d(u, v) V u, ve X &® Y. Thus 
(X & Y, d) is a complete P-metric space with T: X ® Y — X ® Y satstying 
d(Tu, Tv) < Q,d(u, v), or d(Tu, Tv) < Q,d(u, v). Hence by Corollary of the Theorem 3.1, 
T has a unique fixed point in X ® Y. 
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GROWTH PROPERTIES OF HOLOMORPHIC FUNCTIONS 
IN SEVERAL COMPLEX VARIABLES 


B. C. Cuakrasonty ano B. K. Ray 


ABSTRACT : Let H, be the family of all holomorphic functions in a polydomain 
D < C", the compiex n-space. For f, g e H,, the Hadamard Product f+» g is defined. 
A few growth properties of f « g and their partial derivatives are obtained. A few 
properties of the 2ntire functions have also been obtained. 


1. Notations. We denote the complex and real n-spaces by ©" and R° 
respectively. / will denote the cartesian product of n-copies of |, the set of non-negative 
integers. We indicate the points (z, ... z) (M, ...m) etc. of C° and R° of their 
corresponding unsuffixed symbols z, m etc. For z, w e C" and a e C we define 


z=w iffz=w,i=1,.. n, oz = (Œe Z) Z + Ww = (z, +w,- z +w) and 
[z2|/={ [2z P+... + |z, F7. The positive hyperoctant R? is the set R? = 
{X:XeAR,x 20, i= 1,...,n) Fork e Rf we set | k || =k, +... +k, and for 


anime I, m = m! ... m! For any Pel, p will stand for the n-tuple (p, .~ , p}. 


Also for z e C° and k e R? we shall write z*= z% ... 24. For xy e R° we say 
that 

(i) x Sy ffx Sy, i- 1, maon 

(ji) x < y iff x s y but x zy ; 

(iii) x << y iff x <y, i= 1, ..., n. For a holomorphic function f, f will denote 

k 
the function a ke F. 
az“, azÉn 


2. Let H, be the family of all holomorphic functions represented by multiple power 
series of the form 
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(2.1) f(z) = 2 |m|.=0 4,2" ae C, 


each being holomorphic in a closed polydisk D = {z :| z |< A, i= 1, ..., n} 
For f g e H, we define Hadamard product f » g by 


aú (f « gz) = P bz", where 


goji SE, -9D,, zm. Evidently, fe *g e Hy Gonessendingt to Fe E H, we ; define the 
maximum modulus function h maximum term 4, (r), and central indices v (r) of udr), 


j = 1, -s A ON R? by Mír) = = MAX, | f (z) l Hi (r) a max, € pil a, Lah V(r) = 
max {m, > fa | m=uy, (), j = 1, ... ‘nh. We call v = ( vp .... v) as the rank of 
the maximum term L, (r). Throughout this paper M ft. gett) will be denoted by Min k), 
ke P. ; ; 

Theorem 1. Let ff g e H, and Afr) 2 0 denote the maximum of Re (f « g) on 


Izl = rj = 1, .... n Then for 0 «r «R, 


| wit” 1 nR; z 
Mír, k) < ——— E (4 A(R) + 3 If (0) = g (0) 
(R=r) k+1 i 


Proof. We take any point z such that | Z| =f. By Cauchy’s integral formula, 





f(w)g(w) 
. (f(z) + g(z))™ = nnn dW, dw, where C = C 
(2m) © (wy- 24) Waze 
1 
Kw. XC, Cs | wz | =d and d = 3 (R, = r) 


Now on each C, w=z+ djo"! ,0 <0 <$ an, and so | W|<r +d <A. 


Hence, 
(2.3) | (fiz) gM] < aru f1 fw) = g(w) | dw, ... dw, 
(2n)" aaf 
Also we have [2] 
r a z i 
(2.4) | fw) * gw) |< ma EE 4 AR) + 3 If (0) * g O 


I=! (Rj -1; -d;) 
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From (2.3) and (2.4) we get; 


~ 


hkl 
k!2 j= R j 


(R p rj 


M(r, k) < (4 A(R) + 3 iF (0) * g (0)) 


Theorem 2. Let f, g e H, and A, (r) be the maximum of | Re(f + g) (z)| on 


= = i 
z| = nj = 1,..., Nn. Then forr < R, |(f (0) « g (0))K| < Kee) 
r 


2r 2r S 
Proof. It is known [2] that Tanas = Í on f 5 el Re f (z) dO, ... d0, where 
kO = (Kð .... K9). Let f(z) * g(z) = u + iv. Then, 
1 27 2r ae 
zlab, < Jy = fo 1u I d8,...d0, Also it is known ([1], P31) tha: 
k 0) glk Ps 2n 20 
kla, = al (0), Hence, | 20M), < k g Jo = fẹ | ul 0,...06, 


k k, kn 
32l -03" dal-z (2n)" 





Theorem 3. let f e H, Then for 0 «r «R, 





M, () -If (OS Eia nM, (n ) < MAR) Ei = 


a eee P 


where Mr, i) = MAX. = | = |, i 


Proof. For the sake of simplicity we prove the theorem for n = 2. The proof 
is exactly similar for the case of more variables. We know ([8], P38) that 


of 
EEO + fon ries Fenty (Se + 5d) 


where L is a piece-wise smooth curve in D, joining the points (0, 0) and (Z, 2,). 
Since the value of the integral is independent of the path L([3], P38) we take the 


60 B. C. Chakraborty and B. K. Ray 


path L. as L = L, x L, where L, L, are two straight paths in D such that 
L, c fz: |z| Srp z = constant}, L, c {z : |z] <r, z, = constant}. Let L, be the “line 
segment” joining the points (0, 0) and (z,,0) and L, be the “line segment” joining the 
points (z,, 0) and (z,, z). Then, 


= (2,0) of (24,22) 
f (z,, z) = f (0, 0) + V0.0) a —dz, + f + fare) Z mt »- Hence, 


If (zz) 1 <1 f (0, 0) | + rM, ( 1) + rM, (r 2), Vz © D. That is, 





(2.5) M, (r) - | f (0, 0) |< £f rM, (n i). Again, for any z e Int D, by Cauchy's 
integral formula, 
. 1 f(t, to) 
feza =- m la xl. ——* att 
d 4r? A C2 (t-z) (t2-Zz2) 
where C, : | f — za |= R, - 47, k = 1, 2. Hence, 
of 1 f(t t2) M; (R) 
I = I= — lI fo x 2! att, | < S, 
oz 4r? C1 C2 (t-z) (to — Z2) i R-n 
That is, M, (n 1) < “(EL Similarly, m, i, 2) < EL, Hence 
R-n Ro ~ fo 
r, 
(2.6) Ei SM (n À S MAR) Yi, R- 


Combining (2.5) and. (2.6) we- get the result. 


3. Lemma. Let f(z) = “te a_z: be a function holomorphic in the closed polydisk 


D = {z:|z |< R, i = 1,. n}, Re fz) = u(r, 0) and d(r) = MAX, < o < ar Uh 8) for 
z= rel, j = T,..., Nn Then | a lS aL io and | Bal < ae, where. 


r r 
a,=a,+i8B,mef 
Proof. Let fz) = u(r, 9) + iv(r, 0). Then ([2], 1963), 


(3.1) u(r, 0) = Limj-o" (a,,cos || mO || -B,sin || MO ||), 
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where mô = (m,8,,..., m6). Since the series on the ¢.h.s. of (3.1) is uniformly 
convergent, we can multiply both sides of (3.1) by cos || m8 || or ‘by sin || mé || and 
integrate term by term between 0 to 2x and we get, 


2n 2n l 
(2n)" a5 = Jo Jo u(r, ©) d0, ... dé, 
1 m an 2n 
Fw E = fo fa ult 8) cos || me || d8, ... d8, and 
1 ii 2r 27 a 
Bat (em = -fo dq ult 8) sin || me || de, ... da, m # 0. 
Therefore, 
1 2x or 
(3.2) 5 (20% + ao ryan) = f ane J ọ (1 = cos || me |) u(r, 0) d8, ... d3, and 
1 27 2r 
(3.3) 520 + B2 = f Pee f > (1 = sin || me |) u(r, 6) d8, .- d8, 


From (3.2) and (3.3) we have, 
; 


(3.4) H2 æ= + oF \(2n)" < 6 (r a i 


i (1 + cos || m8 |) dé, ... d8, =" 
(27)"  (r) and 


n 


(3.5) 1 az + B 2n)" < (27)"¢ (0. 


The lemma now follows from (3.4) and (3.5). 
Theorem 4. If the real part u(r, 0) of an entire furiction f satisfies the condition: 


u(r, 8) < o (r) < r* for some k >> 0 and for suffciently large || r ||, ọ (r) being defined 
as in the lemma, then f is a polynomial of degree not greater than || k ||. 


Proof. By the previous lemma we have, 


2(¢(r)— az) 


læ, l< -m and | B |< 


2(0(r) - a5) Hence, 
rn 


(rf — am (rf ~ a 
ar" ~-a) and | Bal < ia 


r r 


la |< Yv large || r|. 
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fm e f be such that i then œ, > 0, Ba -— 0 as a 
proves the theorem, . ., : 


4. Let D c C" be an arbitrary bounded polydisk with centre- at the origin of - 
coordinates. Then for an entire function f we define 


M,» (R,) = SUP z € Dp, | f(z)|, R, > 0, where the point z e Dp, iff the 
i Z ` Z4 Zn = 
oint — = (—.,...,—) e D. 
a Ry 
Theorem 5. If f is a: transcendental entire function and. P is a polynomial, then 


s M R 
im Mro) = œ, where D is an arbitrary bounded polydisk. 
Ry Mp p(R1) 


Proof. Let P(z) = S'b,z! pe a Pees in z,,... z, Of degree || m ||, where 
[tro | 


b #0 and D is given by D = {2 :| Z| <r, i = 1,..., n} Then 
(4.1) MPAA) < | 4, | m Rẹ" (1 ro for large R, and e > 0. Let fz) = 
am aZ“. We fix a term of f in its Taylor series expansion whose degree is i p | 


Mr p(R1) 


and: so 
rP RP 


such that p > m and a, + 0. By Cauchy's inequality, | ap | S 


MA Mal) =| a, eA 
for a ee R,. Pange from (a. 1) and (. 2) we have for large i 


Mrpolh) aol” al 


i > œas R — œ. This proves the theorem. 
Mpo(Pi) Jomi” Aio) l 


5. Let D c C" be an n-circular domain with centre at z°. We denote by | D| 


the image in R? of the domain D under the mapping n=]|z- z0 |, j = 1,..., i.e. 


|Di=fre APtlg- Mansa, a n} 
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Let f, f, be two entire functions and 4, (1), u,(9, u(r) be respectively the maximum 
terms of f,, f, and f, « f, Also let v,(r), v,(r) and v(r) be the ranks of u(r), u(r) and 
u(r) respectively. Then we have the following theorem. 


Theorem 6. u(r) < Entiat) for r e | Œœ] - D, where D, is the set of all 
l su r a ; 
discontinuities of v,(r), v,(r) and v(r) in | C" |. 


Proof. Let f,(z) = Lm|=-0%n2"> f(z) = Limi pmz™. Then: 


(f, j fz) @) = Lim|=0%m Ome Hfr) = lay, (r)! rrn, y(r) i loy, ir) | voir) 
Now . 


v(r) >. 


lavr) Ir v{r) lover) Ir 


HN) = ayy byl e” pvr) 


lov, (r) [rate ) bv, (r) "2 (r) 
pvr) 


i4(r)uo(r) 
vir) 


Theorem 7. Let S-o f, (Z) be a series of entire functions which converges 


absolutely and uniformly to f (z) on any complete n-circular domain in C". Then, 


ur) < > 6 Uy. (r), where ufr) and py, (r) denote respectively the maximum terms of 
f and f forr e |C"|- D UD, D = U,_, Das D, is the set of all discontinuities of 


the rank v,(r) of uz (r) in [C°] and D’ is the set of all discontinuities of v(r), the rank 
of ur). 


Proof. Clearly, f(z) >) f, (Z) is an entire function. 
Let f, (z) = Lim|-0 ai)z™. Since the series is uniformly convergent, 


f (2) = T° f, 2) = Tr, Zimpo am 2" = Limbo Eno an 2” = Lm|-0 2m2”, 


where a, = Epo aip - Now uit) = 1al =| YP gal Irs Yrol al ir = Se gry, O. 
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ON THE CONVERGENCE OF THE EIGENFUNCTION 
EXPANSION CORRESPONDING TO A. MIXED 
STURM-LIOUVILLE: PROBLEM (Il). 


Jyo Das. (née CHaupHuri) AND Arnas: Kumar CHAKRAVARTY 


ABSTRACT : The convergence of the eigenfunction expansion correspondinc to a 
Sturm-Liouville Problem (SLP) on a finite interval [a,b] is well-known (vide Titchmarsh 
[3], when each of the boundary conditions (BCs) invoives only one end point, either 
a or b. Such BCs are known as separated BCs. If, instead; the BCs involve both the 
end points a,b simultaneously, they are referred to as mixed BCs. The convergence 
of the eigenfunction expansion corresponding to a SLP,.having mixed BCs, has been 
established here under usual restrictions. 

Key words : Mixed Sturm-Liouville problem, Eigenfunction expansion. 


American Mathematical Society Classification : 34B 


1. INTRODUCTION ~ 


A second-order STURM-LIOUVILLE equation is a differential equation (DE) of the 
form 
Lfy] = _— [p y? (x) + q(x) y) = à yo, ve (1.1) 
where (i) p: fa, b] R (the set of real numbers) is absolutely- continuous, 
(ii) q : [a, bj] — R is continuous, 
(iii) à e C (the set of complex members) is a parameter, 
(iv) -o <a<b < o, i 
If the Sturm-Liouville equation (1.1) is associated with boundary: conditions. the 
corresponding boundary value problem is known as a Sturm-Liouville. Problem (SLP): 
E.C. Titchmarsh [3] has discussed thoroughly those SLPs where. the BCs are of 
the form l 
a y (@ + o, y” (a) = 0, vee (1.28) 
B, y (h) + B, y” () = 0, wee (1.2b) 
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Q 0, B,, B, being presscribed real numbers. Such SLPs are called separated SLPs 
(SSLPs), since here the BCs are separated, as they involve one end point at a time. 
Titchmarsh has proved that there exist a countable number of real numbers, 4, (n 
= 0,1,2,...), such that the DE (1.1), with A = 4, has a non-trivial solution @, that satisfies 
the BCs (1.2a) - (1.2b). Since the DE (1.1) and the BCs (1.2) .are--all-homogeneous, 
it can be so arranged that 


A Gh) = te ee 1.3) 
H, Is called an eigenvalue and @, is called a normalised eigenfunction 
corresponding to the eigenvalue H, of the above-mentioned SSLP, henceforth to be 


referred to as SSLP (i). For suitable f : [a,b] —> R, we define. 
} j ™ i 


J? f00 9,09 dx (n = 0, 1, 2,1) vo (14) 


a 
hd 
na 


fi uaa vt 


`t Fairs x , oo 7 > A 
The infinite series $, C, ọ, (x), . x e l[a, b] ... (1.5) 
pie ee n=0 l 
is known as the eigenfunction expansion of f(x), corresponding to the SSLP (I): 
Titchmarsh’s [3] investigation centred round the convergence of the infinite series a 5). 
His result can be stated as follows : 


The eigenfunction expansion (1.5) of f(x) converges, whenever, the ordinary 
Fourier series of f(x) converges. Further, the two series converge to the same 
sum. 


if the BCs (1.2a) - (1.2b) are replaced by the BCs 

U,[y] = a ya) + a,y(a) + a, y(b) + a,y"(b) = 0, ... (1.6a) 

Vly] = b y(a) + b, ya) + b,y(b) + b, yb) = 0, . wee (1.60) 
where a, b,- (i = 1,2;3,4) are prescribed real numbers, then the SLP, consisting of 
(1.1) - (1 Ga) - (1.6b), is called a mixed SLP (henceforth referred to as the MSLP (1), 
since here the BCs involve both the end points a, b simultaneously. In order to avoid 


the case where the BCs (1.6a) - (1.6b) are dependent, we assume that the rank of 
the matrix 


2 a F _ . l = l a a a a 
- 17a “3 e is two. 
; P -+ b4.. Do. bg b4 P 
It has been shown by M.S.P. Eastham [2] that, under suitable restriction on the 


Fi : 
ajs and ,6;s, the MSLP (Il) also possesses a countable number of real eigenvalues | 
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A, (n = 0, 1, 2...). That each A, is simple will be proved in the sequel. Let y, denote 
the normalised eigenfunction corresponding to the eigenvalue A,, so that 


l 

is we (x) dx = 1. w (1.7) 

d= |? fix) y, 0) dx, (n = 0, 1, 2...) (4.8) 

the infinite series 2. d, w, (x) wee 11.9) 
oo ie | = 


is known as the eigenfunction expansion of f(x) corresponding to the MSLP (II). Our 
aim here ‘is to establish the convergence of the infinite series (1.9) under suitable 
restrictions. Fortunately, the result obtained for the MSLP (Il) is exactly the same as 
that obtained by Titchmarsh [8] for the SSLP (I). It may be stated as follows : 


Theorem. Let 
(1) — œo <a <p <% 
(2) p : [a, b] — R be absolutely continuous, 
(3) q : [a, b] -> R be continuous, 
(4) àe C be a parameter, | 
(5) [p (all (a,b, - ab) = Ip (I (a,b, - a,b,), 


(6) f : [a, b] > 2 be such that f? | f(x)? dx < ~, 


(7) A (n = 0, 1, 2...) denote the eigenvalues of the MSLP (I), 


? 


(8) y, denote the normalised eigenfunction corresponding to the eigenvalue À, 
ee 
(9) d= J, fx) y, 09 dx, (n = 0, 1, 2,...), 


(10) x ©, [a, b] be prescribed. 


Then the infinite series f, d, y, (x) behaves, as regards convergence. in 
n=0 7s _ 


exactly the same vray as the ordinary Fourier series of f(x) does. 


e.g., if f is of bounded variation in a neighbourhood of x, 


ane ” 
a 


o p 1 
> d, y, (x) will converge to zi + 0) + f(x ~ 0}. | 


n=O ; ; 
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Such conditions: on f that ensure: the convergence of the: ordinary. Fourier series 


of f are referred to as “Fourier conditions’, and the convergence of >) c, wy (x) or 
i n 


> dy% under such conditions is referred to as “convergence under Fourier 
n 


conditions”. Accordingly the above theorem merely states that the infinite series 


> d, y (x) converges under Fourier conditions: provided (1) — (10) above hold 
no. ; 


F 


good. 


In this paper an honest attempt has been made to imitate the way of attack 
of Titchmarsh of SSLP (i) in tackling. the MSLP (Il). This has led us to surface the 
differences between SSLP (l} and MSLP {il} which are worth-noting. 


2. SOME PRELIMINARIES 


2.1 The bilinear concomitant. The bilinear concomitant associated with the 
differential expression L [.], for f, g : [a, b] —> C, which are differentiable, is denoted 
by [f, g], and is defined by 


If. ol, = p) ff) g o -O W g Wh Vx la b see (21) 
The following properties of [f, gl, are worth-noting : 
(a) [f, 9], = - [fsg] Y x € [a, b]. ae (2.2) 
(b) Green’s identity : Y X, x, € [a b), 

j? {g Ufl-f Lgi dx= ff ge~ i gh. se (2.3) 
(c) Ifo; y satisfy the DE (1.1): for the same A, then 

[9, y], is idependent of x: | ae (2.4). 
(d) ff g, u, v : fa, b] —> C are differentiable, then V x e [a, b], - 


M, gl, tu, vi, = ff, uk 1g, vx + If vi fy Ih- TL (2.5) 
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2.2 Some special solutions of (1.1). 


(1) Let n, n, denote the solutions of (1.1) that satisfy 


n, (a, ) = 1, pla) nf? (a, A) = 0, .. (2.6) 
n, (a, X) = 0, pla) nb (a, X) = 1, -. (2.7) 
Clearly Em, No], = 1. .. (2.8) 


(2) If a solution 8 of (1.1) be such that, for some c e [a, b], both 8 (c, 4) and 
6 (c, A) are real, then 


@ tx, A) = @ (x, A) Y xe fa, b]. ... (2.9) 
(3) Let ọ, x, (i = 1,2) be the solutions of (1.1) that satisfy 


piado, (a, 4) = a, pla) gi" (a, 4) = -a, ase (2.40) 
pig, (a, A) = by pla) gf (a, A) = -b,, an) 
pib)x, (b, A) = ay p(d) 74 (b, ) = -a, wee (2.12) 
pid)y, (b, A) = by p(b) 7b, 4) = -b, ves (2.13) 
Then 9,0 =, & A), 1 A) = x, Ah = 1,2), (2.14) 


The BCs (1.6a) and (1.6b) respectively can now be expressed as 
ly, o], + x), = 0 ws 2.15) 


and lV, oo], + xo), = 0 ... 12.16) 
2.3 The condition of selfadjointness. 
Let Y = ff e Lřē[a, b] : Uf] e Va b], U[f] = 0 = Ulf} .» (2.17) 
An operator &:% — L? fa, b] is defined by stipulating 

Zf = Uf] Vfe A vw» (2.18) 
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An operator is called self-adjoint if (1) Ø is dense in L? [a, b] and 


(Yf, g) = (fr. Zo) . Vf ge% 


i.e. $ g L(f]dx=-f? f g] dx Vige Z sv (2.19) 
It is cusomary to call the MSLP (Il) self-adjoint if Z is self-adjoint. 
While the SSLP (Il) is selfadjoint for all œ p By B, € R, the MSLP (Il) is 
self-adjoint if and only if the a's and b's ar. 
[p(a)}" (a,b, ~ a,b,) = [p(b)}" (a,b, -a b) ws» (2.20) 
7 The condition (2.20) of selfadjointness can be conveniently expressed as 
[po O], = Xo Xay dice (2.21) 


The operator Æ being self-adjoint, all its eigenvalues are real. It is to be noted 
that the eigenvalues of Z are none but the eigenvalues of the MSLP (Il). 
2.4. The eigenvalues of the MSLP (Il) 


The solutions n, , n, of (1.1) being linearly si ancl any other solution y of 
(1.1) can be expressed -as 


y(x) = y(x, A) = A, n(x, a) + A, n 2), x € [a, b], s.. (2.22) 


where A,, A, are arbitrary complex numbers, possibly dependent on i. If y satisfies 
the boundary conditions (1.6a) - (1.6b), then 


A, a, (A) + A, a, (A) = 0 vee (2.23) 

A,B, A+A BAIO. vas (2.24) 
where 

œx (A) = a + a n (b, A) + a, nf Vib, A); wee (2.25) 

(AÀ) = on + a,7,(b, à) + a, nP (b, à), ws. (2.26) 

BA) = b, + bno, 2) +b, nf’ (b, 1), a . (2.27) 

BÀ = 2. + b nb, A) + b, nb, 2). © a (228) 


pla) 
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If y is an aigenfunction, we must have (A, A) # (0, 0). The values of à for which 
(2. 23) - (2. 24) yield (A,, A,) # (0, 0) are therefore the eigenvalues of the VSLP (Il). 
Hence A is an eigenvalue of the MSLP (l) if and only if 





A Q) = [20 w] _. (2.29) 
By(A) Balh) 
2.5. The boundary condition functions. 
Let ọ, y be the solutions of (1.1), defined for all x e [a, b], by 
p (x) =@ X, A) = a, AMX, A) -= a, AMX A); --- (2.30) 
x) =x (x, A) = B, An, A) - B, Am A). «+ (2.31) 
It can be easily verified that 
U[@] = 0 and U.[y] = 0. . ... (2.32) 


Hence ọ and y are known as boundary condition functions. The importance of 
the boundary condition functions 9, x is revealed from the following relation : 


A A) =[9, 71 A) = pW, (P, x x), .. (2,33) 
where W, tọ, x ; x) represents the Wronskian of 9, x ; the suffix A indicetes the 


dependence of -he Wronskian on à. We know that [o, xi is independent of x, and 
so we have omitted the suffix x, instead its dependence on à has been indicated. 


if A=, is an eigenvalue of the MSLP (Il), it follows from (2. 33) that there exists 
a real number k ( 0 or œ) such that 


x (% A) = K, g A). | ee (2.34) 
We also note that 

P (x, A) = @, (x, A) + X% A) we (2.35) 

x (x, A) = p (x, A) + x,(x, A). ... (2.36) 


2.6. Lemma : Each eigenvalue of the MSLP (Il), under the restrictions 
(1) --(5) of # 1, is- real and is a simple zero of A (A). 


It should be noted that we need not refer to the operator ¥ in order to establish 
that the eigenvalues of the MSLP (II) are all real. This can be achieved directly from 
the Green's identity (b) of # 2.1, using other results of # 2.1 and the selfadmintness 
condition (2.21). 
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To ‘prove that each eigenvalue A, is a:simple zero of A(A) we note that, A, being 
real, 


b > 
A-2) f o (% A) ox A) dx 
= [ọ (x, A), p(x, AD, — [9 & A), o &, A). --+ (2.37) 
‘Hence two cases: are to be considered : 
(1) [P Oal, = [Xis A # 0, 
(2) [> P, = Ko XA = 0- 
‘In case (2), the boundary conditions U, [y] = (i= 1, 2) become separated and 
so:'this -case -does not come under our present purview. 


in case (1),-we note that, using (2. 5), (2. 2), (2.4) and that y, z:’ (i = 1, 2) 


take values at b that are independent of 4 and Qy p” (i = 1,2) take values at a that 
are independent of A, it ‘can be proved’ that 


[9 (x, A), @ OG AD, DX, Or Ads Xe Oe A, 
= [ọ (x, A), © AD, p, & ADs O OG AM, — 10, 0 A) x 0 A), AA) ... (2.38) 


‘Further, if [ox 4), x, % AI, = 0, using A A) = 0 we can prove that 
(x, 4.)= 0, which contradicts the fact that n,, n, are two linearly independent 
solutions of (1.1). 


From (2.37) and (2.38) we then have 


AA) o l Anh Gal% Anla (> 6 KK 9; 
ae fox, A) atx, Anja 12 9% % O06 Al dx. va» (2.39) 


lim 
So, its A (À) / (A ~ à) = 0, which indicates that A = A, is a simple zero of A (A). 
n 


3. THE FUNCTION Y 


Let A e C be such that A (A) 0, i.e., A is not an eigenvalue of-the MSLP (Il). 
For each f e L? [a, b] and each x e fa, bj, let i 


, | 2 U(X, A) px Q(X, À) ob 
Dk A= Aa fa 9 (t, 3) f dt + hae fo x(t, A) f () dt... (3.1) 
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it can be easily verified that for each such A, the function © satisfies the DE 
LIy] = Ay -= f. .. (3.2) 


One is then automatically tempted to expect ® to play the role of the inverse 
of the operator à - Z, L being defined as in # 2. This requires © to satisfy the BCs 
(1.6a) - (1.6b), which it obviously does not. Nevertheless, we can choose cormpiex 
numbers C and D, possibly dependent on A, such that if 


Ww (x, A) = © (x, ECO Ox, A+ D A) YX A, . (3.3) 


Vx eé [a b] and Và e C with A (A) = 0, then will satisfy the DE (3.2) and 
the BCs (1.6a) - (1.6b). Clearly will serve as the inverse of the operator A - 2. 


We further note that both C and D are integral functions of A. 


3.1. Lemma : 





Yyy M V xe [a bl, YVA #any À. 73.4) 
n= ÎA~Àn : : 
1/2 
Kn l d , 
where Y, = Vaya j[ 9 0 Ah aia.) = ZAA] o  8.5) 
Any 
and d, = f? y,(t) f(t) dt. .. 3.6) 


Since, for each x e fa, b], Y(x, A) is analytic except for simple poles at 1, 
(9 Me i 0 Peles E oe ), it is enough to show that the residue of ‘Y(x, A) at A is d ¥ (x). 
From (3.3), the residue of ‘¥(x, A) at A, 


lim lim 
= aa, - à) P(x, a) = aoa,” = A,) P(x, 2) 


= XX An) An) px xr) f d Q(X, An) pb 


where ’ denotes differentiation with respect to À 





2 NIS P A) É ot A) TFE dt = d y, 0. 
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-4, THE PROOF OF THE THEOREM ~ 


If r is a closed contour in the A-plane that intersects the real A~axis at points 
which are not eigenvalues of the MSLP (il, then, from (3. 3), we have 
l / Eg 


= 


j W(x, A) dà'= J. B(x, a) dà. eres (4A) 
The method of procedure of Titchmarsh is ‘to prove that 
J. P(x, à) dà — a finite limit as T recedes to infinity. ` ... (4.2) 


Unfortunately, this is not straight forward; it requires, among other requisites, 
suitable orders for A, and Y, as n > ox l 


Upto this point the SSLP (I) and the MSLP (II) can be described to have run 
parallel to each other. The proof of (4. 2) can not be achieved following Titchmarsh. 
So we are forced to look for a detour. Let F, be a closed contour in the complex 
A-plane such that the eigenvalues 1,, À- A, of the MSLP (Il) lie within T, while all 
- the other eigenvalues of MSLP (il) lie outside T. We are to show that 


LJ p Fx A) dà > a finite limit as N > «. .. (4.3) 
N 


Since the corresponding investigation in the case of SSLP has been dealt with 
successfully, it is natural to try to relate the integral |,, of (4. 3) with the corresponding 
integral J, associated with a suitable SSLP (i). Our aim then will be to show that 
I, -J, > 0 as N > ~, so that the eigenfunction expansion corresponding to the mixed 
SLP (Il) will converge whenever the eigenfunction expansion corresponding to the 
separated SLP (I) converges. l 


-Let us consider the SSLP (I) consisting of the DE (1 1) and the BCs 


ay (a) + ay" (a) = 0 = ay (b) + ay (b). ; + (4.4) 
Let A.A) = pl) [9,06 2) 2% a) — of (A) ub, AIL ae (45) 


o 
n=0 


Clearly the zeros of A (à) are precisely the eigenvalues fun} of the SSLP {)). 
For each x e [a, bj, and for each A e C with A (à) = 0, let 


_ X(x, A) px Q(x, À) pb 
p(x, A) = ET f 9, (t, a) f(t) dt + nD J. xlt, A) f (t) dt... (4.6) 
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Let the contour T,, be so shosen that I, contains within it the eigenvalues u, 
Hop + Hy, While all the other eigenvalues lie outside T, and let 


J, = J @(x, 4) da. | | ws (4.7) 
Ty 


We note that N’ > œ as N — oo 


The fact that both Y and 9, satisfy the nonhomogeneous DE (3.2), implies that 
Y- ®, satisfies the homogeneous DE (1.1). ọ, and x, being two linearly independent 
solutions of the DE (1.1), there exist A, B,, e © such that, for all x e [a, b], 


(x, A) ~ Bx, A) = A @, x A) + B, x, X A). «-» (4.8) 
To determine A,, B, we use the fact that ‘Y satisfies the BCs (1.6a) — (a.6b). 
For brevity we use the notation 
f° f(t) g(t) dt = (f, g) .. (4.9) 
From (2.20) we have 
(a,b, ~ a,b,) / pla) = (a,b, — a,b,) / pib) = K (say). ws» (4.10) 


_ In # 2.6 we have seen that K = 0 leads to separated BCs. So, for our present 
MSLP we may assume that K + 0. 


It can now be verified that 
-g = J, Kotz A oie A+ gl AM oy sit 
In Ay(A) {pz %1]-[91, %2]- 2K} 


We are to show that |, ~ J, > 0 as N > œ. 


Using the estimates of 9,, Xp Ọ» X» as given in (1.7.3), (1.7.6) and (1.7.8.), it 
can be shown that the integrand in (4.11) is (A = s?) 


a f° 2 eX 0-8 iffy) dy) + olf? — eX -» iffy) dy) as Is] > =. 


s sf 
Proceeding as in # 1.9 of [3] it can then be proved that 
h ~ 4, = 0 (1) as N > œ. 


This completes the proof of the theorem. 
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5. REMARKS 


‘Titchmarsh [3.] remarked on page 22 that separated boundary conditions can 
` be replaced by more general ones, viz., by mixed boundary conditions. This may lead 
one to think that such a replacement is just a routine work. That this is not so has 
been revealed here. Although the desired convergence of the eigenfunction expansion 
corresponding to a MSLP has already been obtained [1 ], the importance of the present 
endeavour is to clearly expose the similarities and the dissimilarities that lie between 
a SSLP and a MSLP. The © -function for the MSLP (Il), constructed following 
Titchmarsh, ‘does not serve as the resolvent operator for the MSLP (II). This calls for 
a deviation from the method of Titchmarsh [3]-and it has been exhibited ‘here. As 
in [1], a comparison with a suitable SSLP has become necessary, however the 
calculations :seem to be simpler here than in [1]. 
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ON PSEUDO CONFORMALLY SYMMETRIC KAHLER SPACES 


J. C. De, B. Barua anb B. K. MAZUMDER 


1. INTRODUCTION 


In a recent paper [2] the first author and H. A. Biswas introduced and studied 
a type of non-flat Fiemannian space (M’,g) (n > 3) whose conformal curvature. tensor 


Ci, defined by 


1 


h h h h 
Ciiik = Rik = n-2 (g, Rk ve 9,,.R; + Ôk. “7 6; Ri + 
R h 

a ES : ... (1.1 

(n=1) (n=2) (g 5? - Gy ôj) (1.1) 
satisfies the condition 

h h h h 

V, Cik = 2ACh + PCy + MCh + ACH + MCH vee (1.2) 


where Rik is the curvature tensor of type (1,3), RË? is the (1,1) Ricci tensor, R 


is the scalar curvature, A, is a non-zero covariant vector and ‘V; denotes coveriant 
differentiation with respect to the metric tensor Iy Such space is called a pseudo 
conformally symmetric space and À is called its associated vector. An n-dimens`onal 
space of this kind has been denoted by (PCS), If à becomes zero in (1.2), ther the 


space reduces to a conformally symmertic space [1]. 
It is to be noted that dimension of M" has been taken > 3, because it is krown 
that Cik = 0, when n = 3. 


In an earlier paper [3] we have proved the existence of a (PCS), (n > 3) by 
an example. The present paper deals with a type of n-dimensional (n = 2m, m # 1,2) 
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Kahler space which satisfies (1.2). In general the scalar curvatrue of (PSC), ìs not 
necessarily a constant. It is shown that a pseudo conformally symmetric Kahler space 
is Ricci symmetric. 


2. PRELIMINARIES 


Let F? be the structure tensor and g, be the positive definite Riemannian metric 
of a real n-dimensional (n = 2m, m + 1, 2) Kahler space. Then 


FU Fr =~ ôb, Is Fi Fi = 9 
F= 9, F=- R Fleg fF, = - Fi se (2:1) 
Vij = 0, Vi On = 0, Gin FH = Fin 


Let Af. be the Riemann curvature tensor and R, = jn Pe the Ricci tensor. 


ijk 
Also let 
l 1 
Ri = Rik9w R = R, g' and H = > Ry, Fe. 


Then the following relations hold [6] ; 


H, = -= Hy : wee (2.2) 
Ri F} = Hy | ’ ve (2.3) 
Hoe FẸ =- Ry .. (2.4) 
-H FY = ~ R, , ; ... (2.5) 
V, Hy + V, H, + V, H, = 0, a. (2.6) 
RÈ F} - Rh Fe = 0. l a. (2.7) 


3. PSEUDO CONFORMALLY SYMMETRIC KÄHLER SPACE 


In a recent paper [4] De and Barua proved that in a (PCS), (n > 3 ) the following 
relation holds : 


V, Chk = 0 (3.1) 
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Multiplying both sides of (1.1) by F* and taking covariant derivative of the result 
thus obtained we get by virtue of V, F* = 0 


1 
h 
Vm Ci F" = Vm Rijk js n-2 Ig, Ya Rg = Ii Ya Rj RE + ry Yi R; peus 


VaR 
STV n R, Fit] + m 


h h 
napig Ak h T j Oy F] 


Contracting h and m we have 
1 
Vy Cip F" = Va Rik pho n-2 [V,, Ry Iik BS Iik Va R? RK + Sk Va R; pee 


V R 
JAA R, F] + h 


By virtue of (3.1) and using the property [V, Rix = V,R, - V RJ, we can wiite 
the above equation 
q 
0 = (V,R, - V,R,) F* - PES [V, Ri g FR - V, R? Je FR + VR, PK - V RF 
+o V, Rg, Fk = 6 V, Rg, Fk 


1 


where o = (n=1) (n—2) 


Using (2.1) we get 
. 1 
(RP FR + V RF FA - — a Rk Ff + Ya R} FÌ +V, Rf F$+ 
V, Ri Fi] + o V, RFE + 6 V RF! = 0. 
n-3 


; 1 ; 
Orn > (Y, Ry Ff +V, Ri FÍ) - z Va Rk Ff + VaR} FÌ] + 


20 V, RF{ = 0. 
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1 








By virtue of (2.7) and using the property [V, R? => V, R], we obtain from the 
above 
REF (VR F} + SVR Fp- TE VR Ff + = VR Fi] + 20 V, RF] =0: 
n=3 
Or, V RF} = 
n-1 ! Fi 
Hence V, RFi = 0 . wee (3.2) 
From (3.2) it follows that V R = 0 
Therefore R is a constant. wv» (3.3) 


Thus we can state the following theorem : 


Theorem 1. In a pseudo conformally symmetric Kahler space the scalar curvature 
is constant. 


Now by virtue of (3.1) we have [5] 


1 
(V, R; = V, R ~ 2(n-1) (V, R 9; = V, R Oa) = 0 awe (3.4) 


‘By virtue of (3.3), the equation (3.4) reduces to . 
V, R -V R, = 0 . we (3.5) 
Again from (2.6) we get l 
(V, H, + V, H, + V, H, = 0 


Transvecting with Fi we get 
FÍ, H) = V Ry - V R 
By virtue of (3.5) this reduces to 


FLY, H,) = 0 
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Transvecting this with FX F, we get 
Ft Fi FLY, Hi) = 0 
or, - Fy (V, H,) = 0 


Hence V, H, = 0 


Thus the space is Ricci symmetric. 


Hence we can state the following theorem : 


Theorem 2. A pseudo conformally symmetric Kahler space is Ricci symmetric. 
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THE EFFECT OF CERTAIN TRANSFORMATIONS ON 
LEBESGUE MEASURABLE SETS AND SETS 
HAVING THE BAIRE-PROPERTY IN R° 


S. Basu 


ABSTRACT : In [5], Pal has extended a theorem of Kurepa [4] and there is a result 
in [1] from which Pal’s theorem follows immediately. Here we investigate the effects 
of certain transformations on the class of Lebesgue measurable sets and sets having 
the Baire-property [6] in R" the aim of which is to generalize the results in [1]. 


Key words and phrases : Baire-property, metric density, /-density, difference set. 
Kurepa [4] proved the following theorem : 


If A œ R" (n-dimensional euclidean space) is Lebesgue measurable having a 
positive measure and Q., Qy- (a, # 0) are p real numbers, then there exists an open 
ball K, of radius r with centre at the origin such that for each x e K, there exist vectors 
a(x), a,(x),.-.a,(x) in A stisfying the relation : — 


a(x)-ao(x) _ a(x)-ao(x) _  _ &p(x)-a(x) 
Oy © oO Op 


X x= 


The following extension of Kurepa’s theorem is due to Pal [5]. 


Let A and B be Lebesgue measurable sets of positive measures in R”. Also let 
Cys pyre, (a, + 0) be any system of p real numbers and let {Bk fy 1 be any sequence 


of non-zero real numbers containing 1 such that lim ß,= 1. Then there exist a positive 
k- 00 


integer N, and balls K (with centre at the origin) and K, such that for any vector x 
in K, for a system of p vectors z,, Zao in K, and for a system of p real numbers 


A.M.S. subject classification ; (1985) 28-A-05. 
The Research is supported by the Research Grant of C.S.LR. 
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By,» Bro s+» Pk, Of the sequence {Pe bya with k 2 N, there exist vectors 


A(X ; Zp Zy- Bx, Bx, see Bk) e A and 


b(x ; Zy ZoseeesZys Bx, Pk, 2e keg) e B (i = 1,2,...,p) 


such that 


males 245 22»..Zp: Bkqs Pko: ' Pkp) 


X = f 
Qj 


y 
a(x; 24, Z2, Zp: Bky Bkos » Bkp E 
i 


= a ee ee (i = 1,2,...,P). 


The open balls K and K, (in Pal’s theorem) have been constructed using metric 


density points of A and B and the choice of the sequence 1B by Also- the positive 


integer N, depends on {Px} + Since the formulation of pal’s theorem rests heavily 


on some measure-theoritic properties of measurable sets of positive measures (the most 
important of these being the existence of metric density points) they cannot be avoided 
in the constructions of K and K,. But the other dependences and the artificial restriction 


(the condition that 1e Í By ka could be waived. The following theorem [1] which may 


be viewed as a modification of Pal’s theorem does this to some extent. 


If A and B are Lebesgue measurable sets of positive measures in R°, ,@ S 
K Siem 


be any convergent sequence of non-zero reals having a finite limit ; then given 
any positive integer p, we can determine an interval | in R (with positive abscissae 
and 1 as an interior point), balls K, (with centre at the origin) and K, in R” such that 


for every vector x from K,, sequence {zy fea of vectors from K, (with a limit point 


at the centre of K,) and a sequence {Pr by of real numbers from | (having 1 as a 
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limit point), there exist subsequences 12x, } of {Zeh whose first p terms are Z, 


j= 
ZoyreesZy lB, ha of Pk be whose first p terms are B, B,,..., B, satisfying the fo lowing 
ijj- 


property :— 


There exist vectors a(x) e A, b, (x) e Bi = 1,2,3...) such that -— 


PAA) _ (a(x) +) 


Bx, Bx, (i = 1,2,3..5), where foy y isa subsequence 
Op Ph jel 


i 


of fort, with its first p terms as OL, Oes O 
The word ‘fimit point’ of a sequence (in the above theorem) has been used and 
shall henceforth be used in the sense of subsequential limit. 


One observes in the above theorem that the balls K and K, do not depend on 


the choice of any sequence (brhi Also the positive integer N, may be taken 


as 1 for all sequences 1Px fy that lie in the interval | and are Convergent at 1. ndeed 


the result is much stronger compared to Pal’s theorem for the later follows almost 
immediately from the former (this can be easily cheked). In spite of these, there is 
another notable distinction. Here, unlike as in Pals’ theorem, each point x in K has 
been expressed in an infinitely many ways. Also there runs in [1] the exact Baire- 
category analogu2 of the said result that extends the categorical version of Kurepa’s 
theorem. 


Although in presentation, the result in [1] possesses greater uniformity compared 


to Pal’s theorem, yet its formulation depends on the choice of the sequence cae 


(more to say on Ës first p members q, a, ..., æ). In the present paper, our man aim 
is to show that even this dependence could be ruled out and this is possible in some 
more general setings. Here we begin with a general class of transformations which 
in particular include those giving rise to Pal’s theorem and theorem 1 of [1], prove 
a general theorem from which all the results hitherto mentioned follows as particular 
cases and illustrate that in one special situation it yields a strong modification of theorem 
1 of [1] in complste tune with the situation we are desiring. This would be fo lowed 


a. 
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by somewhat an analogous result in the realm of Baire-category where it is found that 
even stronger theorem holds. We end up this article with a counterexample showing 
that no such extension is however possible in the measure-theoritic case. 


A close scrutiny into the nature of the proofs reveals that the statements of Pal’s 
theorem and theorem 1 of [1] ought to have more refined expressions than in the way 
they are expressed. For example, on reflection on the later one finds that corresponding 
to each point a (say) of density of A and each point b(say) of density of B, there exists 
(by construction) a triplet {K, K, I} where K is an poen ball with origin as centre, K, 
with centre at the point c = b — a and an interval | in the real line having positive 
abscissae and 1 as interior point for which the said formulation holds. This is the main 
reason why Kurepa’s theorem may be considered as one particular case of the above 
result (for therein, since A = B we may choose a = b and select the sequences according 
to our needs). In all the results that are to follow from now onwards, we will lay stress 
upon this factor in order to induce greater strength into our results. 


Throughout the sequel, unless otherwise specified, we are to consider only 
subsets of R". Measure is used in the sense of Lebesgue and the term Baire-category 
is used with reference to the well-accepted notion called ‘Baire-property’ of sets. We 
give below a list of symbols which are to be used frequenty in what follows. 


(i) N and R (resp, R*) are the set of natural and the real numbers (resp, positive 
real numbers). 


(ii) m stands for the Lebesgue measure and Æ for the class of Lebesgue 
measurable sets. 


(iii) A + X, (As Ans veer AA (Ap Ags u A.) € R), A, AB, A A B, A’ and [- 1,4f 
for the x-trans late of A, the set {(A,.x,, A,.X,, ee AX) 5 (KX), Xa es X) E Al, 
the closure of A, difference and symmetric difference of two sets A and B, 
the complement of A and the unit interval in R". 


(iv) x, and Ø(A) are the characteristic function and the difference set of A 


{that is the set {x - y ; x, y e A}). For any sequence {A,} of sets, 


n=1 


lim sup A, and lim inf A, designates its upper and lower limits. 
N00 -Jao 

(v) ill, dist (A,B) and (A) stand for the usual norm, the distance between two 
sets A and B and the diameter of A in R". In particular, |.| denotes the norm 
in R. 


(vi) 7 and # represent the o-ideal of first category sets and the o-algebra of 
sets with the Baire-property. 
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To begin with, let Q be any arbitrary metric space and f : R° x R® x Q — R° 
be a transformation satisfying the following auxiliary conditions :— 


(i) Ayo) e Z for every Ac Z,ye R® and we Q. 
(ii) lim m(f(A, y,, @,) AFA, y, @)) = 0 for every A e Z and convergent s=quences 
k—y00 


00 i oQ i ; _ N l 
Vibe c R" and lorh c Q with my = y and im ey, œ. In Darticular, 


there exists a fixed element œ € Q such that lim m (f(A, y,, ©) = m(A) 
k-o 


whenever lim @, = @,. 
k-o 


(iii) If lim y, = y, lim œ, = @,, then lim f(x, y,, 0) = X- y. 
k—y00 k—y00 k—jo0 


(iv) To each a e R’, there is associated an open ball K, (with centre at th2 point a) 
such that for convergent sequences CA c Q and Yih eo c Q with 


lim @, = ©, there exist a number M(y, ; œ) > 0 and N, (y, ; @,) € N such that 
k— 


ll f(x, y,, @,) — f(x’, y,, O Il M Y, i ,) Il x - x |] for all x,x (e K) and k 2 N, 
(y, , O- 


The following are some non-trivial examples of the above classes of 
transformations :— 


Example 1. it we choose Q = R\{0} (with respect to the metric induced by the 
usual metric on R), œ = 1 and define f ; R® x R" x Q > R? by the formule f(x, y, œ) 


(x, y e F, œ e Q), then f satisfies all the conditions (i) - (iv) stated above. 





X~-Y 
w 
Example 2. Let Q denotes the collection of all nxn matrices (a) and we define 


n n 
the distance between two elements (a,) and (b,) in Q by the formula d((a)), o) = >, È 

i=1 j=1 
| a, -b | ; @, being the identity matrix and we define f; R° x R° x Q — R° by the 


n 

formula f(x,y,@) = (Z,, Z,;--..2,) where z = > a, (x = y) (1 = 1, 2,...,n), X = (X, X,..-X), 
j=1 , 

y = (Yp Yo -s yY) (e R") and œ = (a) e Q. Then f satisfies all the conditions 

(i) ~ (iv) stated above. 
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Definition 1. [7] A point a e R’ is called a ‘point of density’ of a set 


O° 


Ae Dit tim MACK) B 


= 1 for all sequences {Ck 
k- = (Cy) l 


P of cubes satisfying a e C, 


for all k e N and lim (C) = 0. 
k— 00 


For any Ac Æ, we write 
p (A) = {x e R" ; x is a point of density of A}. 


We state below two standard results on density points which we would be using 
in the sequel. The proofs are easy and follow from the definition given above and some 
simple measure-theoritic computations. 


Proposilion 1. Let A, B (e Æ). Then ® (A ^ B) = ® {A) ^ è (B). 
Proposition 2. Let A, B (e £); ae (A), b e (B), and c = b — a. Then 
ae ® (A rn (B - C)). 


Proposition 2 follows from propositon 1 chiefly by the use of translation invariance 
of the lebesgue measure. 


Finally, our results are — 


Theorem 1. Let A,B( e Z) with m(A), (>0), A c R be any bounded open set 
and f: R" x R" x Q — R" be any transformation satisfying condition (i) - (iv) stated 
above. Then given any p e N, for every a e (A), b e (B), there exist an open ball 
W in Q (with its centre at œ), open balls K, (with centre at the origin) and K, (with 


centre at the point c = b - a) such that for every x e K,, sequences fart g A \{0}, 


12k beat c K, and 1x} c W, there exist subsequences fay ha whose first p 
J 


terms are 0,, Op .., , 3 12, he whose first p terms are Z, Z,, ..., Z, and {OK}, 
whose first p terms are O, @,, ..., @, respectively satisfying the following property : — 
there exist vectors a(x) e A, b, (x) e B (i = 1, 2, 3, ...) such that : — 


Hb Z 14g) ~ aX) 


ao k, 


(i = 1, 2, 3, ...). 


A proof of the theorem depends on the following lemmas 
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Lemma 1. Let Ac Z, x e R". Then lim m(AA(A + x) = 0 
x0 
We note thet, m(AA(A + x) <2 J fx, @- x (Z -xi dz > 0 
R" 


(as x — 0) 18] 
Hence the lemma. 


Lemma 2. Let A, B and C ( e 2%). Then || m(A ^n B) - mA n C) l <m 
(B A C). 
The lemma is a simple consequence of the subadditivity of m. 


Lemma 3. Let B be a closed set with m(B) > 0; q e N and ce R. Lat K, 
be an open ball with centre at b for which condition (iv) stated above holds. Then 


lim m((B ^ K, - c) A A {fB ^n K, z”, œ) - x})) = 0 


x0 k=1 
zk) o 
o) o 
where x, 2 and œ® (k = 1, 2, ..., q) are independent continuous variables in 


R° and Q tending in the limit to 0,c and œ independently of each other and 
simultaneously. 


Proof. It sufiices to prove that 


fim m((B ^ K, - c) A f{f(B ^A Kp z™) œ) -— x} = 0, 
x30 
aC 
@—>Wo 


for the remeining is a consequence of using some simple measuretheoritic 
properties of m. Let e > 0 be given and we choose an open setG > BokK,-c 


such that m (G \ B ^ K, - c) < + 
We set B=Bo K, - c and let p = dist (B, G’). Let lort c Q and can ii 


fz \ (c Rn) be sequences such that lim œ, = ©, lim x, =0 and lim z, = c. Then 
KJ pnt k 0 k k 
k—yoo k= k- oo 
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on account of condition (iv), there exist a number M.(z, ; @) > 0 and N, (z, ; œ) e N 
such that || f(x, z,, ©) - fly, z, ©) Il < M,Z, ; @,). || x - y || for all k 2 Niz 5; a) 
and x, y ( e K). 


p 


—— m and consider the covering # = {S(x, : 
Mp(Zk :@k)+3 3 S% 0) 


We now set n = 


xe Bm K} of Ba K by open balls s(x, n). The set B ^ K, being compact, there 


$ m 
exists a finite collection {y,, Y, ..-, Y„} Of points in B ^n K, for which BON K, c U 
i-1 
s{y, n). We set F, = (B ^ K,) ^ Sly, n) (i = 1, 2,....m). We claim that for each i, there 
exists N e N such that f(F, z, œ) - x, = G for all k 2 N (i = 1, 2, ..., m). For if 
x e F, then by the triangle inequality, || f(x, Ze 0) - x, - x - c) < | fX, Zy @) - 
fly, Ze 0) || + Il fy, Z 0) -Y,- olly = x I+ i] x, di for all ke N and 
i= 1, 2,..., M. 


Now since x e F, y, e K,, be condition (iv), || f (x, Ze o) — f (Y, Z œ) Il 
(z; @) Il x - y il < M, (Zz; œn for all k > N, (z, ; @)). 


IA 


M, (2, ; 
Again by condition (iii), there exists Ñ; e N such that || fly, Z- ,) - Y, -o)l 
< 7 for all k > N;. 
Finally, let NeN such that || x, || < ņ for all k 2 N, 
If now we set N, = Max {N;, No N, Ze: @J} then || f(x, z,, ©) - x, -~ {y, - o) I 
< p for all x e F, and k, 2 N, (i = 1, 2, ..., m). 
Hence it follows that f(F, z,, œ) - x, ¢ G for all k 2 N, (i = 1, 2), ..., m). Let 


Ñ = Max {N, ; i = 1, 2, ..., m}. Then f (B ^ Ky z, @) - x, c G for all k > Ñ. Again, 


by condition (ii), there exists Ñ e N such that m(f(B N Ky z,, a) > m(B A K)- 5 


for all k > Ñ. Equivalently, m(f(BoK,, z, @)) > m(BNK,- c) - = for all k > Ñ, since 
m is translation invariant. Hence finally since m is monotone and subtractive, 
m(B ^ K- c) A ff(B ^ K, Ze O) - X) 
= m((B ^ K,- c) \ {(B ^n Ky Ze @) - x} 
+ m({f(B ^ K,, Ze @) - x} \ (B ^ K-o) 
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< m(G \ {f(B ^ K, z, 0) - x} - m(G \ B) for all k > Ñ. 


< m(G) - m(ff(BOK,, z,, œ) - x} + m(G \ Ê) for all k > Ñ. 


2») 


< m(G \ Ê) + = + = for all k > N = Max {Ñ, }. 


Therefore, lim m((B ^ K, — c) A {B ^ Kp Zz @) - x} = 0. 
X-—>0 


zc 
O->Wo 


Hence the lemma. 


Proof of the theorem. Since m is regular, without loss in generality we may 
assume that B is closed with m(B) > 0. Let a e ® (A), b e ® (B) and c = b- a. 
Now an open ball K, can be so chosen that b e ® (B ^ K, and condition (iv) is 
satisfied. But then by the use of propositions | and Il, a e ® (A ^ (B ^ K, — c)) and 
therefore m (A ^ (B ^ K, - c) > 0. Now on setting q = p + 1, by use of lemmas 
1,2and3 and the subadditivity of m, it follows that 


. p+ 
lim m(A+u)n(BoK, -c) o( N {B OK, 2%, o) - xp) 
x30 k=1 

u—>0 

a) ae 

OK) oa 


=m (A ^ (B ^ K, - c)), where x, u, z® and œ® (k = 1,2,...,9 + 1) are independent 
continuous variables in R" and Q tending in the limit to 0, c and œ, independently 
of each other and sumultaneously. 


Hence there exist an open ball in W in Q (with its centre at œ), open ball Ko 
(with centre at the origin) and Ko (with centre at the point c = b ~ a) such that for 
every x and u (e Ko), system of p + 1 vectors z,, Zye Žo 1 (e K.) and a system 


of p + 1 elements ©, Op- 0, , (€ W), 
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+1 
mA + u) n (B ^ K, - c) Nn ( N {f(B ^ K,, Ze 0) — xX) 
k=1 


>> mn (BOK, - o). 


Let r, be the radius of Ko. Moreover D(A) being a bounded set has a finite 
diameter. We set K, to be the open ball with centre at the origin and radius equal 


to Min (— 2 —— , __“0___| K and W to be open balls in Q and R°" 
sup {|x|; xea} 5(Q(A)) +1 


concentric to K, and W and having half their radii. 
Now let x e K, sequences lakh 4 c A\{o}, 12k be c K and 1} 4 c ©. 
Clearly then there exist convergent subsequences {x} with first p terms as 
j= 


v5, 5 lzy ba with first p trems as Z,, ZoseeesZy and |, ies with first p terms 
aS W,, @,,--.,0, converging (say) to the limits œ e€ Ac D(A), ze Kec K, and 


la 


we W c W. Now on setting A, = a, - & (k = 1, 2,...p) and à, = 0,2, ,=2Z 
and O, = ©, we get 


P 
m((A + ax) ^A (BOK, - c) A (N (BAK; z,, @) - A, x} a 
k= 


ff (BOK,, z, œ) > = m {A (BnK,, ~ c)) > 0. 
Now a successive use of the first part of condition (il), lemma 2 and some simple 


measure-theoritic computations yield that there exist subsequences 1% \ with first 
i jj= 


Oh, Ogres 5 {zy P with first p terms as Z,, Z, ..., Z, and fo, k with first p terms 


AS Op O-O, such that 
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, O)- A, xX D) 


D. 


m((A + ax) A N ff(B ^ Ky Zk, 
k=1 


1 l 
> a m (A ^ (B ^ K, ~ c)) > 0, where Ax, = Of, - a (i = 1,2,3, ..). 
Equivalently, by translation invariance of m, 
m(A ^n (N {B a K,, Zk» Ok) — A, X p) 
k=1 f 


>i mMAN(BAK,- 0) > 0. 


The remaining part is obvious. 


X 





TY «Ky e P, we Q), 


Note 1.1. If we set Q = R\o}, œ = 1 and f(x,y,) = z 


theorem 1 reduces to the following particular case. 


Corollary 1.1. Let A, B (e Z) with m(A), m(B) (> 0) and A œ R be any bounded 
open set. Then given any p e N, for every a e ® (A), b e ® (B), we can detenrine 
an open interval ! inR (with positive abscissae and 1 as an interior point), bals K 
(with centre at the origin) and K, (with centre at the point c = b — a) such thet for 


every xX e K,, sequences 1K} c A Mo} el c K, and TAI c l, Fere 


oS 


whose first p terms are ,, Os <-s a 5 12%} whose first 


i= 


oo 


exist subsequence 1, } 
'Jj= 


p terms are Z,, Z,, ..., Z, and Í Bk, w whose first p terms are £,, Bp ..., B, respeccively 
satisfying the following property : — 
there exist vectors a(x) e A and b, (x) e B (i = 1,2,3,...) such that : — 


Pa 


b;(x) _ Zk, 
i Be (a(x)+ Be | 


XK, 


i = 1,2,3,...) 
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By all means, the above carolilary is far more general than theorem 1 of [1]. 
Firstly, it is more uniform in its presentation (its formulation does not require the initial 


choice of a convergent sequence {a}, Secondly, it is a strong modification of 


the said result for here it is not necessary for the sequences 12k bya c K, and 


1B be c | to have limit points at c (the centre of K) and at 1 respectively. Also 
it can be checked that all the results hitherto mentioned follows form the above corollary. 


So long we have been considering measurable sets. We now proceed to formulate 
an analogous result for sets with Baire-property but this time with even greater 
generality. A set A is said to have the Baire-property (in short, A e 2 ) if A = GAP 


Ane 


where G is open and P e JZ. 


As before, we consider Q to be an arbitrary metric space and œ, a fixed element 
in Q. 


Let f: R" x R" x Q — R" be a transformation staisfying the following auxilliary 
conditions :— . 


(i) me f(x, y,, @,) = X - y for every x, y ( e R") and sequences fort gł 


and [yrth S Q respectively such that am oO, = œ and me Y, = Yy. 


(ii) If 1 be any interval, P e Zand forh c Qand iby c R" are convergent 


sequences with lim œ, = @,, then there exists N, € N such thai f(!, y,, œ, 
k= 


is an interval and f(P, y,, a) € 7 for all k = N, 


Example 1 and Example 2 illustrated above (with Q in the second case 
representing the collection of all nxn non-singular matrices) exhibit two particular but 
non-trivial situations in which conditions (i) and (ii) stated above are satisfied. 


The notion of density point defined above (Definition 1) is usually called metric 
density point. An exact Baire-category analogue of the metric density point is the notion 
of strong &#-density point. In [3], [9] definitions of this concept for sets with the Baire- 
property in the real line and in the euclidean plane are given. To meet the present 
requirements, we introduce here an extended version of this concept for sets in R°. 
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Definition 2. A point x e R° is called a point of strong .7-density of a set 
Ac #& if 


f— 1.4]°\ lim inf (et, pa oe tin) A -x a [1.1 e J for every sequences 
k-j00 


P) c Rt such that t 5 æ ask >œ (i= 1, 2. n) 
k=1 

For any A e 23, we write J (A) = {xk e R° ; x is a point of strong 
JF-density of A}. s 

Likewise as in above, we may formulate (using definition 2 and some simple 
set-theoritic computations) the Baire-category analogues of propositions | and Il 
stated above. 


Proposition I. Let A, B (e &). Then J (A ^n B) = J (A) ^ J (B) 


Proposition li. Let A, B (e 2); ae J (A), b e J (B) and c=b-a. Then 
ae J (An (B-C). 


Theorem 2. Let A, B (e &) are of second category, A œ R be any bounded 
open set and f : R° x 32" x Q — R’ be a transformation satisfying conditions (ï) and (ii) 
stated above. Then given any p e N, for every a e J (A), b e J (B), there exists an 
open ball K, (with centre at the origin) and K, (with centre at the point c=b-a) such 


that for every x e K, sequences 1% c A XO}, (zeh c K, and lorh 4 c W, 


there exist vectors a (x) e A, b, (x) e B (k = 1,2,3,...) such that :— 
MP), Zk, O)-AaAX) k = 1,2,3,...) 
Ok 


xX = 


Proof of the theorem. By definition, A = G, A P,, B = G, A P, where G, G, 
are non-empty open sets and P, P,(e 7). Let ae J (A), B e J (B) and c=b~a. By 
proposition (ii), a €e J (A ^ (B ~ o). 


Therefore [ - 1.1 F \ Jim int a0, P, t) An B-od-an- ape J 


B c R* such that ti -> œ as k > œ (i = 1,2,...,n). 
«Consequently, A ^ (B - C) and therefore G, ^ (G, - C) is a set of second category. 


Tli) 
for every sequences ‘th 
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Let C, and C, be cubes (intervals in R" whose all sides are of equal lengths) of equal 
volumes contained in G, and G, respectively. Let C* be be a proper subcube of C, 
concentric with C,. Now by using conditions (i) and (ii), we can select an open ball 


W in Q (with centre at œ), open balis ko (with centre at the’ origin) and K, (with centre 


at the point c=b-a) such that for every u e ko, ze K and œe W the inclusion. 
C, ^a ff(C,, z, œ) - u} 2 C* holds. Let r, be the radius of ko and we set K, to 


be the open ball with centre at the origin and radius equal to eee! eee Then 
sup {|x} ; xe A}+1 


for every x €e K, sequences 1%}, S A NO}, zkh c K, and forh c W, 


we have 
C a (N ff(C,, z,, 0) -o x) 2 Cf 
k=1 
But then, 


AN (n {f(B, z,, @) - a, x} 2 Go A {f(C,, Zo 0) — o, xX} 


\ P U (U (Pa zo œ) - o, x}. 


The right hand side of the above inclusion being a set of second category, it 


follows that An (() {f(B, z,, @,) - a, xX} is a set of second category and hence non- 
k=1 


empty. The remaining part is obvious. 


x-y 
@ 





Note 2.1. If we set Q = RYO}, œ = 1 and f(x,y,o) = (xy e R, oeo), 


then theorem 2 reduces to the following particular case. 


Corollary 2.1. Let A, B ( e &) are sets of second category and A œ R be 
any bounded open set. Then given any p e N, for every a e J {A}, b e J (B), 
we can determine an open interval | in R (with positive abscissae and 1 as an interior 
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point), open balls K, (with centre at the origin) and K, (with centre at the point 


c = b — a) such that for every x e K,, sequences (akh ,& A \{o}, {zeha c K and 


lorh c W, there exist vectors a (x) e A, b, (x) e B (k = 1,2,3,...) such that :— 


Hbl), Ze wkd- k 1,23.. 
ay r heel ak 


> -= 


In [1], along with theorem 1, we have also formulated its exact Baire-category 
analogue (theorem 2 of [1 ]). On the same lines of reasoning (as stated at the end 
of corollary 1.1) corollary 2.1 may be viewed as more general and a strong modification 
of theorem 2 of [1]. 


It follows from the presentation of theorem 2 of this article that it concludes 
something far stronger than theorem 1, for here we need not require to restrict ourselves 
to subsequences. We now show that no parallal presentation is possible in the meaure- 
theoritic case. This is done through one counterexample which exhibits that the meaure 
analogue of corollary 2.1 is false. The following example is the one which fits our 
purpose. 


Borwein and Ditor [ 2] showed that there exists a set Ac Z and a monotonically 


decreasing sequences [dkh converging to zero such that for every x e A, x + d, 


¢ A for infinitely many values of k. If now we set Q = R\{0}, œ, = 1, f(x, y, œ) = x-y 
@ 


(x, ye R", œw e Q) and A = B, a = b, œ = d, B, = 1 and z, = 0 for all k e N, then 
it is evident from this example that corollary 2.1 in terms of measurable sets of positive 
measure never holds. 
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SEMIGROUPS WHOSE NONEMPTY 
SUBSETS ARE ALL N-SUBSET 


YuFen ZHANG, DESHENG WANG AND SHIZHENG LI 


1. INTRODUCTION 


Let S be a semigroup. A nonempty subset A of S is called a N-sutset if 
(Vxye S)x Ay OA @ implies xAy CA. 
If A is also a subsemigroup of S, then we call A a N-subsemigroup. 


In [3], we nave discussed the properties of N-subsets of S and given ar explicit 
description of the m-group (that is an eventually regular semigroup with exactly one 
idempotent element or a group-bound semigroup) congruence on an eventuali, regular 
semigroup S using N-subsets of S. Especially, we got another description of the group 
congruence on a regular semigroup and proved that a full N-subsemigroup of S is 
the same as a full, unitary, self-conjugate and closed subsemigroup. So the N-subsets 
of a semigroup zre useful. It is somewhat like an ideal of S. Therefore we define a 
. congruence on S by a N-subset A of S as defing the Rees congruence on S by an 
ideal of S. 


Suppose A is a N-subset of S. Let 
aQ = {ye Sx S|x=yorxy e A} 


and p, is the congruence generated by Q,. Then p, is the smallest congruence on S 
such that A is a congruence class of itt, 


It is natural to ask what is the relationship between two N-sets A and. B when 
Pa = Pz: In order to see this, we give the following definition. 


Project supproted by National Natural Science Foundation of China (No. 19671353) 


100 YuFen Zhang, Desheng Wang and Shizheng Li 


Definition 1.1. Let {B, | © € X} be a'family of nonempty subsets of a semigroup S. 
A subset A of S is called an associate union of {B, | a e X} if 


i) A= ùv B 


aex a 


(ii) For different a and b in A, there exist Œp O O,, «+ Oo, in X such that 


Qe Ba,» be By, and By, N Bz; + @ for i = 0,1,2,...,n. 


A+] 
Proposition 1.2. Let A and B be two N-subsets of a semigroup S which contains 
more than one element. Then the following are equivalent : 


(1) P, = Pe 


(2) Ais an associate union of {uBv | uwBv N A + @, u, v e S'} and B is an associate 
union of {sAt | sAt ^n B + ¢, s, te S} 


Proof. (1) implies (2). Let | = S'BS'. Then for all x e A, A = xp, = xp, S XP, 
Therefore xp, contains more than one element. Let a e xp, and a + x. Then 
(a,x) € p, = Q, and therefore a, x e l. 'Hence A c l, which implies that for every 


x e A, there exist u, v e S' such that x e uBv. Whence A is contained in the 
union of 


{uBv | 6 # A A uBy, where u, v e S} 


Assume u, v €e S' and uBv ^ A # @. Then there exists b e B such that ubve A. 
For any b, e B, (b, b) € py = p,. Therefore (ub,v)p,(ubv) and then ub v e (ub,v)p, = A. 
Thus «Bv c A. So that 


A = U {uBv | uBy OA Z ġ, u, v e S} 


To show the above union is associate, let a, a, e A and a,#a,. Then (a, a.) 


€ Pa = Pg, SO that there exist x, x,, .... x, € S such that (x, x.) €e Q5, x# x p 
a= x 45x, i= 1, 2, ..., n-1. And then there exist p,q, u, vy e S' such that 
(P, q) € Q, and 

X, = Uppy, X = ugy, i= 1, 2, ..., N. 


Since x, + x „ we have that p + q, for i = 1, 2, ..., n, and then P, q, € B, so that 


a =x = upy, € u Bv, a, = upy, € u Bv, and 


x, a up y, = W d,i View € (u, Bv) N (u,, B y.) T Q. 


Since (x, x,,) E€ Pe = P, for i = 1, 2, ... n - 1, then x= a € a p,= A. 
Therefore by the definition of p, and x # x,» we have x, x, ... x Ee A. 
Hence x e uBy ^n A # ¢ which means that A is a associate union of {uBv | uBy N 
A z @, u v e S} Similarly, we can prove that B is a associate union of 


{sAt | sAt ^ B #4 5, te S} 
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(i) implies (i). Suppose; conversely, that (xy) e Q, Then x = y or xy e A. 
If x = y, then xp,y. Otherwise, x,y € A, by (ii), there exist a family {u Bu, | i = 1, 2, ...,m} 
out of {uBv | uBy AA = ġġ u, v e S} such that x e u By, y e u By and 
uBy Ou, Bv, # ¢ i= 1, 2, .. Nn - 1. Choose x e (uBv) © (u,, Bv,,) for every 
i= 1, 2, .., N - 1. It is easy to see that (x, x) € pẹ and thus xp,y. Therefore 
Q, & Pẹ Hence p, S p,. Similarly, we have pa S Pa. SO p, = Pa 


2. REGULAR SEMIGROUPS WHOSE NONEMPTY SUBSETS 
ARE ALL N-SUBSETS 
Throughout this section, S will always be a regular semigroup. 
E(S) denotes the set of idempotents of S. V(a) is the set of inverses of a e S. 
Lemma 2.1.5! Let A be a N-subset of S. Then A is a N-subsemigroup if and 
only if A contains an idempotent of S. 
Lemma 2.2. If every nonempty subset of S is N-subset, then the following hold: 


(i) If there exist a e S and e e E(S) such that a + e and eae = e, then 
eSe = {e}. 

(ii) For every a e $, ae V(a). 

(iii) For every a e S, e e E(S), ea = e or a and ae = aor eè. 


(iv) If S is a group, then |S [ < 2. 


Proof, 


(i) Suppose there exist a e S and e e E(S) such that a + e and eae = e. Then 


A = S\fe} + @ and eAe <A. Since A is a N-subset, we have eAe m A=e. 
Hence eAe = {e} and thus eSe = {e}. 


(ii) For a e S, if a € V(a), then for every a’ e V(a), a # a’. Let A = SKa}. Then 
a = adae aAa ¢A and thus aAa n A = @¢ since A is a N-subset of S. 


So aAa = {a}. It is easy to see that a € E(S). Thus g'a e A and then 
a? = (adja = a(a‘a) e Aa = {a}. Hence a? = a e E(S). The contradiction implies 
that a e V(a). 


(iii) Let a e S, e e E(S). If a = e, the result is immediate. Suppose a + e and 
let A = {e,a}. Then eA + A.e ¢. Thus eA c A. Therefore ea = a or e. Similarly 
ae = @ Or a. 
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(iv) Suppose S is a group containing more than two elements and let A be a 
subset of S such that it contains three elements including the identity e of 
S. Then by Lemma 2.1, A is a subsemigroup of S. From (2), for every 
a € A, a? = e. Therefore A is a subgroup of S whose nonidentity elements 
are of order two. This is impossible since the order of A is three. The - 
contradiction implies that | S | < 2. 


Lemma 2.3. Suppose S is a completely simple semigroup with at least three 
elements and every nonempty subset of S is N-subset. Then S is a right zero semigroup . 
or a left zero semigroup. 


Proof. Since every completely simple semigroup can be written as a Rees metriix 
semigroup over a group. Let S = M(I,G,A ; P). If | /}|={|A |= 1, then S is a group. 
According to lemma 2.2 (4) and the assumption, this is impossible. Thus we can suppose 
| A|> 1. Let A, ue A and A #u. For any i j e l, let e,, e,, be the identities of the 
group -class H, and H, respectively. Then e,e, = e,, € H, But from Lemma 2.2 (3), 
eeu = &, Or epr Therefore i = j since no #-class contains more than one idempotent. 
Which means that |/ | = 1. So that S = G x A is a right group. Now, let (e,A) e E(S). 
Then for every (e,u) + (€,A), (e,A) (e.u) (e,A) = (e,A). From Lemma 2.2 (2), (e,A) S'(e,A) = 
{(e,A)}, thus for any g e G, (e,A) (g,u) (e,A) = (e,A) which implies that g = e. Hence 
| G| = 1 which means that S is a right zero semigroup. If | || > 1, then we can similarly 
_ show that S is a left zero semigroup. 


Lemma 2.4. Let S be a semilattice of completely regular semigroups {S}. y 
( Y | > 1) and every nonempty subset of S is a N-subset. Then S is a two-element 
semilattice. 


Proof. Suppose a,8 e Y and a # §. Let e e E(S,), f € E(S,). Then ef = eorf 
by Lemma 2.2 (3), and thus &œß = B or a. So a<f or B<a, which shows that Y is a 
chain. Assume B<a and ef = e. Then efe = e. Therefore eSe = {e} by Lemma 2.2 (1). 
. So that B is the smallest element of Y. For any y e Y, y # a, using a similar deduction, 
we have y is also the smallest element of Y. Thus y = B. Therefore Y = {a,8} and 
S=, V S, Now, if | S; | >1,letfe E (S,), be S, and b + f, then by Lemma 2.2 (3), 
we have bf = f or b ; fb = f or b. Suppose fb = f and A = {e, f} where e e E(S), 
then Ab = {eb,f} ^n A + ¢ Thus Ab c A. But from Lemma 2.2 (8), eb = b + e. Hence 


Ab £A contradicting to Ab œ A. Suppose fb = b and B = {e,b}, then fB = {fb} ^ 
B + ¢. Therefore fB c B which is impossible. Similarly, we can deduce a contradiction 
when bf = b or f. So that | Ss | = 


Let S, = {f}. Then f is the zero element of S. For any ab e S,, let A = {a, f, 
B = {b, f}. Then aB = {ab, 2f} ^n B + ¢. Therefore aB œ B. By Lemma 2.2 (3), ab =b. 
Similarly, from Ab = {ab, f} ^n A # ® we have Ab c A and then ab = a. Thus a =b. 
Hence | S | = 1. Let S, = {e}. Then S = {e, #, is a semilattice and ef = fe = f. 


Semigroups Whose Nonempty Subsets are ALL N-subset 1D3 


Lemma 2.5. If S is a left zero (right zero) semigroup, then every nonempty subset 
of S is a N-subset. l 


Proof. Suppose S is a left zero semigroup and A is a nonempty subset of 5. 
For x,y e S, if xAy ^ A # @, then there exists a e A such that ray = x e A. But xAy= 
{x} c A. Then A is a N-subset of S. Similarly, the lemma holds for right zero semigroups. 


Theorem 2.6. Every nonempty subset of S is N-subset if and only if S is one 
of the following semigroups : Group (| S | < 2) ; semilattice (| S | = 2) ; left zaro 
semigroups ; right zero semigroup. 


Proof. Necessarity. If | S | = 1, S is a one-element group. If | S | = 2 and S 
is not a band, then S$ is a regular semigroup with only one idempotent and hence 
a group. If S is a bard having two elements, then S is either a semilattice, or a left 
(right) zero band. If | S | > 2 and let a e S, then by Lemma 2.2 (2), a e V(a) and 
then a = a? = a’S ^ Sa’ which implies that S is completely regular. By Lemma 2.4, 
S is also completely simple, then by Lemma 2.3, S is either a left zero band or a 
right zero band. 


3. SEMIGROUPS WHOSE NONEMPTY SUBSETS ARE N-SUBSETS 


Throughout this section, S will be an arbitary semigroup. Reg.S denotes the set 
«of regular elements o7 S. 


Lemma 3.1. [f all nonempty subsets of S are N-subsets, then 
(i) For every a e S, a? e E(S). 

(ii) Reg S is an ideal of S. 

(iii) (S\Reg SFP = Reg S = S = {0} 


Proof. 


w For any a e S, let A = {a, aJ}. Then aA = {a’?, a} ^ A # ®. Therefcre 
aA c A anc then æ = a or æ. So that a’ = a’ e E (S). 


(ii) Let Preg s be the congruence defined by Reg S as in section 1 and g: S— 
S/Preg s be the cannonical homomorphism. By (i), we know that S is eventualls 
regular. Then S/p,,,, is also eventually regular. For every regular element a 
of S/Preg x there exists a e Reg S such that ap = 4 (see [2]). Since 
RegS is a congruence class of Phs there exists e e E (S) such tha: 
(Reg S) pọ = Reg(S/p,., s) = eg = z and Reg S = ég". 
For every x e S, X e E(S) and ¥ = (xg = @ Since © = Pi = 2 = Sr = PPP 
«ve know that ¥ is a recular element of S/Prog s Therefore X = é = éx = xé, which implies 
hat g is a zero element of S/p,,,. So Reg S = Kerg is an ideal of S. 
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Suppose x e S is. not regular, then x=feE (S). For any e e E (S), let A= {xe}. 
Then: xp,e and. f = xp,e and thus f e A. Therefore e = f. So that Reg S is. a regular 
subsemigroup of S with exactiy one: idempotent e and thus a group. 


Suppose x,y e S\Reg S. Then x? = y* = e. Let A= {x,y,e}. Then xp,ep,y and then- 
(xy) py = e. So that xy e A. If xy = x, then x = xy = (xy)y =. xy’.= xe e Reg S. 
lf xy = y, then y = xy = x(xy) = x’y = ey e Reg S. These are impossible. So xy = e 
which implies that (S\Reg S} = {e}. l 


lf | Reg S | 2 3, choose a e Reg S, a # e and let b e Reg S\e,a}. Then 
a = {e,a,b} is a N-subsemigroup: of S; by Lemma 2.1 and the assumption. So that 
ab e A, but ab + a, ab + b, we have ab = e. Then b = a* = a by Lemma 2.2 (2). However 
b+#a The contradiction: implies that | Reg S | < 2. Assume Reg S = {e,a}. Now, let 
x e S\Reg. S, then. xa e Reg- S since Reg S is an ideal of S, so that xa = e or a. 
If xa = e, then xe = x(xa) = Pa = ea = a. Let A = {xe}, then- xA = {ea} N A # Ø and 
then xA c A. Therefore a = e. If xa = a, let B = {x,a}, then xB: = {ea} ^ B z Ø, so 
that xB œ B and then a = e. Thus Reg S = {e}. By (ii), e is the zero of S and write 
it by 0, so that S? = {0}. 


Theorem. 3.2. Every nonempty subset of Sis N-subset if and: only if S? = {0}. 


Proof.. By Lemma. 3.1, we need only. to show the “if”. Suppose S? = {0} and 
A is a nonempty. subset of S. If 0: é A, then A is an ideal of S -and certainly a 
N-subset. If 0 ¢ A, for any. xy e S', suppose xAy m A # ®. Then x = y = 1, so that 
XAy=Ac A. 
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BIONOMIC EQUILIBRIUM AND OPTIMIZATION OF REVENUE 


D. K. Buatracuarya AND S. Becum 


ABSTRACT : In this paper, we consider joint harvesting of a one prey one predator 
model, with special reference to the existence of feasible and partially feasible bior omic 
equilibria and optimization of the total discounted revenue. It is proved that in some 
cases, there exists such a range of the threshold vaiues of cost per unit effort c that 
only feasible bionomic equilibria can occur, and hence in such cases a feasible and 
a partially feasible bionomic equilibria do not exist simultaneously. But it is also sown 
that there are som2 cases where depending upon different ranges of threshold values 
of the cost per unit effort the value of Sup (Ea) for feasible equilibria is equal to 
the value of E a at the partially feasible equilibrium, where E is the total effort exerted. 


To find the optimal value of the revenue, we consider two types of deprecietions 


of which one is the standard depreciation equal to et ò > 0. It is shown that under 
the other type of depreciation, optimization can be done under a weaker transversality 
condition. Lastly, all the results are verified by special choice of parameters. 

Key words : Feasibie/partially feasible bionomic equilibrium, threshold values of cost 
per unit effort, optimization of revenue. 


INTRODUCTION 


it was shown, for the first time, by D. K. Bhattacharya and S. Begum (- 996) 
that the concepts of feasible and partially feasible bionomic equilibria could be applied 
to find out the threshold value/values of the cost per unit. effort c and the maximum 
value of the effort E_. in models- of two species systems under joint harvestirg. It 
was shown that threshold values-of c and E „ could be determined in terms of given 
parameters only. They denoted by L = 0 and x = 0, the locus of dynamic equilitrium 
and the zero profit line respectively, and defined feasible and partially feasible bionamic 
equilibria as follows : 


A feasible binnomic equilibrium was defined to be the point of intersection (x,y) 
of L = 0 and x = 0 if x > 0, y > 0 and the total effort E. at (x,y) remained pcs-tive. 
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It was denoted by (x, y). A partially feasible bionomic equilibrium was defined as 
the point of interesction of L = 0 with one of the co-ordinate axes, provided the non- 
zero co-ordinate of that point was positive and both E and n were positive at that 
point. It was denoted by (x_,0) or (0,y ) according as L = 0 intersected the x-axis or 
the y-axis respectively. 


It was pointed out that, if c was not kept under proper threshold value/values, 
exploitation would become impossible, and if E a was not known, calculation of optimal 
revenue would be meaningless, as the control set V, = [0, E pa] would remain unknown. 
In the above paper, joint harvesting of the following two species system was considered 
-(i) Lotka-Volterra model of one prey and one predator, (ii) Logistic growth model of 
two species ecologically independent and ecologically dependent seperately. It was 
found that when (x_,0) or (0,y.) was partially feasible, E_.. remained independent of 
the choice of c whereas when (x y,) was feasible, E_.. was dependent on the choice 
of c. 


Again, in the existing literature whenever the optimization of the revenue of two 


species system was done under the depreciation ee, 6 > 0, using Pontryagin’s 
maximum principle, it was always observed that the auxilliary functions A(t), i = 1,2 
of the corresponding Hamiltonian satisfied a stronger transversality condition, viz. 


ugi A(t) tends to a finite quantity as t — ~” for which no mathematica! justification 
appeared to be known [Arrow, K. J. and M. Kurz, 1970]. Therefore, it was an open 
problem whether optimization could be done with a weaker type of transversality 
condition. Lastly, it also remained open whether optimization could be done in case 
of partial feasibility of (x_,0) or (0,y_) when the fishery could be viable with one species 
only. 


We consider a model as considered by Goh, 1970 (Example 3.32, page 52). We 
limit our discussions in three sections and an appendix is also included. Section 1 
contains a single theorem, which studies feasibility of bionomic equilibria (x_,y.) and 
partial feasibility of (x_,0) and (0,y_) under different restrictions on the given parameters. 
Section 2 contains two theorems of which the first one deals with optimization of the 


revenue under the standard depreciation eo ô > 0, whereas the second one considers 
similar result by using a new type of depreciation, which depends on the given prices 
and catchability coefficients of the biomasses. Section 3 includes some discussions 
on the results obtained in sections 1 and 2 used in connection with optimization of 
the revenue. The appendix contains the detailed proofs of all the three theorems. Further, 
in the appendix, all the results of the three theorems are verified by special choice 
of the parameters of the given model. 
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1. THRESHOLD VALUES OF THE COST PER UNIT EFFORT AND “HE 
MAXIMUM VALUE OF THE EFFORT. 


Theorem 1.1. Let the exploited one prey one predator model be given by 


X= xfr = ux = oy = q, E), 

’ Br > us (I) 
Y syf- s+ Bx - w- qe) 
dt ad 


with any one of the following restictions 
(a) (i) aq, > vq, (Bq, + uq,) p,q, > (aq, — vaq,) p,q, 
(ii) aq, > vq, (Bq, + uq,) pg, < (aq, - va,) p,q, ; 

(b) aq, < vq, -> 

where x and y are the biomasses ; r is the growth rate of the prey x ; s is 
the rate at which the predator y dies out in the absence of the prey ; œ is the amount 
«f prey consumed by unit predator in unit time and œß is the fraction of the energy 
consumed which goes into predator reproduction ; u, v are the density-dependert 
mortalities of x and y respectively and q,, q, are their catchability coefficients. 

Under both the restrictions (a) (i) and (b), (x_,y_) and (x,,0) are feasible. Moreover, 
mx y) is feasible if and only if 


() Pıqı(Sqı +ra2) © o < Ply +s) + Pada(Pr - us) (1-1) 
(qı + Ugo) (uv + af) 
in this case, E „is given by x, = xX + (og —va) Eis woe AL) 
(uv + aß) 
where X = Oleg, —Vq1)+ P292(591 +192) © or (1.3) 
"Pode (Pq; + Ugg) — Pxqy(eG2 - VQ) 
= (rv +08) l 
= = . (1.4: 
(uv + aB) (14 
(Br — us) z 
Further sup (E = — eae E. 
urther sup Ene) = (Ba, + ugg) as 
(ii) (x0) is a partially feasible bionomic equilibrium if and only if 
P494(S91 + rq2) ; 
O<¢ 1m sn (LS 
<° < (Bay + ua) oe 
In this case, E _ = _(fr—us) | RTE i j 


mex (Bq + uge) 
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Again, under the restriction (a) (ii), only (xy) is: a feasible bionomic equilibrium 
if and only if 


P2Go(fr—us)+ pya(rv+os) < o < Phlsh traz) ae (1.8) 


(uv + of) (Bq, +uq2) 


(fr - us) 


In this case, E, „is given by (1.2), (1.3) and (1.4). Further sup (E,,,.) = ee 
1 2 


2.. OPTIMIZATION: OF REVENUE 


Theorem. 2.1. Let the exploited system be given by (I). Let the total discontinued 
revenue be given by 


j = i, et (P, q, X + p,q, y ~ c) E (t) dt, 5 > 0, E(0) = E, __...(A) 


‘When (x y) is bionomically feasible, the optimal path ‘is given by 
(P, q, X + P, q, Y — C) {8° + (ux + vy) + (uv + aß)xy} ~ Hè + vy)p;q, + P,4,By} 


(rx j axy g ux’) + {(6 + ux)p,q, sa Pq, 0x} (~sy + Bxy si vy’)] = 0 mee (2.1) 
The optimal’ biomasses x,y, are determined by, the intersection of (2.1) and 

L : (Bq, + uq,)x + (aq, - vq,)y - (sq, + rq) = 0 wee (2.2) 
The optimal effort E* is given. by x, = ald But 7 ves (2.3) 


(uv + aß) 


When. (x:.,0) is. a partially feasible- bionomic equilibrium, the optimal path is given 
by ; 


(P, q, X + P, q, y — c) {87 + (ux + vy)d + (uv + aœß)xy} - {p, q, x (6 + vy) 
_(Br-us)- 

= 0 ... (2.4 
(Ba, +uq2) + Ugo) (2.4) 


The optimal biomasses x, and y, are given by the intersection of (2.2) and (2.4). 
The optimal effort E* is obtained from (2.3). 


+ p, q; q, Bxy + p, q,? y (6 + ux) - p, q, q, oxy} 


Theorem 2.2. Let the exploited system be given by (I). Let the total discounted 
revenue be given by 


+ C 
J=f p Pd t Eeee] Eyt, 8>0, E(t) = E,(p;a,x + p,a.y - c) = Ott) .. 
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When (x „y is bionomically feasible, the optimal path is given by 
(P, q, X + FG, Y ~ C) (uv + of) - {(p,q,8 + p,q,v) (r - oy — ux) 
+ (),4,U - p,9,%) (s + Bx — vy} = 0 --» (2.5) 


The optimal biomasses x, and y, are determined by the intersection of (2.5) and 
(2.2). The optimal effort E* is determined from (2.3). 


When (x_, 0) is a partially feasible bionomic equilibrium, the optimal path is given 
by j 


(p, q, X + £, q, y — c) (aß + uv) (Bq, + ua.) — [q, (p,a,P + p,q,v) 
+ q,(p, q, uU - p,q, o] (Br - us) = 0 -.. (2.6) 


The optimal biomasses x, and y, are determined by the intersection of (2.2) and 
(2.6) and the optimal effort E* is determined from (2.3). 


3. DISCUSSIONS 


(i) Optimization of the revenue is possible even in the case of partially feasible 
bionomis equilibrium, where the fishery remains viable with one species only. 


(ii) The depreciation a is preferred to e~* due to the following reasons : 
i t 


(a) Apart from economic justifications, the depreciation e~* is introduced in 
calculating the discounted revenue J, in order to assure the convergence of the integral 
J. Naturally the case 6 = 0 remains indecisive, as the corresponding integral J may 


be divergent, whereas for the depreciation a no such problem arises when 6 =0, 
t 


because the intecral of J remains convergent in this case. 


(b) When the depreciation is taken as et the auxilliary function A(t), i = 1,2 
of the correspond ng Hamiltonian for J are always found to satisfy the transversality 
condition eo) (t) — finite quantity as t — æ [4.12 (a) and 4.12 (b), Appendix]. This 


is a very strong transversality condition as this cannot hold unless A(t) = O( et P 





However, if the dəpreciation is used, then it is revealed from [4.17 and 4.18, 


1 
pore 
Appendix] that à (f) satisfy a weaker type of transversality condition. 

(c) From (2.1) and (2.4), it follows that the optimal path depends on the choice 


of ð, if e~* is taken as the depreciation whereas from (2.5) and (2.6) it is seen that 
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the optimal path remains independent of 5 when ss is the depreciation. As the value 


of Ea and consequently the control set is independent of 5, so in the former case, 


it may not be possible to verify whether the optimal effort E* belongs to the control 
set, by taking some value of 6 at random. In case it happens that for some particular 


value of 5, E* ¢ V,, then corresponding e` can not be taken as the depreciation. 


Hence the introduction of arbitrary e" is questionable, whereas no such probiem arises 
in the latter case. 


4. APPENDIX 


Proof of theorem 1.1 
Revenue function is given by n = (p,q,x + p,q,y ~ c) E w. (4.1) 


Dynamic equilibrium of the unexploited system is (x,y) where 


a (v +as) — Z (Pr —us) 
(uv + a8)’ (uv + a8) 


Dynamic equilibrium of the exploited system is (x), (y)J, where 


, (2-VH)E 7 — _ (qı +uq2)E 
A, = y =- AAA . (4.2 
(x), = (uv + aß) (Y= ¥ (uv + a@B) (4.2) 
Line of dynamic equilibrium is given by, : 
L : (Bq, + uq,)x + (aq, - vq,)jy — (sq, + rq,) = 0 we (4.3) 


So the point of intersection of x = 0 and L = 0 is given by (x,y), where 


—C(0Q2 - G1) + Pode(sdi+'d2) ~_  ¢(Bq,+Uq2)— P193(Sq1 + ra2) 
P2Qo(Bqy + Uq2) — 2494(0G2 — VQ) P2Go( Pay + Uq2) — P1q4(092 — vq) 
Now for the cases (a) (i) (fig.1) and (a) (ii) (fig.2) it is noted that 


X= 


...(4.4) 


(x), > x, (y) < y, (X),>0, WE>0, 


(y), > 0, for E < ay So (X, f) will be bionomically feasible and will 
1 2 


be denoted by (x_,y_), if E < ABP y Us). and if X >0, Y >0, X > X, ¥ < y, the condition 
(8q; + uq2) 


for which are 
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N 
S 
“p< CO, 498) E40, 1,76 
a (2,9) , B=0 
Tg 70 
Cx 20) 
m =0 1,=0 z 


Gwe: ee 
x 


fiat, 


Poqə(Sq41+rq2) E ee, 
(aq2 -vq4) 


3 


P494(SQ3 + 1Q2) 
(qı +12) 


ae pogo( Br —us)+ pygy(rv + as) 
(uv + ap) 


Case (a) (i) c< 


c> , for ¥ >0 


, for X >X and y <y 


P292(Sq1 + Fda) for xX >0 


— 
A OT oto —va4) 


c< P1Mlsas + 92) 
(8q + Ugo) 


es PoQo(Pr — us) + pıq(rv + as) 
{uv + af) 


, for ÿ >0 


, for X >X and ý <y 
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(4.5) 


...(4.6) 


.-(4.7) 


...+4.5)(a) 


.»-(4.6)(a) 


..-(4.7)(a) 
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(0, Ya), E<O, M70 





figg, 


Ag 2292(S9q+rq2) = P292(8r - us) + p4q;(rv + as) 

(aqa - vq) (uv + of) 
case (a) (ii) holds, so it is concluded that under (a)(i), (x_y_) is feasible if and only 
if (1.1) holds and under (a)(ii), (x_,y_) is feasible if and only if (1.8) holds. Now for case 


according as case (a) (i) and 


(b) (fig.3), it is seen that (x),<x, (y),<y, (x),>0 if E<- +% ang (y), >0 if 
(vq — 0:2) 
< Se As x>0, so (x, y) will be bionomically feasible and will be denoted 

($q +uq2) 

by (x_y,) if 
E < min [ere oo.) and if y>0, X<X, y<y, the conditions for 

¥Q;-092 Pq +uq2 
which are 


P494(Sq; + rq2) j 
c> ANSI 2) for y>0 .. (4.6)(b) 
(Pqi + Ugo) 
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o< P2de(Br—us)+ piqilv +08) tor x>x and yey .--(4.7)(b) 
(uv +aß) 


(xo > Yo) 


20) 
Tio 70 
mo 
v t 3 e 
L-0 Ia <0 


So, under case (b), (x_,y_) is feasible if and only if (1.1) holds. Further, in all cases, 
E xs are determined by (1.2), (1.3) and (1.4). Also Ea depends on values of c given 
by “(1 .1) for the cases (a)(i) and (b) and values of c given by (1.8) for the case (a)(ii). 
In the cases (a)(i) and (a)(ii) 


= ue , but in case (b) E < min pe me) 
< gy +g qo . pqa +uq2 vq -oq2 


Prous ._W+0S | in case (b), so Bee in all the cases (a)(i), 


pq +uq2 vq- aq fq, + uq 
(ahii) and (6). Again in all the cases {0,y ) is not partially feasible. In fact, in case (b), 
(0,y_) is not feasible because y <0. In other cases, (0,y_) is not feasible, as E<0 at 
(0,y_). Lastly, to consider partial feasibility of (x_,0), we note that the point of intersection 
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of x = 0 and L = 0 with the X-axis are (50) and [Sa o). Hence in case 
APA Ph + Ue 

(a)(i) and case (b), (x_,0) is partially feasible if and only if (1.6) holds. But in case (a)(ii) 
(x_,0) is not partially feasible as at the point where L = 0 intersects the X-axis, r is 
found to be negative (fig. 2). Further, in cases (a)(i) and (b), E is given by (1.7) when 
(x_,0) is partially feasible. Moreover this value of E_ is the same as sup(E_..) when 
(x.y. ) is feasible. This completes the proof of theorem 1.1. 

Proof of theorem 2.1. For convenience, we write F(x,y) = rx — ux? - axy and 
G(x,y) = -sy + Bxy - vy*. Then the Hamiltonian corresponding to (I) and (A) is given 
by i 


H = e (p.q.x + pay - c) Eft) + a(t [Fxy) - q,Ex] + A,WIGRy) - Ey] 


= Ele" (p,a,x + p,ay - c) - ,0,x = Aay] + AU OFYy) + AGY)... (4.8) 
where i,(t), 4,(t) are the adjoint variables to be determined suitably. 
Adjoint equations for 4,(t) and °1,(t) are given by 


daù __ PAME 
n “eit + X(t) [qE - Fx] - A, (Gx 
dia Pode 3 Fy +a, OaE- Gy] 


Again, for the equilibrium solution, 


g =- Fy) _ G(x,y) 





qx q2y 
k eee 2 eee a (4.9) 
a : so qı q2 o 
‘So a =- PoE + àux = A, By z vig (4.10) 
X2 =- Peg” + AOX + A, vy om 449 


From (4.9) and (4.10) we get, 


. ôt 
Ta TN a(t). P! A, amt + B, emt + e+ VY) P1493 + P2Qo BylE(t)e 
ô^ +(ux +vy)6 + (uv + aB)xy] 


‘ s~ ee JP | E EOR St 
and | aft) = A o™t + B emt 4 BHWP- prnon]E(te” 
ô| +(ux +vy)6 +(uv + aB)xy] ` 
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eo ee ey 412) 
Now if we choose A, = B, = 0 and A, = B, = 0, then 


where m 


A. (t) e” =" 1S +VY)P194 + P292 py Emax as t — oo uate (4.12)(a) 
5* + (ux +vy)d + (uv + aB)xy] 

and a (tje? > _ NO p P as t 3 we (4.12)(b) 
ô^ +(ux +vy)d + (uv + aB)xy] 


Taking H to be maximum for some E e V, (control set), we have = = Q. 


So, (p, q, X + P,G, y - Cc) - et (A1 qi x + A2 q2 y) = 0. Thus when (xce,youo) 
is bionomically feasible, the optimal path is given by 
(P,q,x + P,q,y ~ C) 
_ [uxi + vy) Pid + Pode Py} + qay {8 + Ux) P2de - pox HEmas _ 9 (4,43) 
ô? + (ux +vy)d + (uv + aB)xy 
Now under (4.8), (4.12) reduces to 
(P,4,x + p,q,y — c) [6*+ (ux + vy) + (uv + aß)xy] 
r — oy — ux 
yy! ay — UX) 


~ [q x{(ð + vy)p,q, + p,q, a 


—S + py ~Vv 
+ qyf(ð + vy)p,d, - P,q,ox} Aw) = 0 
2 


After proper simplification, we see that the final optimal path is given by (2.1). 


When (x,,0) is partially feasible, we put E „x ee in (4.13), and find that the 
Ph + uq 


optimal path is given by (2.4). The rest of the proof is a routine one. 


Proof of theorem 2.3 


We write F(x,y) and G(x,y) as in theorem 2.2 Then the Hamiltonian corresponding 
to (I) and (B) is given by 


H = SPN Peggy OED + 1,(01F x) - qE + 2,016.) -Ey 


= E(t) Pek * Pegy oe -A,q,x — A,q.y] + A,(t)F(x,y) + A, (t)G(x,y), ... (4.14) 
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where 21,(t), A,(t) are the adjoint variables to be determined suitably. Adjoint 
equaitions for À (t) and 1,(t) are given by 





d qE 
a se e M= 4 (QE - Fx) - A,Gx 
d PoqoE 
a =~ PATE = Fy + AlE - Gy). 
Now using (4.8) we get 
da hE 
on =- Ta + A,ux — By ws (4.15) 
dag _ _  PeqeE | 
ot = Po + À OX + AVY «e» (4.16) 
Solving (4.13) and (4.14) we get, 
= Meimt Mot 1 P2odohy+ Piqvy | _1 1 
A(t) = Aye" + Bie + SEE ie +a btaa z(-)+--. {E(t 





xy(aB + uv) pore gors 


where m, and m, are given by (4.12). Now if we choose A; = Bi = 0 and 
A> = B3 = 0, then 


and 1,(t) = Age + Bee ate | PaaS PION 1 TEET jee 
t 


A(t) to? a5 (Pega hy + Padwy )Emax as t o œ a (4.17) 
xy(aB + uv) 

and’ a(t) t22 —, (P292UX— Pihox) Emax as t 5 2 vw» (4.18) 
: xy(aß + uv) 


Taking H to be maximum for some E e V, (contro! set), 2 = 0. When (xy) 
is bionomically feasible, the optimal path is given 


hX(P2q2fy + PAWVV)Emax _ 92y (P2q2Ux = Pıqı0x)Emax 9 (4.19) 
xylaß+uv) ` xy(aB + uv) 
Using (4.18), we find that the optimal path is given by (2.5). When (x_,0) is partially 


(p, qx + pP,q,y a c}- 


feasible, we put E ax = oe in (4.19), and find that the required cptimal path 
1 2 


is given by (2.6). The rest of the proof is a routine one. 
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Special choice of parameters. 
Case (a) (i) 
a=3,r=2,u=1,q,=1,)p, = 2. 


I 


B=2,s=1,v=2,q, = 1, p, = 5. 


For feasible (x.y), 2<c < =, let c = 3. Then Ena = =, Sup(E_..) = 1, so 
Ea < SUP(E,.,), this verifies theorem 1.1 


max 
To verify thsorem 2.1, let us choose 6 = 2, then the optimal path is 
8xy? + 32x’y + Bx? + 40y? - 43xy - 6x + 18y —- 12 = 0 wee (4,20) 
and L : 3x + y ~ 3 = 0, i.e, y = 3(1 ~ x) wa (4.21) 
Therefore, (x,y,) is obtained by the intersection of (4.20) and (4.21. Thus 
xX, = 0.9, y, = 0. and finally E* = 0.2. So, E*<E,,.<Sup(E__). 
For theorem 2.2, the optimal path is, -30x + 74y = 49, 
so x, = 0.9. y, = 0.3 and finally E* = 0.2. Hence E*<E_ <Sup(E__). 


= Sup(E na) P DEA 1. Also 0<c«<2, let s = 1.5. 


For partially feasible (x_,0), E 
Pq + ugo 


max 


For theroem 2.1, the optimal path is, 
40xy? + 16x*y + 4x? + 10y? - 16xy - 1.5x + 3y -1.5 =0 ... (4.22) 


Therefore, (x,,y,) is obtained by the intersection of (4.22) and (4.21L Thus 
X, = 0.94, y, = 0.18 and finally E* = 0.52. Hence E*<E 


For theroem 2.2, the optimal path is 16x + 40y - 21 = 0. So x, = Z, 
y- 2 
ë 104" 


E* = £, Therefore, E*<E_.. 


Case (a) (ii) 
r=1,a02=2,u=1,q, = 1, p, = 4, 
s= 1,8 = 2,v=1,q, = 1, p, = 1. 


For feasibility of (x,y) Fcc, let c = 2.63. Then E = 0.15, 


Sup (Ema) = 0.67, so E_.<Sup(E,_..), this verifies theorem 1.1 
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To verify theorm 2.1, we choose 6 = 1, then the optimal path is given by 
10xy? + 40x’y + 8x? + 2y? — 15.15xy - 2.63x - 0.63y ~ 2.63 = 0 


As L is given by y = 2 - 3x, so optimal biomass x, is given by 


30x - 31.45x§ + 15.04x, - 4.11 = 0. Thus x, = 0.59 (approx). 


Now 0.59 = LE, hence E* is negative. So E* does not exist when 6 = 1. 


This indicates the drawback of the use of arbitrary e~% as the standard depreciation, 
as mentioned in (c) of the discussion (art. 3). 


Similarly if 6 = 2,3 etc, E* does not exist. 

Now if we choose 6 = 0.1, then the optimal path is, 

10xy? + 40x’y + 0.8x? + 0.2y? - 25.05xy — 0.263x - 0.353y - 0.0263 = 0 
and L : 3x + y = 2. 

So optimal biomass x, is given by 


-30x° ~ 37.75x? + 12.064x - 0.0677 = 0. Thus x, = 0.62 (approx), y,= 0.14 (approx). 


Now. 0.62 = SE, hence E* = 0.1, therefore E*<E „„<Sup(E n). 


To verify theorem 2.2, we find that the optimal path is 40x + 10y - 26.15 = 0. 
As L is given by y = 2 — 3x, so optimal biomass x, is given by 
x, = 0.615. Hence E* = 0.075. So E*<E_ <Sup(E,.,). This verifies theorem 2.2 
Case (b) 
r=1,a=2,u=1,q, =1,)p, = 1, 
s$=1,8=2,v=1,q,=1,p, = 1, 


For feasibility of (x_....,¥_) Z <c<1, let c = 0.75, then E a = = Sup (Ea) = Z, 
so E__<Sup(E,,,), this verifies theorem 1.1 
To verify theorm 2.1, we take ô = 2, then the optimal path is 


Ax’y + 4xy? + 2x? + 4y? — 1.5xy + 0.25x + 3.5y - 1.5 = 0. As L is given by 
y = 3x - 2, x, is determined by.48x°? - 22.5x? - 18.25x + 7.5 = 0. But we cannot get 
any positive solution for x, 


So E* cannot be calculated. However, other values of 5 may be tried. - 
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To verify theorem 2.2, we find that the optimal path is given by 8x + 8y = 7. 


As A: y = 3x - 2, so the optimal biomass x, is given by 


23 a 1 . 
= So E* = —. Thus E*<E_,, c SUPE na 


x 
8 32° 8 

2 1 

When (x_,0) is feasible, we have sasa let c = 0.5. Here Ena = Sup(E_..) = 3 


To verify theroem 2.1, we take 5 = 2, then the optimal path is, 


12xy? + 12x’y + 3x? + 6y? - xy + 05x +y-1.5 = 0. As L: y = 3x - 2, so 
the optimal biomass x, is given by 144x° - 114x? - 24.5x + 24.5 = 0. In this case, 
we cannot get any positive value of x,. So E* cannot pe calculated. However, other 
values of 5 may be tried. 


To verify theorem 2.2, the optimal path is given by 3x + 3y -2.5 = 0. 
As L : y = 3x ~- 2, so the optimal biomass x, is given by 

17 1 1 . NST. 
X, = on: So E “a But Ex = 3" So E*<E a This verifies theorem 2.2. 
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ON A GENERALIZATION OF CARLEMAN’S 
INTERGRAL INEQUALITY 


BICHENG YANG AND LOKENATH DEBNATH 


ABSTRACT : A generalization of Carleman’s integral inequality with a best possible constant factor 
is made by introducing two parameters a and b 


1991 AMS Subject Classification Code : 26D15 


Key words and phrases : Hardy’s inequality, Carleman’s inequality, and geometric mean inequality 


1. INTRODUCTION 


If A, > 0, A, = )4,,4,20@e€ N), and 0< Ñ Aa, < œ, then 
m=) =] 


VA, (a^a .a yl <e Vaa, seg (1.1) 


nx] n=l 


where the constant factor e is the best possible. This is called Hardy’s inequality 
(see Hardy [1]). 


When i, = 1, (1.1) reduces to Carleman’s inequality (see Carleman [2]) in the form . 


oO 


> (aaz...) < e Sa. sn (12) 


n=] n=] 


The corresponding Carleman’s integral inequality (see Knopp [3]) is stated as 
follows : 
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If f e L[O), f (ġ 2 0, and O < [RAdt < ©, then 
0 


ie (hinge dt\dx < a (t) dt, sie 4D) 
0 x 0 0 


where the constant factor e is still best possible. 


In recent years, Yang and Dabnath [4, 5] proved two distinct strengthened versions 


of (1.2) by estimating the weight coefficient (1+2) . Similarly, some two distinct 
n 


strengthened versions of (1.1) are studied by Yang [6, 7]. In this paper, we consider a 
generalization of inequality (1.3) by introducing two parameters a and b. More precisely, 
we prove the following’ theorem : 
b 
Theorem 1.1. If a, be R,a <b, fe L [a, b], Rt) = 0, and O < Sfftjdt < =, 


then 


l 


X-A 


~— 








b x b 
fexp {(——JInfftjdt}dx < e Í [1-4 | fit)dt, (4 


ama 


oo 


where the constant e is the best possible. In the limit b —> œ with O < |f{1)dt 
a 


< œ, inequality (1.4) reduces to the form 


finte dt}dx < elf dt, ... (1.5) 


XxX— da 





Jexp { 
where the constant e is still the best possible. 


2. PROOF OF THEOREM 1.1 


To prove this theorem, we need the following geometric mean inequality of a 
function : If f e L [0, 1], f ® 2 0, and f is not a constant c 2 0 ae. in [0, 1], then 
[see Hardy et al. [10], (6.4.2) and (6.4.5)], we have 


l ] l 
exp [ l InKA dt] < l Rùdt se OT 
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Remark 1. If f= c 2 0a. e. in [0,1], then inequality (2.1) reduces to an equality. 


b 
Lemma 2.1. If fe L [a b],a<b;f @ > 0, and If (t) dt > 0, then 


e 
(x-a) 





(i) ao = (aS fea) Rode - (22) 
Xaa a 


for any x e (a, b, ; 


(ii) There ex:sts x, € (a, b) such that, for any x € [x,, b], (2.2) becomes a strict 
inequality. 


f -d P 
. Since 





Proof. We set y = 
x-a 


l I 
—JInydy = lim yln y + Jyd Iw = 1, 
0 y-90" 0 


we have 





x ] 
J infty) dt} = exp ! Inf ((x - a) y + a)dy} 


X—-aa 


exp { 


l l 
= exp {JInfyf( - a) y + a)] dy} exp{—lInydy} 


l 
e.exp (J In[yf((x - a) y + ady}. | n. (23) 


In view of (2.1) and Remark 1, we obtain 


] l 
exp { J Inf - a) y + a)] dy} < J ye -~ a) y + a)dy 


1 x 
= ae fe — a)f(t)dt. 


In view of (2.3), inequality (2.2) is valid. 
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b 
Since fit) > 0, and Jf (t) dt > 0, then, it is obvious that there exists x, € (a, b), 


i x 
such that for any x e [x, b], [dt > 0. For any x e [x, b], in (2.3), if y 


f (x - a). + a) = CÈ 0), ae. in y e [0, 1],.then we have the equivalent form f(4) = 
C(x — a) Í (t — a) ae. in [x, a]. Since f (t is independent of x, it follows that KÀ = 


0 ae. in [a,x]. It contradicts that Í fipdt > 0, x e [x,, 6]. Hence, for any x e [xp b], y 


R(x -a)y + a) + C. ae. in y e [0, 1]. Using (2.1) and (2.3), we find — 





exp is fo) Inf) dt} = e exp d Iny R(x — a)y + a)] dy} 


| 
< ele ~ a)y + ady 


= a j (t — a) f(Ùdt. 


Proof of the theorem. We have, by the lemma 2.1, 





b x b x 
Jexp (Imno dt}dx < el l 5 S(t - a) f (t)dtdx} 
a X—~-Ga a (x-a) a 





b b 

= elt] Ge Coan (t — a) f Ode 
! i 

= a sh — a) f (dt 
b t-a 

sel fi- Ne ~ a) f (ode 


Inequality (1.4) is valid. In the limit as b —> ©, we find (1.5). 
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For fixed € e (0, 1), define the function f, as f(t) = a t e (a, b). 
We have 
Jexp (> Jingo dt}dx = ferni- ars S NA — a)dt}dx 
b 
= Jexp{— (1 — ©) [ln(x — a) - 1] }dx 
b 
= e'-*Jexp{-(1 — ©) In(x — a)}dx 
= piré =m pie 
e pa pret = e ino dt. (24) 


If there exist a,b(a < b) such that the constant e in (1.4) is not the best possible, 
then there exists a constant where k < e, that makes 





b 
exp —j Inftt) dt}dx < k if thdt < kJ Rüdt. 





In particular, by (2.4) we obtain 





a! - ef Jf, dt = exp Lj Inf.(t) dt}dx < kÍ Jf,@as 
b 
Since 0 < Í FD dt < œ, then we have e'~*< k. This contradicts that fact that eg WF Wy 


e (> k) (€ — O°). Hence for any fixed parameters a, b(a < b), the constant e in (1.4) 
is the best possible. 


If there exists a fixed parameter a, such that the constant e in (1.5) is not the best 
possible, then there exists K < e, that makes 





Í exp{ — + | Infi\dt}dx < K i J Redd. ... (2.5) 
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b 
_ We next fix b(>a). Then for any f e L [a,.b], ft) 2 0, and 0 < |fiddt < <, 


we set 
f(t) = KÀ, fort e [a b] ; and f(t) = 0, for t e (b, &), 


by (2.5), we have 
laoi I Ona < K | F Ode 
a Xda a 


It is equivalent to 


1 
x-a 





b x b 
Jexp{ JInfdt}dx < K [Rüdt. 


This contradicts the fact that e is the best possible in (1.4). Hence, we show that 
for any fixed parameter a, the constant e in (1.5) is still the best possible. 


This proves the theorem. 


Remarks 2. When a = 0, inequality (1.4) reduces to the from 


b x b 
J exp{— Jinfhdt}dx < e í (1-a: (b > 0), ... (2.6) 
0 X 0 0 


and inquality (1.5) reduces (1.3). Inequalities (2.6) and (1.5) are distinct generalizations 
of (1.3) with single parameter, and ineqality (1.4) is a generalization of (1.3) with two 
parameters and a best constant factor. 
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ABSTRACT : The object of this paper is to introduce and investigate a new class of functions 
called strongly sober 6-continuous functions. 
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0. INTRODUCTION 


In 1963, Levine [10] defined a function f : X — Y to be semi-continuous if 
f'(V) is semi-open in X for every open set V of Y. Since then, the functions have been 
extensively investigeted. Cameron and Woods [2] and Abd El-Monsef et al. [1] cefined 
a function f : X — Y to be s-continuous and strongly semi-continuous, respectively, if 
f'(V) is open in X for every semi-open set V of Y. Recently, Noiri et al. [14] have defined 
and investigated the notion of almost s-continuous functions which is weaker then that 
of s-continuous functions. The purpose of the present paper is to introduce and investigate 
the notion of strongly sober 9-continuous functions which is stronger than that of 
s-continuous functions. 


1. PRELIMINARIES 


Throughout the present paper, X and Y are topological spaces. Let A be z subset 
of X. We denote the interior and the closure of a set A by Int (A) and Cl (A) respeczively. 
A subset A is said to be semi-open [11] if A © Cl (Int (A)). The complement of a semi- 
open set is called semi-closed [4]. The intersection of all semi-closed sets contammng A 
is called the semi-closure [4] of A and is denoted by sCl(A). The semi-intericr of A 
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is defined by the union of all semi-open stes contained in A and is denoted by sInt(A). 
The family of all semi-open sets of X is denoted by SO(X). We set SO(X, x) = {UĮ|x 
e U e So(X)}. The following notions are due to Veličko [16] : A point x e X is said 
to be a 0-cluster point of a subset A of X if Cl (U) ^ A # ọ for every open subset 
U of X containing x. The set of all -cluster points of A is called the 8-closure of A 
and is denoted by C/,(A). A subset A is called 6-closed if A = C(A). The complement 
of a @-closed set is called 6-open. The set {x | x e U © CU) © A for some open 
set U of X} is called the 0-interior of A and is denoted by Int,(A). 


Definition 1.1. A function f : X — Y is said to be strongly sober 0-continuous 
(briefly st. s. 6-c.) if for each x € X and each V e SOCY, f(x)), there exists an open 
set U in X containing x such that f(C1(U)) © V. 


Definition 1.2. A function f : X — Y is said to be s-continuous [2] (resp. almost 
s-continuous [14]) if for each x e X and each V e SOCY, f(x)), there exists an open 
set U in X containing x such that (U) © V (resp. (U) © sCIcV)). 


Remark 1.1. We have the following tmplications for a function : strongly sober 
-continuity implies s-continuity and s-continuity implies almost s-continuity. However, the 
converses are not ture. The function f in [14, Example 5.4] is s-continuous but it is not 
strongly sober @-continuous at a e X. The function f in [14, example 5.3] is almost s- 
continuous. But it is not continuous and hence not s-continuous. 


2. CHARACTERIZATIONS OF st.s.6-c. FUNCTIONS 


In this section, we obtain several characterizations of strongly sober @-continuous 
function. 


Theorem 2.1. The following are equivalent for a function f : X — Y : 
(1) f is st.s.0-c. ; 

(2) FV) © int, F'O) for every V e SO(Y) ; 

(3) the inverse image of a semi-open set of Y is 6-open ; 

(4) the inverse image of a semi-closed set of Y is 8-closed. 

(5) KIAJ) © sClf(A)) for every subset A of X ; 

(6) [F'(B)], © f'(sCl(B)) for every subset B of Y. 
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Proof. The proof is obvious and is thus omitted. 


Recall that a filter base 3 is called 6-convergent [16] (resp. semi convergent) to 
a point x in X if for any open set (resp. semi-open set) U containing x, there exists F 
e 3 such that F © Cl(U) (resp. F © U). 


Theorem 2.2. A function f : X — Y is st.s. 8-c. if and only if for each point x 
e X and each filter base 3 in X 8-converging to x, the filter base f($) is semi convergent 
to f(x). 


Proof. Necessity. Let x e X and 3 be any filter base in X @-converging to x. Since 
f is st.s. @-c., then for any V e SOCY, f(x)), there exists an open set U in X conzaining 
x such that f(Cl(Ut) © V. Since 3% is @-converging to x, there exists an F €e S such 


that F © CKU). Eence f(F) © V. This shows that f($) is semi-convergent to (x). 


Sufficiency. Let x € X and V be any semi-open set is Y containing f(x). Let set 
3 = {Cl(U) | x e U and U is open is X}, then Ī is a filter base 6-converging to x. 
This means that there exists an open set U in 3 such that f(Cl(U)) © V. 


It should be noted that as a consequence of [16, Lemma 3], the family of all 8- 
open sets in a space (X, T) establishes a topology for X which is denoted by t,. We denote 
sometimes (X, T,) 2y X, for the sake of simplicity. 


Theorem 2.5. A function f : (X, T) — (Y, ©) is a st.s.8-c. if and only if 
f: (X, 1) > (X a) is s-continuous. 


Proof. Let V be a semi-open set in (Y, o). By Theorem 2.1, f'(V) is 8-cpen in 
(X, 1). It follows that f'(V) is open in (X, 1t,). This shows that f: (X, T) > (X o) 
is s-continuous. 


Conversely, let V be a semi-open set is (Y, o). Then f'(V) is -open in (X, 1). 
Hence f is st.s.@-c. 


Theorem 2.4. Let X be a regular space. A function f : X — Y is st.s.@-c. if and 
\ only if f is s-contmuous. 


™ Proof. Suppcse that f is s-continuous. Let x e X and V e SOC(Y, f(x)). By the 


s-continuity of f, there is an open set U in X containing x such that f(U) © V Since 
X is regular, there is an open set W containing x such that Cl(W) © U. It follows that 
(CKW) © f(U) = V. This shows that f is st.s.8-c. 


Definition 2.1. A space X is said to be semi-regular [8] if for each semi-closed 
set A and each point x €e X —A, there exist disjoint U, V e SO(X) such that x e U 
and A © V. 
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Dorsett [8] has shown that X is semi-regular if and only if for each point x € X 
and each V e SO(X, x), there exists U e SO(X, x) such that xe U © sCi(U) © V. 
Recall that a subset A is said to be semi-regular [7] if it is semi-open and semi-closed. 
The family of all semi-regular stes of X is denoted by SR(X). . 


Lemma 2.1 (Di Maio and Noir [7]). If A e SO(X), then sCl(A) e SR(X). 


Theorem 2.5. Let Y be a semi-regular space. A function f : X — Y is st.s.6-c. 
if and only if f is almost s-continuous. 


Proof. Suppose that f is almost s-continuous. Let V e SO(Y) and x e f'(¥). 
Since Y is semi-regular, there exists W e SO(Y) such f(x) e W © sCKW) © V {8, 
Theorem 2.1]. By Lemma 2.1, sCL(W) e SR(X) and by Theorem 3.3 of [14], there exists 
an open set U of X containing x such that f{(CI(U)) © sCi(W). Therefore, we obtain 
xe U © CU) © f'(V) and hence x e Int, (f'(V)). It follows from Theorem 2.1 that 
f is st.s.6-c. 


3. COMPOSITIONS OF st.s.6-c. FUNCTIONS 


Definition 3.1. A function f : X -> Y is said to be 


(1) 9-continuous [9] if for each x e X and each open set V of Y containing f(x), 
there exists an open set U of X containing x such that f(CI(U)) © CKY), 


(2) irresolute [5] if f'(V) e SO(X) for each V e SOCY). 


Theorem 3.1. If f : X — Y is 9-continuous and g : Y — Z is st.s.6-c., then 
gof : X —> Z is St.s.0-c. 


Proof. Let x e X and W e SO(Z, (gof) (x)). Since g is st.s.8-c., there exists an 
open set V in Y containing f(x) such that g(CI(V)) © W. Since f is 9@-continuous, there 
exists an open set U in X containing x such that f(Cl(U)) © CHY). This shows that 
(gof) (CKU)) | W. Therefore, gof is st.s.8-c. 


Corollary 3.1. If f : X —> Y and g : Y > Z are st.s.0.c., then gof : X —> Z is 
st.s.8.c. 


Proof. Every st.s.6-c. fuction is continuous and hence 6-continuous. Thus the proof 
is obvious by Theorem 3.1. 


Theorem 3.2. If f : X — Y is st.s.ð-c. and g : Y — Z is irresolute, then 
gof : X — Z is st.s.8-c. 
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Proof. Let x e X and W e SO(Z, (gof) (x)). Since g is irresolute, there exists a 
semi-open set V e SOCY, f(x) such that g(V) © W. By the hypothesis, there exists an 
open set U in X containing x suh that f(CI(U)) © V. Hence (gof) (CI(U)) © gV) S 
W. This shows that gof is is st.s.8-c. 


Theorem 3.3. If f : X — Y is a surjective open and closed function and g : 
Y — Z is a function such that gof : X — Z is st.s.89-c, then g is st.s.0-c. 


Proof. Suppose that y e Y and y = f(x). Let W e SO(Z, g (y)). Since gof is 
st.s.8-c., there exists an open set U in X containing x such that (gof) (CI(U)) © W. Since 
f is open and closed, f(U) is an open set in Y containing y and Ci(f(U) © f(CI(U)). 
Therefore, we have ge(Cl(f(U))) © g(f(Ci(U)) © W. This shows that g is st.s.€-c. 


4. STRONGLY SOBER 0-CLOSED GRAPHS 


Recall that for a function f : X — Y, the subset {(x, (x) |x e€ X} © Xx Y 
is called the graph of f and is denoted by G(f). 


Definition 4.1. The graph G(f) of a function f : X — Y is said to be strongly 
sober @-closed (briefly st.s.8-closed) if for each (x, y) € X x Y — G(f), there 2xist an 
open set U in X containing x and V e SO(Y, y) such that [CI(U) x V] ^ Gf) = 6. 


Lemma 4.1. The graph G(f) of f : X — Y is st.s.8-closed in X x Y if amd only 
if for each point (x,y) €e X x Y — G(f), there exist an open set U in X containing x 
and V e SOCY,y) such that CKU) A V = 9. 


Proof. It fcllows immediately from Definition 4.1. 


A space X is said to be semi -T, [12] if for each pair of distinct points x and 
y in X, there exists U e SO(X, x) and V e SO(X, y) such that U A^ V = o. 


Theorem 4.1. If f : X — Y is almost s-continuous and Y is semi-T, then G(f) 
is st.s.ð-closed in X x Y. 


Proof. Let ‘x, y) e X x Y — G(f). It follows that f(x) # y. Since Y is seni ~ T,,, 
there exist V e SOCY, f(x)) and W e SOCY, y) such that V ^ W = 6 ; hence sCI(V) 
Mn W = 6. Since f is almost s-continuous, there exists an open set U in X containing 
x such that f(C1(U)) © sCi(V) [14, Theorem 3.3]. Therefore, f(C1(U)) ^n W = & and by 
Lemma 4.1, G(f) is st.s.6-closed in X x Y. 


A subset A of a space X is said to be semi-compact relative to X [5] (resp. 
quasi H-closed relative to X [15]) if for every cover {V | œ e V} of A by semi-open 
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sets (resp. open sets) of X, there exists a finite subset V, of V such that A © 
Y {V | ae V.} (resp. A © U {CKV | a € Vp. 


A space X is said to be semi-compact [3] (resp. quasi H-closed [15]) if X is semi- 
compact relative to X (resp. quasi H-closed relative to X). 


Theorem 4.2. If f : X — Y has a st.s.6-closed graph,then the inverse image of 
a set K semi-compact relative to Y is -closed in X. 


Proof. Let K be a set semi-compact relative to Y. Let x ¢ f'(K). For each y e 
K, (x, y) ¢ G(f) and by Lemma 4.1, there exist an open set U (y) in X containing x 
and V(y) e SOCY, y) such that (CKU) A V ©) = 6. By the hypothesis, there exists 
a finite subset K, © K such that K © U {V(y) | y e K,}. Set U@) = ^A (UQ) lye 
K,}. Then U(x) is an open set containing x and Ci(U(x)) ^A f'(K) = 9. It follows that 
x € [f'(K)],- This shows that f’(K) is 9-closed in X. 


Theorem 4.3. If f : X — Y has a st.s.6-closed graph and Y is semi-compact, then 
f is st.s.0-c. 


Proof. Suppose that W is any semi-closed set of Y. Since Y is semi-compact, then 
W is semi-compact relative to Y. By Theorem 4.2, f'(W) is 6-closed in X. It follows from 
Theorem 2.1 that f is st.s.0-c. 


Corollary 4.1. Let Y be semi-compact and semi — T,. Then the following are 
equivalent for a function f : X > Y : 


(1) f is almost s-continuous ; 

(2) Gf) is st.s.8-closed ; 

(3) the inverse image of a set K semi-compact relative to Y is 0-closed in X ; 
(4) f is st.s.0-c. 


Proof. This is an immediate consequence of Theorems 4.1, 4.2 and 4.3. 


5. SOME OTHER PROPERTIES 


A space X is said to be semi — T, [1] if for each pair of distinct points x and 
y in X, there exists either U e SO(X, x) not containing y or V e SO(X,y) not containing 
x: 


Theorem 5.1. If f : X — Y is a st.s.0-c. injection and Y is semi — T,, then X 
is Hausdorff. 
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Proof. By the injectivity of f, it follows that f(x) # f(y) for any distinct pomts x 
and y in X. Sinc2 Y is semi — T,, there exists either V € SO(Y, f(x)) not ccntaining 
f(y) or W e SOCY, f(y)) not containing f(x). If the former is the case, then there exists 
an open set U in X containing x such that f(Cl1(U)) © V. It follows that f(y) € F (CI(U) 
and therefore X-CI(U) is an open set containing y. If the latter is the case, then we obtain 
a similar result. This means that X is Hausdorff. 


Theorem 5.2. If f : X — Y is s.t.6-c. and K is quasi H-closed relative to X, then 
f(K) is semi-compact relative to Y. 


Proof. Let {V | i e I} be a cover of (K) by semi-open sets of Y. For ch k € 
K, there exists i(k) € I such that k) € V,,.. Since f is st.s.@-c., there exists an open 
set U, in X contzining k such that ((CI(U,)) © Va, Since {U, | k e K} is a zover of 


KA) 


K by open sets cf X, there exists a finite subset K, of K such that K © U {CKU} | 
k e K,}. Hence we have 


J S v RCKUD Ike K & U{V, Lk © Kh 


This shows that f(K) is semi-compact relative to Y. 


Theorem 53. If f : X — Y is st.s.8-c. and A is any subset of X, then the restriction 
f{[A:A- Yi st.s.8-c. 


Proof. Let x e A and V e SOCY, f(x)). Since f is st.s.0-c., then there exists an 
open set U in X containing x such that f(CI(U)) © V. Set U, = U N A. Then U, is 
an open set of A containing x and Cl(U,) = CKU) © A. We have 

(| A) (CLOU D = KCL.) © KCU) A A) © ACKU)) © V. 

Hence f | A is st.s.80-c. 


Theorem 5.4. Let f : X,-> Y be a function for each i e I and f: OX — HY 
a function defined by f({x,}) = {f(x)} for each {x} € TIX. If f is st.s.6-c., taen f is 
st.s.6-c. for each i € I. 

Proof. Let f be st.s.6-c. and V e SO(Y). The set V = V x ples lye rl — {t}} 
is semi-open in ITY [13, Theorem 2] and therefore by Theorem 2.1, f'(V) = FCV) x 
{X |j € I — {i}} is O-open in IIX. Hence F V) is 8-open by [11, lemma 2]. This 
shows that f is st.s.0-c. for each i e I. 


Theorem 5.5. If a function f : X — ITY is st.s.6-C. and p, : WY — Y is the projection, 
then the composition pof : X — Y is st.s.6-c. 
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Proof. Let U €e SO(X) for a fixed i € I. Then p, (U) = SOUIX) (13, Theorem 2], 


Since f is st.s.6-c., then by Theorem 2.1 f'( p, (U) = (pof) (U) is G-open is X. This 
shows that pof : X — Y is st.s.O-c. 
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ABSTRACT : In this paper we introduce the concept of regular, normal subset of a regular 
semigroup, give an élternate characterisation of the maximum idempotent separating congruence 
in a conventional semigroup and finally describe the lattice of the idempotent separating congruences 
in a conventional semigroup. 
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1. INTRODUCTION 


A regular semigroup S is called conventional if the set E of idempotents of S is self- 
congugate, that is aE’ c E for each a € S and for each inverse a’ of a. Conventional semigroups 
were first developed by Masat tn [4]. In [4, proposition, P-398] he showed that the class of orthodox 


semigroups C the class of conventional semigroups © the class of regular semigroups In [5] 
ia x 


Masat characterised the maximum idempotent separating congruence H on a conventional semigroup 
In this paper firstly we give an alternate characterisation of 4 and secondly we give a description 
of the lattice of idempotent separating congruences on a conventional semigroup, thus generalizing 
the result of Feigenbaum [2] from orthodox to conventional semigroups. Throughout this paper 
we use the notation of Clifford and Preston [1] 


2 PRELIMINARIES 


In this secticn we define some terms and give some results which we use in the 
rest of this paper. 


Definition 21. A subset B of a regular semigroup S is called regular if for every 
x € B there exists x' e V(x) such that x’ €e B. 
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Definition 2.2. A subset N of a regular semigroup S is called normal if for a, b 
e S, a’ e V(a), b e V(b), aa’ = bb’, a’a = b’b and ab’, a'b e N imply aNb’ c N and 
a’Nb = N. 


Definition 2.3. In a regular semigroup S for any two idempotents e and f of S the 
set S(e,f) = {g =g e S: ge = g = fg and egf = ef} is called the sandwich set of e 
and f in that order. 


Lemma 2.4. In a regular semigroup S if a e V(a), b’ e V(b) then b’ga’ e V(ab) 
for all g e S(a’a, bb’). 


Lemma 2.5. [3 ; Proposition II.4.1.] Let a, b be two elements of a regular semigroup 
S. Then (a, b) e H iff there exist a’ € V(a), b’ e V(b) such that aa’ = bb’ and a'a 
= b’b. Actually if (a, b) e H then for all a’ €e V(a) there exists b’ e V(b) such that aa’ 
= bb’ and a’a = b’b. 


Lemma 2.6. In a conventional semigroup S the set E of idempotents of S is a regular 
normal subset of S. 


Proof. Let a, b e S, a’ e V(a), b’ e V(b) be such that aa’ = bb’, aa = b’b and 
ab’ e E and a'b e E. We show that aEb’ c E and aEb g E. Let e e E then aeb’ 
= aa’aeb’bb’ = bb’aea’ab’ = bb’bb’aea’ab’ab’ = ba’ab’ (aea’) ab’ab’ e E. Thus aEb’ c E. 
Similarly a’7Eb c E. Also e e V(e) © E. Thus E is a regular normal subset of S. 


3. THE LATTICE OF IDEMPOTENT SEPARATING CONGRUENCES 


In [5] Masat characterised the maximum idempotent separating congruence u on a 
conventional semigroup S as u = {(a, b) e SxS : there are inverses a’ of a and b’ of 
b such that a’ea = b’eb and aea’ = beb’ for all e e E}. 


Here we present an alternate characterisation of u. For this we define centralizer 
of E denote by C(E) as CŒ) = { xe S: (x, e) € u for some e e E}.Unless otherwise 
stated in this section S denotes a conventional semigroup. 


Theorem 3.1. Let 6 = {(a,b) e S x S : there exist a’ € V(a), b’ e V(b) for which 
aa’ = bb’, a'a = b’b and ab’, ab e C Œ)}. Then ô = up. 


Proof. Let (a, b) e u. Then as u is an idempotent separating congruence, 4 c 
H. Hence by Lemma 2.5 there exist a’ e V(a), b’ e V(b) such that aa’ = bb’, g'a = b’b. 
Also (ab’, bb’) e u, (g'a, a'b) e u where bb’ and a'a belong to E. Therefore ab’, a'b 
e C(B). So (a, b) e ô. 
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Conversely let (a, b) e 5. Then there are inverses a’ € V(a), b’ e V(b) such that 
aa’ = bb’, a'a = b’b, and ab’, a'b e C(E). So a Hb, a’ Hb’ which give ab’ H bb’. S.nce 
ab’ e C(E), we have (ab’, bb’) e u. Therefore a p =a u (a a)y =a pu (bd bhu= 
(ab^) u b u = (bb) u b u =b u. So (a, b) e u. Hence u = ô. 


Lemma 3.2. C(E) is a regular normal subset of S. 


Proof. Let a e C(E), then (a, e) e u for some e e E. So (a, e) e H Hence there 
exists a’ e V(a) ^ H, such that aa’ = g'a = e. Also (a'a, a'e) € u implies (e,a’) € H. 
Thus a’ e C(B). Next let a,b e S, a’ e V(a), b’ e V(b), aa’ = bb’, a'a = b’b, and b’, 
ab e C(E). Then by Theorem 3.1 (a, b) € u. So (axb’, bxb’) e u for all x e CŒ). 
But x e C(E) implies that (x, e) € H for some e e E. So (bxb’, beb’) € u and consequently 
(axb’, beb’) e u where beb’ e E (since S is conventional). Therefore axb’ e C(E). Similarly 
a’xb e C(E) for all x e C(E). So C(E) is a regular normal subset of S. 


Lemma 3.3. Let A= {a € S : there exists a’ €e V(a) for which aea’ = a’ea = aa’ea’a 
for all e e E}. Then A = C(E). 


Proof. Let a e C(E). Then (a, f) e u for some f e E. Since 4 œ H there exists 
a e V(a) © H, such that aa’ = a’a = f. Now (a,f) € u implies that (a'a, a'f) € u, that 
is, (a, f) e u. For each e e E we have (aea’, fef) € u and (a’ea, fef) e u which implies 
that aea = a’ea = fef = aa’ea’a. So a € A. 


Conversely, if a e A then there esists a’ e V(a) such that aea’ = a’ea = ac’ea’a 
for all e e E. So we have aa’ = a (a’a)a’ = aa’ (a’a) a’a =aa’a’a = aa’ (aa’) a'a = a’ (aa’) 
t 
a = aa. 


Now aea’ = aa’eaa’ and a’ea = aa’eaa’ for all e e E imply that (a, aa’) € u. So 
a e C(E). 

Lemma 3.4. Let K (+ E) be a normal subset of a regular semigroup S. For a, 
b e S if there exist a’ e V(a), b’ e V(b) such that aa’ = bb’, g'a = b’b and a'b, ab’ 
€ K then ba’, b'a e K and ab*, a*b e K for all a* e V(a) and b* e V(b). 


Proof. For any a € S and a’ e V(a) we have aa’ = aa’, g'a = a’a and aa’, Ya € 
K. So aKa’ œ K for all a e S and a’ e V(a). Hence 


ba’ = bb’ba’ = a(a’b) a’ e aKa’ c K, 
b'a = b’aa’a = b’(ab’) b e b’Kb c K, 


ab* = aa’ab* = b(b’a) b* e bKb* c K, 
a*b = a*bb’b = a*(ba’) a e a*Ka c K. 


II 
ii 


F a F @. 
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Le N = {K ¢ S:EcK g C (), where K is a regular normal subset of S}. 
Clearly E and C(E) belong to N.. The following theorem gives a description of the lattice 
of idempotent separating congruences on a conventional semigroup. 


Theorem 3.5. The map K —> (K) = {(a, b) e S x S: there exist a’ e V (a), b’ 
€ V(b) for which aa’ = bb’, a'a = b’b and ab’, a’be K} is a one to one order preserving 
map of N, onto the set of all idempotent separating congruences on S. 


Proof. First we show that if K e N, then (K) is an idempotent separating congruence 
on S. Since E c K, (K) is reflexive. Moreover K œ C(E) implies that (K) c u (by 
Theorem 3.1). So (K) is an idempotent separating relation. Also if (a, b) e (K) then by 
Lemma 3.4 (b, a) e (K). Hence (K) is symmetric. To prove that (K) is transitive, let 
(a, b) e (K), (b, c) e (K). Then there exist a’ e V(a), b’, b* e V(b), c* e Vic) such 
that aa = bb’, a'a = b’b, bb* = cc*, b*b = c*c. But (K) c H c H implies that a H 
b Hc so that by Lemma 2.5 there exists c’ € V(c) such that aa’ = bb’ = cc’ and a'a 
= bb = c'e. Also ab’, a'b, be’, b'c e K by Lemma 3.4. Therefore ac’ = aa’ac’cc’ = ab’ 
(bc^ bb’ e K and a'c = a’aa’cc’c = a'b (b'c) b’b e K as K is normal subset of S. So 
(a, c) e (K). To show that (K) is compatible, let (a, b) e (K), (c, d) e (K). Since K 
c C(E) we have (K) g wu. So (a, b), (c, d) e u. Hence there exist a’ e V(a), b’ € 
V(b), c’ e Vic), d e V(d) such that aea’ = beb’, a’ea = b’eb, cec’ = ded’, c’ec = d'ed 
for alle e E. Then as 4u œ Hit follows that aa’ = bb’, a'a = b’b, cc’ = dd’, c'c = d'd. 
By Lemma 2.4 c’ga’ e V(ac) and d’gb’ e V(bd) for all g e S(a’a, cc’) = S(b’b, dd’). 


Now (ac) (c’ga’) = acc’ga’ = aga’ = bgb’ = bdd’gb’ = (bd) (d’gb’) and (c’ga’) 
(ac) = c’ga’ac = c’ge = d’gd = d’gb’bd = (d’gb’) (bd). Also (ac) (d’gb’) = aa‘acd’gb’ = 
aa’acc’cd’gb’ = aa’agcc’cd’gb’ = ag (cd’) gb’ e K (as cd’ e K by Lemma 3.4), and (c’ga’) 
(bd) = c’ga’bb’bdd’d = c’ga’bb’bgdd’d = c’g (a'b) gd e K (as a'b e K by Lemma 3.4). 
Thus (ac, bd) e (K). Thus (K) is an idempotent separating congruence on S. 


Now if p is an idempotent separating congruence on S then we define kernel of 
p denoted by ker p as ker p = {a e S: (a, e) e p for some e e E}. We now show 
that ker p e N, and (kerp) = p. To prove that ker p e N, let a e ker p then (a, e) 
€ P c H for some e e E. So there exists a’ e V(a) ^ H, such that aa’ = a’a = e. 
Now (a'a, a’e) e p hence (e, a’) e p. Therefore a’ e ker p. Thus ker p is regular subset 
of S. 


Next let a, b e S, a’ e V(a), b’ e V(b) such that aa’ = bb’, a'a = b’b and a'b, 
ab’ € ker p. We show that axb’ and a’xb e ker p for all x e ker p. From the given 
condition a Hb and a’ Hb’. Therefore ab’ H bb’. As ab’ e ker p, we get (ab’)p = (bb’)p. 
So a p = a p (g'a) p = a p (bb) p = (ab^) p b p = (bb’) p b p = b p. Hence (a, b) 
€ p. So (axb’, bxb’) € p for all x e ker p. But x €e ker p implies that (x, e) € p for 


baaa i - t 
‘Ae i tae Sis 
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some e e E. Hence (bxb’, beb’) e p. Thus (axb’, beb’) e p. But beb’ e E (since S is 
conventional). So azb’ € ker p. Similarly axb e ker p for all x € ker p. So ker p ıs 
a normal subset of S. Also E ¢ ker p c C(E). Therefore ker p e N. 


Now we show that (ker p) = p. For this let (a, b) € (ker p) then there exist a’ 
e V(a), b’ e V(b) such that aa’ = bb’, a'a = b’b and ab’, a'b e ker p. Therefore a H 
b and a’ H b. Consequently ab’ H bb’. As ab’ e ker p we have (ab’) p = (bb’) p. Then 
ap = ap (a’a) p = ap (b’b) p = (ab^) p b p = (bb) p b p = b p. That 1s (a,b) € p. 
Next let (a,b) e p then (a,b) € H So there exist a’ € V(a), b’ e V(b) such tkat a'a 
= bb’, a'a = b’b. Also (ab’, bb’) e p and (a'a, a'b) e p. Therefore ab’, a'b e ker p. 
Hence (a, b) e (ker p). Thus (ker p) = p. So the given map is onto. The given map 
is clearly order preserving. We now show that the given map is one to one. For this let 
K, L e N with (£) = (L). Let a e K, since K c C(E), a e C(E). Therefore (a, e) 
€ pw for some e e E. Since y e H there exists a’ e V(a) © H, such that aa’ = a'a = 
e. Now K is reguler subset so there exists a* € V(a) ^ K. Then a’ = a’aa’ = (z'a) a* 
(aa’) = ea*e e K. Thus a Ha'a, a(a'a) =a e K and a’ (g'a) = a’ (aa^) = a’ e K. Therefore, 
(a,a’a) e (K) = (L) 30 a (a’a)* e L for all (a'a) * e V(a'a) by Lemma 3.4. So in particular 
a(a’‘a) e L hence a e L. Thus K c L. Similarly we can prove that L c K. Thus K 
= L. This completes the proof of the theorem. 
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DYNAMIC OPTIMIZATION OF BEVERTON-HOLT 
DENSITY DEPENDENT CONTINUOUS MODEL 


D. K. BHATTACHARYA AND M. MUKHERJEE 


ABSTRACT : In this paper we, we consider the dynamic optimization of the density dependent 
continuous, age structured model as introduced by Beverton and Holt in the year 1957. We divide 
our analysis into two parts—(i) Single cohrt analysis and (ii) Multiple cohort analysis. In the former 
case, considering the nonzero cost, we show that dynamic optimization consists of a combination 
of singular and bang-bang control, and that the corresponding results of Clark, C. W. [5], in the 
density independent model, follow as a limiting case. In the latter analysis also, nonzero cost 1s 
considered, but recruitment is taken to be idenpendent of the stock size. It is shown that the optimal 
time of harvesting can not be obtained, if the standard depreciation e*', 6 > 0O is used, to calculate 
the net discounte revenue from the observed one. It is also shown that, proper depreciation can 
be chosen which differs from model to model, and which enables us to obtain the optimal time 
of hasvesting without any difficulty. 


Key Words : Dynamiz optimization, single cohort, multiple cohort, age structured model, Beverton- 
Holt continuous dens ty dependent model. 


1. INTRODUCTION 


Beverton and Holt [1] considered static optimization of the density independent 
continuous age structured model given by 


“~~, 
~ 


(1/N) (dN/dt) = — MN(t) oe) 


where M was the natural mortality rate and N(t) was the fish population size at time t. 
It was C.W. Clark [5] who considered dynamic optimization of this density independent 
model in the single cohort as well as in the multiple cohort case under the hypothesis 
that cost of fishing was zero and that recruitment was independent of the stock size. 
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Clark did not analyze the case of nonzero cost of fishing but made the conjecture 
that optimal policy would be a pulse fishing policy for this case (and nonselective gear). 
Hanneson [8] examined, through simulation, the case in which fishing costs were nonzero, 
and concluded that pulse fishing was slightly better than stationary fishing policy tried. 
Although Beverton and Holt examined the effects of various density dependent mechanisms 
on optimal policy obtained from their dynamic pool model, analytical solutions of this 
problem did not include density dependence. However, they proposed the following density- 
dependent model given by 


(1/N) (dN/dt) = — (4, + UN) sa (0D) 


4, being the natural mortality coefficient and 4, being the density dependent mortality 
coefficient. 


So far as the other types of density dependent age structured continuous models 
(population dependent and/or food dependent) were concerned, several important works 
were done even considering stock-recruitment relationship (Pope [9], Getz [7], Botsford 
[3] and many others). But no analysis was done with Beverton-Holt density dependent 
model! (ID, even in the static case. 


In this paper, in order to keep parity with the Logistic model, we rewrite (II) in 
the following form 


(1/N) (dN/dt) = — M[1 + N(t)/KJ, N(O) = R (initial recruitment) _... (iii) 


where K is no longer the carrying capacity but is simply the reciprocal of the density 
dependent mortality coefficient. 


We carry out the whole of our analysis in the single cohort and in the multiple 
cohort case following the corresponding analysis of Clark [5]. In the single cohort case, 
we verify our results by comparing with the results of Clark in the density independent 
situation, when K — æ. Since in the multicohort analysis, our results are obtained by 
taking a depreciation different from the standard one as used by Clark, so these results 
are not comparable with the results of clark, as K > œ, 


Lastly, it is revealed from our discussion that it 1s not necessary to stick to the 
special form of w(t), the weight per unit biomass, viz. w(t) = a(1—be“') ; a, b, c>0 
[Bertalanffy function], but it is sufficient to consider any w(t) such that w(t) is monotonically 
increasing and (w/w) is monotonically decreasing. 


1. Single cohort analysis in the density dependent case 
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Theorem 1.1. Let the exploited single species system be given by 
(1/N) (dN/dt) = — M[1 + N(t)/K], qE(t), N(O) = R sax Cel) 


where E (t) is the effort at time t and q is the catchability coefficient. Then the no aarvest 
curve B, (t) is g-ven by 


KRw{t) - 
B (tt) = ——— 
ov (K+ Rje” —R 
If the net discounted revenue be given by 
PV = | eë [pqB(t) — c] E(t) dt, B(t) = N(t) W(t) a (12) 
i 
where p is the pr:ce of unit biomass and c is the cost per unit effort, then the cptimal 
biomass B(t) is given by B* (t) = N* (t) w (t), where N* (t) = ee as [-qK { pMw(t) 
4 pqMw(t) 


— (cM/qK) + dpw(t) — pw(t)} + {(q?K? (pPMw(t) + 6 pw(t) — (CM/gK) + ô pw(t) — Ew(t)) 
+ 8pqw(t) Mdck}'7] 


The optimal value of the revenue is given by 


(PV)* = i et [pgN* (t) w(t) — c] E* ( dt 


where E* (t) can be calculated from 
(1/N*) dN*/dt) = - M (1 + N*/K) — qE* (0. 


Further, it is shown that, total harvesting is a combination of singular and bang- 
bang control. 


Proof : 


It follows easily that the solution of (IM) is given by 


KR 


NO = a Re oR 


KRw(t) 


Hence, on no harvest curve is given by B, (t) = —————--—_ 
i y By (K+ Rje” -R 


oe G3) 
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Obviously, B, (t) exists finitely at t = 0 and B, (t) > 0 as t — æ. In fact, writing 
(1.3) as [((K + R)e™ — R] B, (t) = KRw (t), and differentiating with respect to t, we have 


((K + Rje! — R] (dB (t)/dt) + M (K + R)e™ Bit) = KRwit) ... (1.4) 
As (w/w) decreases with time, so does w. Hence it follows from (1.4) that B, (0 


is maximum at t = tẹ if (dB, (t,)/dt) = O. ie. if 


M(K + Rje” 
(K + Rje” —R 


(w/w) = 


Otherwise, if there does not exist any t > 0 for which (dB, (t)/dt) = 0, then B (t) 
simply decreases with time. 


To determine the nature of the optimal biomass curve B* (t), we consider the exploited 
model given by (1.1) and the net discounted revenue given, by (1.2). In this case, the 
Hamiltonian is given by 


H = e* [pqN (t) w (t) - c] E(t) + 4 W {- MN © [1 + N (/K] 
- qE W N ©} ... (1.6) 
So ~ (0 H /d N) = — e® paw (t) E (t) + A (t) M + (2MN (t) / K) + gE O) 


Assuming H to be maximum for some E (t) e V, (control set), we have 
(@ H/d E=0 


So A (t) = e* [pw (t) — (c/qgN (t)] oe (19) 
By Pontryagin’s principle of optimality, (dA / dt) = — (9 H / 9 E). 


c E cN() 
ga S PY O* NON 


= — e® pqw (t) E (t) + À (t) [M + (2MNIK) + qE ©] . (1.8) 


So — de® [pw (t) - 





Substituting in (1.8), the value of A (t) given by (1.7), we get 
2pqw (t) M (NOY + qK [pMw (t) — (cM/qK) + dpw (t) 
- p» ÐI N ©- 6cK =0 ... (1.9) 
Hence optimal value N* (t) of N (t) is given by 


i In 
N* (t) = TaM [-A (t) + {(A (t))? + 8 ppMôcKw(t))?] ... (1.10) 


Dynamic optimization of Beverton-Holt Density Dependent continuous Model 29 


where A(t) = qK[pMw(t) — (cM/qK) + dpw(t) — pw (t)] eel) 
So the optimal biomass is given by 
B* (t) = N* (t) w () 


- (Lay [A (DY + 8pqMicKw OP -A12 
4pqM 
Obviously, B* (t) has a maximum at t = ť given by 
pM + d) w t) = pw (t) + (cM/qK) tebe kB) 
and B* (t) = ss [8pqMdcKw (t’)}'"] we (1.14) 
4pqM 
Ao 
A 
B 
ate 
Ph it) 
tat tato tatar 


Fig, I 
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Further, B* (t) is a monotone decreasing curve and B* (t) tends to a finite nonzero 
limit as t — œ. To show that for the single cohort model, optimization is a combination 
of singular and bang-bang control, we consider B, (t) and B* (t) together. (Fig. 1) 

Since B* (t) is monotone decreasing and is maximum at t = t’, so there is no loss 
of generality in assuming that E(t) = 0, t < t. Again as t —> œ, b, (t) —> 0, whereas 
B* (t) tends to a finite limit. Hence there is no loss of generality in assuming the point 
of interesction B of B, (t) and B* (t) as the point where the biomass attains its maximum 
age tax Naturally, E (t) = 0 for all t > ta So optimization takes place only for the 
singular control acting between A and B (t <t<t 


ae 


2. MULTIPLE COHORT ANALYSIS IN THE DENSITY DEPENDENT CASE 


Theorem 2.1. Let the state equation of the exploited nth cohort be 
(dN /dt) = - MN/K] - K] - qE (®) N, (), N @=R t2n_... (21) 

Then the no harvest curve B, (t) for the nth cohort is given by 

ne nee 


B, © 
0 ,t<n 


in LED 


Il 


KR 
(K+R)e“"™ —R 


where N (t) ee (2:3) 


[r] 
The total biomass at time t is given by X B, (t), and it exists for large values of 
n=l 


t. But corresponding to the principal value of the revenue, 


= [r] 
PV = | e* [pq XB, -JE Md, tzn .. (24) 
0 


n=] 


the optimal time of harvesting does not exist. 


Proof. (2.3) follows readily from (2.1). Next we show that SB, (t) converges so 
n=0 


tr] 
that X B, (t) exists for all t. 


asl 
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Now, 


= c, = KRw 
B, (t) = KRw(t—n) è KRw,, C] ] 7 


(K+ Rje” RR (K +R)je”0™ -R ~ (K+R)e%" — R | =constant 


m 1 a 1 
So YB. (t) < a a TE + RyeMO-™ _¢( P) 
» al ) C, > (K+ Rye" _R ] 2 (K -4 Rye“ — (K T È) 


n=O n=Q 


m ni 
C} ] 1 C 
= ` se = DY aes sd, = st = const). 
(K+R) St eM _y 2 Se erm) _ |  ? OK +R 





1 1 
Now PN < MGL] for some œ, 0 < a < 1 


so ÈRO | YB <e, $ oms 


n=O n=O n=0 


But > e7%™M (t-n) is a convergent series. So ÑB, (t) converges. 
n=0 l n=Q) 


Now we consider (2.1) and (2.3) and write the Hamiltonian as 


[s] ca 
H = e* [pq BL) - c] EQ) + X40 {- MN (1 + N/K) - E0 NO} 
a=0 n=0 
In order that H be maximized for some E(t) € V (control set), (0 H/d E) = 0 and 
[r] 


auxilliary functions À (t) should be such that (dA /dt) = — (9 H/d N,), and A 't) N (9), 


n=0 


SA, (t) N?(t) exists separately for moderately large but finite values of t. If possible, 


let us assume that such À S exist. 


[2] | (2) 
Now (9 Hid E) = 0 = YA, (t) Nit) = t/q) eè (pq SB, - ©) 


n=Q n=0 
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As the right hand side vanishes for moderately large values of t such that ôt > 1, 


[e] 
SO yA, (t) N (t) = 0 for such positive integral values of t. So the question of maximization 
n=Q 
of H does not arise because Pontryagin’s maximum principle is a necessary condition. 
Hence optimal time of harvesting does not exist. 


3. DENSITY-DEPENDENT MULTIPLE COHORT MODEL 
AND PROPER DEPRECIATION 


It is remarked that in the above ariticle, the depreciation e* caused the difficulty 
in calculating the optimal time of harvesting. Again, it is observed that introduction of 
eù in the integral giving the principal value of the revenue assures the convergence of 
the integral 


oo 


PV = f e ipa © YB, -cE O at 
0 n=0 


From this stand point, we may take (i/t®*?) as the depreciation, so that 


PV = f csé*) [pa © SB, - c] B® at, 
0 


n=0 


where [pq $ B,® - c] = 0 (t, 8 > 0 


n=0 
remains convergent even for 6 = 0. 
We, therefore, consider the following 


Theorem 3.1. Let the state equation of the nth cohort and B (t) be given by (2.1) 


oo [4] 
and (2.2) respectively. Let B (t) = X B, (t) = X B, (t), t2 n. 


n=0 n=0 
Let V(t) = pqB (t) — c and VY (t) = (dV/dt) when E(t) = 0. 
Let (pqB (t) —c) E (t) = o (Ò, 6 > 0. 


Let PV = f (1/8 +3) [pqB(t) — c] E(t) dt MEES) 
0 
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Then the optimal value t* is the solution of 


— (8/t) V(t) + V# (t) = (qM/K) b yA, N? (t) v (3.2) 


n=0 


Proof. Form (2.1) and (3.1), we write the Hamıltonian as 


H = (8*5) [pqB (© - c] E (© - § (MN, (1 +N/K)} 
. n=Q 


- q YAON, © E w0 


n=0 


Let H be maximum for some E £ V, then (9 H/d E) = 0. So we have 


L] (rt) 
X A0 N, (© = (18+?) [pa SB, (t) — c] -~ (3.4) 
n=0 n=0 


As the righe hand side of (3.4) exists for moderately large but finite values of t, 


t] [e] 
SO X (t) N, (t. exists at least for these values of t. Naturally, XA, (t) N? (z) exists. 
n=0 n=O 


Moreover, if Ly (t) N, (t) converves, then by Abels test, SA, (t) N? (t) ccmverges, 


n=Q n=O 


as (t) N, (t) is nomotone and YN, (t) converges. Thus for workable purpose, E may 
n=0 


be chosen so that (9 H/d E) = 0. 


Differentiat:ng (3.4) with respect to t, we have 
— (d + 2) t-® + [pgB (t) — c] + t+? [pg E i N, (t)) w (t-n) 


+N, © w =q 2 dA d) N (t) + q 2 (© (dN, (t)/dt) ... (35) 
Again by Pontryagin’s principle, - (9 H/d N) = (dà /dt) ... (3.6) 
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But (0 H/o N) =- t-©*” [pqB (t) A, © M [1 + QN/K)] + qå, © E (© ...G.7) 
Using (2.1), (3.6) and (3.7) and simplifying suitably, (3.5) 1s reduced to 


- [( + 2/t} (PaB () = 0) -paM [B () + (VK) S'NZw (t - n) 


n=0 


+ pq w(t) YN, O = (qM/K) ë=? NO Na) -- (3.8) 


n=6 a=0 


where convergence of all the infinite series may be assured as above. However, as we 


eo [1] 
are meaning y by >. t > n, so there is no difficulty for (3.8) to exist for some t* 
n=Q) n=0 


which may be large but finite. Using V(t), and V"(t), (3.8) is reduced to (3.2). 


4. DISCUSSION 


p 6c 
M+6—-(w/w) 
with the corresponding result of Clark [5]. Again taking K — æ in (1.13), we get the 
time t when B* (t) is maximum and it is given we = M + 6. Thus ť = t, where 

w 
t, is the asymptote to the density independent optimal biomass curve B* (t) of Clark [5]. 
This justifies taking E (t) = 0, t < t. Thus t = ť gives the mesh size parameter. 


(i) (1.12) gives the optimal biomass B* (t) = as K — co, This coincides 





(ii) Although for the density dependent Beverton Holt model, with e* as the depreciation 
on the observed revenue, it is not possible to obtain the optimal time of harvesting, still 
Clark could successfully obtain the corresponding results in such a situation simply because 
eî never occured explicitely in the final calculations. 


(1i1) Depreciation )1/t?) works even for 6 = 0 ; this may not be true for e®, because 
(2.4) may not give a convergent integral when 6 = 0. 
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ON 0-SOMEWHAT OPEN FUNCTIONS 


E. Harr, T. Nomi anD §. YÜKSEL 


1. INTRODUCTION 


Fomin [3] defined the concept of @-continuity as follow and investigated several 
properties of such runctions : A function f : X — Y is said to be 09-continuous if for 
each x € X and each open neighbourhood V of f(x), there exist an open neighbourhood 
U of x such that CKU) c CKV). 


Gentry and Hoyle [4] have defined a function which is not local as follow : A function 
f: (X, 1) — (Y, 6) is said to be somewhat continuous provided that 1f V e o and 
f (V) # Ø, then there is a U e t such that U # © and U œ f' (V) 


Recently, Balaz [1] has defined almost and weak variants of somewhat contiruous : 
A function f : (X, t) — (Y, ©) is said to be almost somewhat continuous (resp.weak 
somewhat continuous) (briefly, a.sw.c. and w.sw.c., respectively) provided that if Y € o 
and f' (V) # Ø, then there is a U e qt such that U # Ø and U c f (Int(CI(V))) (resp. 
Uc P (CI(V))). 


Quite recently, in [5], 8-somewhat continuous function has been defined : A function 
f : (X, t) > (Y, ©) is said to be 6-somewhat continuous (briefly, 6-sw.c.) provided that 
if V e o and f! (V) # © then there is a U e T such that U # Ø and CKU) 
c f' (CI(V)). 


The purpose cf this paper is to introduce ‘@-somewhat open functions’ and investigate 
the several properties of such functions and also compare the other weak forms of somewhat 
open functions. 


Throughout the present paper, (X, Tt) and (Y, ©) (or simply X and Y)will denote 
topological spaces. Let A be a subset of a topological space X. The closure of A and 
the interior of A are denoted by CHA) and Int(A), respectively. 
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2. 8-SOMEWHAT OPEN FUNCTIONS 


Definition 2.1. A function f : (X, tT) — (Y, 6) is said to be Q-open if for each 
x e X and each neigborhood U of x, there exists a neighborhood V of f(x) in Y such 


that CI(V) © f(CICU)). 


Definition 2.2. A function f : (X, t) — (Y, o) is said to be 8-somewhat open (resp. 
somewhat open [4], almost somewhat open, weak somewhat open), (briefly, O-sw.o., sw.o., 
a.SW.O., W.SW.O., respectively), provided that if U e t and U + Ø then there exists a V 
€e © such that V # © and CI(V) c f(CI(U)) (resp. V c U), V c fint(Cl(U))), 
V e KCU). 








DIAGRAM 
Open => Somewhat open => Almost somewhat open 
+F +f +f 
0-Open => 8-Somewhat open => Weakly somewhat open 


We conclude from the diagram above the follwoing implications due to examples 
2.1-2.5 (below) : 


(1) -openness implies 8-sw.o., but not conversely (Example 2.1) 

(2) 6-sw.o. implies w.sw.o., but not conversely (Example 2.2, also 2.4) 
(3) Q-sw.o. and openness are independent (Example 2.1, 2.4) 

(4) @-sw.o. and sw.o. are independent (Example 2.1, 2.2) 

(5) 6-sw.o. and a.sw.o. are independent (Example 2.1, 2.2) 

(6) -openness and openness are independent (Example 2.3, 2.4) 

(7) 8-openness and sw.o. are independent (Example 2.2, 2.3). 


Example 2.1. Let X = {a,b,c} tT = {X, Ø, {b}, {c}, {b,c}} and o = {X, ©, {a}, 
{b,c}}. Let f : (X,t) — (%,0) be the identity function. Then f is @-sw.o., but it is neither 
' @-open, sw.o., open nor a.sw.o. 


Example 2.2. Let X = {a,b,c} tT = {X, Ø, {a}, {b,c}} and o = {X, Ø, {a}, {c}, 
{a,c}}. Let f : (X,t) —» (X,0) be the identity. Then f is sw.o., but it is neither 6-sw.o., 
nor open. 
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Example 2.3. Let X = {a,b,c} t = {X, Ø, {a}, {b,c}} and o = {X, Ø, {a}, {c}, 
{a,c}}. Let f : (X,t) — (X,0) be the identity. Then f' : (X,0) — (X,t) is 8-open, but 
it is neither sw.o. nor open. j 

Example 2.4. Let X = {a,b}, t = {X, Ø, {a}}. Let Y = {x,y,z}, o = {Y, ©, {x}, 
{y}, {x,y}}. Define f: (Yit) — (Y,o) by f(a) = x and f(b) := y. Then f is open, but it 
is neither 0-sw.o. nor 9-open. 

Example 2.5. Let X = {a,b,c}, tT = {X, ©, {a}, {b}, {a, b}, {a,c}} and o = {X, 
Ø, {a}, {b}, {a,b}}. Define f: (X, > (X,0) by f(a) = c, f(b) = a, f(c) = b. Then f 
is a.sw.o., but not sw.o. 


Definition 2.3. [2]. A topological space X is said to be ; 


(a) Quasi regular if for any nonempty open set G œ X, there exist a nonempty 
open set D such that CI(D) œ G, 


(b) Semi quesi regular if for any nonempty open set G œ X, there exist a nonempty 
regular open set A such that A œ G, 


(c) Almost quasi regular if for any nonempty regular open set A c X, there exist 
a nonempty open set D such that CKD) c A. 





Remark. A space X is quasi regular if and only if it is both semi quasi regular 
and almost quasi regular. 


Theorem 2.1. Let f : X — Y be a function. Then the following statements hold: 
(a) If Y is quasi regular space, then f is 6-sw.o. if and only if it is w.swo. 


(b) If X is almost quasi regular space, then f is asw.o. if and only if it is 
W.SW.O. 


(c) If X ıs semi quasi regular space, then f is sw.o. if and only if it is 
a.Sw.o. 


Corollary 2.1. (a) If X is quasi regular space, then the following three concepts 
are equivalent : 


(1) sw.o., (2) a.sw.o., (3) w.sw.o. 


(b) If X and Y are quasi regular space, then the followwing four properties are 
equivalent : 


(1) 8-sw.o., (2) sw.o., (3) a.sw.o., (4) w.sw.o. 
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3. PROPERTIES OF 6-SOMEWHAT OPEN FUNCTIONS. 


Theorem 3.1. If f: (X,t) — (Yo) and g : (Y,0) —> (Z,9) are 6-sw.o., then gof: 
(X, — (Z,@) is 6-sw.o. 


Proof. Since f is 0@-sw.o., for each nonempty U e qt, there exists a nonempty 
V e o such that CV) c f(CI(U)). Since g is also 0-sw.o., there exists a. nonempty 
W e @ such that CI(W) œ g (CKV). Thus CI(W) c g(Ci(V)) c ge(f(Ci(U))) = 
(gof) (CI(U)). 


Theorem 3.2 If f : (X,t) — (Y,0) is @-sw.o. and A is an openclosed subset of X, 
then the restriction fl, : (A, T.) — (Y, ©) is 0-sw.o. 


Proof. For each nonepty U, € T, there exists U e t such that U, = U OA. Since 
A is open in X, then U, € qt. Since f is 0-sw.o., there exists nonempty V € © such 
that CI(V) œ f(CI(U,)). Since U, œ A and A is closed in X, we have Cl(U,) c 
C(A) = A. Hence C1,(U,) = CI(U,) A A = CI(U,). Therefore, CV) c f(C1,(U,)) = 
(fl,) (CLU). 


Remark. In Theorem 3.2, we can not remove the condition closed on A. In Example 
2.1, take A = {b,c}, then t, = {A, Ø, {b}, {c}}, fl, (Cl,{b})) = fl, db} = {b}, but 
CI(V) ¢ {b} for each nonempty set V e ©. 


Theorem 3.3. If (X,t) and (Y,o) are topological spaces and A is dense 
in X and f : (A, t.) — (Y, ©) is O-sw.o., then any extension F : (X, 1) — (Y, 0) 
is @-sw.o. 


Proof. For each nonempty U € q, since A is dense in X, Ø #U MAée 7,. Since 
f is Q-sw.o., there exists V e o such that CI(V) c f(CI,(U ^A A). Hence f(CL,(U A 
A) = ACU AAAA = FCI AA) OA) © CKU). Thus, CKV) œ F(CI(U)). 
This shows that F is @-sw.o. 


Theorem 3.4. If (X, t) and (Y, 6) are topological spaces and X = A U B where 
A and B are subsets of X and f : (X, t) — CY, ©) is a function such that the restrictions 
fl, and fl, are 0-sw.o., then f is 6-sw.o. 


Proof. For each nonempty open set U in XÍ, U=XMU=(AUB)NU=(A 
N U) u (B A U). Suppose that A ^ U # Ø. Since fj, is 0-sw.o., for nonempty A A 
U € Tt, there exist nonempty V e o such that CI(V) c (ff,) (Cl, (A ^ U), but (fl) 
(Cl, (A ^ U)) = (CKU A^ A) A A) c ACKU)). Thus CKV) c KCU). If BAU # 
©, by using that f], is 0-sw.o., we can similarly prove that f is 8-sw.o. 
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4. D-SPACES 


Definition 4.1. A topological space X is said to be a D-space [8] if every nonempty 
open subset of X is dense in X. 


Remark. 4.1. (1) By f! in Examples 2.1 and 2.2, 6-somewhat continuity and 
somewhat continuity are independent. 


(2) In [4, Theorem 19], it is known that D-spaces are preserved somewhat continuous 
surjections. ` 


Theorem 4.1. If X is a D-space and f : X — Y is a 8-somewhat continuous surpction, 
then Y is a D-space. 


Proof. Since f is surjective, for each nonempty open set V in Y, f! (YV) + Ø Since 
f is 8-somewhat continuous, there exists a nonempty open set U in X such that Cl(U) 
c f' (CICV). Since X is D-space Cl(U) = X. Hence X œ f' (CI(V) and Y = fX) c 
f(| (CI(V)) = CIV). Therefore, Y is D-space. 


Theorem 4.2. If Y is D-space and f : X — Y is a ĝ8-sw.o. injection, then X is 
D-space. 


Proof. Since f is injective, for each nonempty open set U in X, f(U) # Č. since 
f is 8-sw.o., there exists a nonempty open set V in Y such that CI(V) c f (CUY. Since 
Y is D-space, CI(V) = Y. Hence Y c f (CI(U)). Since f is injective, X = CKU) = 
f'(f(Cl(U))). Then, X is D-space. 


Definition 4.2. A function f : X — Y is said to be almost feebly continuous [10] 
if, for every nonempty regular open set V of Y, f! (V) # Ø implies sInt (f' (V)) # Ø 
(where sInt is semi-interior). 


Lemma 4.1. A function f : X — Y is almost feebly continuous 1f and only if ıt 
is almost somewhat continuous. 


Proof. Necessity. Suppose that f is almost feebly continuous. For every ncnempty 
regular open set V in Y, f' (V) # Ø implies sInt (f'(V)) # Ø Lemma 4 in [9] says that 
if Ø + A e SO(X), then Int (A) + Ø. Therefore, we have Ø + Int (sInt (VÐ) c 
Int (f' (V)). 


Sufficiency. Suppose that f is almost somwwhat continuous. For every nonempty 
regular open set V in Y, f! (V) # Ø implies Int (f' (V) # Ø. Then, we have sInt 
(f' (VÐ > Int (F'CV)) = Int ' (Int(C(VÐŅ) 4 Ø. 


Corollary 4.1. D-spaces are preserved under almost somewhat continuous surjections. 
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Proof. It is showed in [10, Theorem 4.4] that D-spaces are preserved under almost 
feebly continuous surjections. 


Definition 4.3. A space X is Q-irreducible [7] if every pair of nonempty regular 
closed subsets of X has a nonempty intersection. 


Remark 4.2. Every D-space is 9-irreducible, but the converse is false. The space 
(X,o) in Example 4.1 (below) is -irreducible but not a D-space. 


Theorem 4.3. If X is a D-space and f : X — Y is a weakly somewhat continuous 
surjection, then Y is 9-irreducible. 


Proof. Suppose that Y is not 9-irreducible. Then there exist nonempty open subsets 
U and V of Y such that CKU) m CKV) = Ø. Then, 


D + (E (CIU) A ECV) > Int (ECU A (ECY). 


Since f is a weakly somewhat continuous surjection, f? (U) # Ø and f' (V) z Ø 
implies f! (CKU) # Ø and Int(f"(CI(V))) # Ø respectively. Thus X is not D-space. 


The following example shows that in the previous Theorem Y being @-irreducible 
can not be replaced by a D-space. 


Example 4.1. Let X = {a, b, c}, t= { X, Ø, {c}, {a, c}, {b, c}} and o = { X, 
Ø, {a}, {b}, {a, b}}. Let f : (X, t) — (X, o) be the identity function. Then (X, 7) 
is a D-space and f is a weakly somewhat continuous surjection. However, (Y, ©) is not 
a D-space. 


Theorem 4.4. If Y is a D-space and f : X — Y is a w.sw.o. injection, then X 
is @-irreducible. 


Proof. Suppose that X ts not 9-irreducible. Then, there exists nonempty open subsets 
U and V of X such that CU) mM CI(V) = Ø. Then f(CI(U)) © f(CICV)) = Ø. Since f 
Is w.sw.o., there exist nonempty open subsets G, H of Y such that G œ f (CI(V)) and 
H c CKV). Hence G Nn H = Ø. Thus Y is not D-space. 


Theorem 4.5. If X is a 9-irreducible space and f : X — Y is a @-somewhat continuous 
surjection, then Y is 8-irreducible. 


Proof. Suppose that Y is not 0-irreducible. There exist nonempty open sets U and 
V of Y such that CKU) ^ CIV) = Ø. Since f is a 8-somewhat continuous surjection, 
there exist nonempty open sets G and H of X such that Cl(G) c f' (CIU)) and CI(H) 
c f' (CV)). Therefore, we obtain CIG) A CKB) e f (CKU) m CIC(V)) = Ø and hence 
X is not ĝ8-irreducible. 
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Theorem 4.6. If Y is a 0-irreducible space and f : X — Y is a 0-sw.o. nction, 
then Y is 9-irreducible. 


Proof. Suppose that X is not 8-irreducible. Then, there exist nonempty open sets 
U and V of X such that CI(U) ^ CIV) = ©. Since f is 6-sw.o., there exist nomempty 
open sets G and H of Y such that CG) œ f (CI(U)) and CI(H) œ f (CV) Since 
f is injective, Cl(G) © CH) = © and hence Y is not 0-irreducible. 


5. 0-OPEN FUNCTIONS 


By the Examples 2.2 and 2.3, 8-openness and somewhat openness are independent. 
We obtain a result analogous to [4, theorem 20]. A topological space (X, Tų) is said to 
be locally compact on a dense subset of X if there exist a dense subset D of X such 
that for each p e D there exists U e qt containing p such that CI(U) is compact. 


Theorem 5.1. Let f : (X, t) — (Y, 6) be a continuous, 8-open surjection. If 
(X, Tt) is locally compact on a dense subset of X, then (Y, 0) is locally compact on a 
dense subset of Y. 


Proof. Let (X, T) be locally compact on a dense subset of X. Then ther2 exists 
a dense subset D of X such that for each x e D there exists an open subset J of X 
containing x such that CI(U) is compact. Since f is continuous surjection and CI(D) = 
X, Y = X) = CID) a CI(f(D)). This shows that f(D) is dense in Y. 


Now, for every y e f(D), there exist x e D so that f(x) = y. By the hypothesis, 
there exists an open neighbourhood U of x such that Cl(U) compact. Since f is cortinuous, 
f(Cl(U)) is compact. By the -openness of f, there exists an open neighbourhood V of 
f(x) = y such that C1(V) œ f(CI(U)). Here CICV) is closed in Y and then CI(V) is compact. 
Thus, Y is locally compact on a dense subset f(D) of Y. 


Definition 5.1. Let G be a group and y (G) be the set of open neighbcurhoods 
of the identity e in G. Then, (G, 7) is said to be a 8-topological group [6] if the following 
conditions are satisfied : 


(1) If U e t and g e G, then both gU and Ug are open, 
(2) For each V e y (G), there exists a U e y% (G) so that CI(U). CI(U) œ CKV), 


(3) For each V e x (G), there exists a U e y% (G) so that 1(Cl(U)) œ CICV), where 
i denotes the inversion i: G — G. 


Theorem 5.2. Let (X, t, ©) and (Y, ©, 0) be 8-topological groups. If f : (X, 1, è) 
— (Y, ©, o) is a -somewhat open homomorphism, then f is 6-open. 
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Proof. Let e be the identity element of (X, ©) and let e’ be the identity element 
of (Y, o). 


First, we show that for every open neighbourhood U of e, there exist an open 
neighbourhood V of f(e) = e° such that CI(V) c f(CI(U)). Let U be a t-open neighbourhood 
of e. Since (X, T, ¢) is 6-topological group, there exists a t-open neighbourhood W of 
e such that CI(W) e CI(W)"' œ CI(U). Since f is 8-somewhat open, there exists a nonempty 
V e o such that CI(V) œ f(CI(W)). Hence, there exist y e V and x e CI(W) such that 
f(x) = y. Then e° € Voy" e o. Since left and right translations are homeomorphism, 


Ci(Voy!) = CI(V)oy™ c f(CI(W))oy? œ f(CI(W)) of (C(WY') 
CCW) © CKW’ c f(CI(U)). 


Secondly, we must show that f is 8-open. For every x €e X and every open 
neighbourhood U of x, Uex' is an open neighbourhood of e. By the first result, there 
exists an open neighbourhood V of e’ such that CI(V) œ f(Cl(Uex~')). Then V, f(x) is 
an open neighbourhood of f (x) and we obtain 


Cl(Vof(x)) = CICV) o f(x) c f(Cl(Uex') o f(x) = (CKU) ex) o f(x) 
c CKU) o f(x) o f(x) = CKU). 


This shows that f 1s 8-open. 
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THE JACOBSON RELATIONAL RADICAL 
ON HEMIRINGS WITH INVOLUTION 


SHAMIK GHOSH 


ABSTRACT : In this paper we give a useful characterisation for the “Jacobson relational racical” 
(defined by Lide Li) on a hemiring and obtain the analogues concerning quasi-regularity We <epply 
these ideas to the study of hemirings with involution and obtain that for any semisimple henuring 
R with an involution *, D/A is isomorphic to the subdirect product of “*-primitive” heminngs, 


where A ıs the least additively cancellative congruence on R, 
1991 AMS Mathematics Subject Classification : Primary 16Y60 


Key words and phrases : Hemiring, semimodule, irreducible semimodule, Jacobson relat onal 
radical, quasi-regulatity, hemiring with involution, semisimple hemiring, *-primitive hemirinz. 


1. INTRODUCTION 


A semiring is an algebraic system (S, +, è) such that (S, +) and (S, ©) are semigroups 
and in which ring-like distributive laws hold. A hemiring is an additively commutative 
semiring with an additive neutral element zero (denoted by 0), which is also a multiplicetive 
zero. A semimodule over a hemiring is defined in a natural way. But here irreducible 
semimodules (to be defined later) are not in general represented by ideals or even special 
type of ideals, as in the case of rings. However, it is possible to obtain a representation 
in terms of a special class of equivalence relations. In [3] Lide Li introduced the conzept 
of a relational radical on a hemiring and obtain some interesting results analogous to the 
theory of rings. 


Following his definition of the relational radical on a hemiring we obtain anoz-her 
useful characterisation for it ($ 1) and develop the analogues concerning quasi-regulerity 
(§ 2), which certiainly remove the possibility of thinking about distinct right and left 
relational radicals on a hemiring, just as in the case of rings. In the final section (€ 3) 
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we study some properties of hemirings with involution. We show that, if R is a semisimple 
hemiring with an involution *, then R/A is isomorphic to the subdirect product of 


“*. primitive” hemirings, where A={(x, yje Rx R:x+z=y +z, for some z e R) 
is the least additively cancellative congruence on R. We also establish the relation between 
the “*-primitive” hemirings and primitive hemirings. 


1. PRELIMINARIES 


Let R be a hemiring. A (right) R-semimodule M is a commutative additive semipgroup 
which has a zero element, together with a mapping from M x R into M (sending 
(m, r) to mr) such that, 


(i) mr, +r) = mr, + mr, 
(ii) (m, + mr = mr + my 
(iit) (mr) r, = mOr) 

* (iv) mO = Or = 0 


for all m, m e M andr, re R, i = 1, 2. An equivalence relation © on M is called 
right R-linear relation if for all x, y e M,i= 1, 2, re R, 


(i) (xX, y) (XK, y,) € © implies (x, + x,, y, + y,) € © and 
(ii) (x, y) € © implies (xr, yr) € 6. 


A right R-linear relation o on M is called cancellative if for all x, y, z e M, 
(x + Z, y + Z) € O implies (x, y) e oO. Clearly R itself is a (right) R-semımodule. An 
equivalence relation © on R is said to be right regular [3] if there is a pair e, e, € R, 
(e, e) € © such that (x + e, x, e, x) € o for all x e R. A right regular relation is 
called right w-relation [3] if it 1s maximal in the set of all cancellative right R-linear relations 
on R. For any right w-relation o on R, 


(o : R) = {(x%, y) € RxR: (ax, ay) € o for all a € R}. 


Let % denote the set of all right w-relations on R. Lide Li showed that 


fh (© : R) = 1i o 

and he called it the (right) Jacobson relational radical (J) of R. If 2 = ®, then J, = 
R xR. As (6: R) is a cancellative (two-sided) R-linear relation for each o € È, J. 
is also so. A (right) R-semimodule M is called additively cancellative if for any x, y, 
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zeM,x+z= y +z implies x = y. An additively cancellative (right) R-semimodule 
M with M # {0} is called irreducible if for an arbitrarily fixed pair of u, u, € M with 
u, + u, and any x € M, there exist a, a, € R such that x + ua, + ua, = ua, + u,a. 
Let I be the set of all irreducible (right) R-semimodules. For any M € I, Oy = {(G, y) 
e RxR: mx = my for all m €e M} and for any o # m e M, 


= {(x, y) € R x R: mx = my}. We have o, € È [3]. 
Let M be a (right) R-semimodule and S be a subsemimodule of M. Let S = 
ime M:m+x=y, x, y € S}. Any subsemimodule S of M is called closed [2] if 


S =S and S is called the k-closure of S. It is easy to verify that if M is irreducible, 
then it has no closed subsemimodules other than {0} and M itself. 


Lemma 1.1. For any M e I, o,, = (6, : R) for some 0 # m e M. 

Proof. As M e I, MR # {0}. Thus there exists 0 # m e M such that mR = {0}. 
Let (x, y) € O„ and a e R. Then max = may. This implies (ax, ay) € o,. Thus 
(x, y) € (0, : R). Conversely let (x, y) € (6, : R). Now mR is a closed subsemimodule 
of M and mR + {0}. Thus mR = M as M is irreducible. Let u e M. Then there are 


r, T € R such that u + mr, = mr,. Also since (x, y) € (o, : R), (x, ry), x. gy) 


€ o „and so mrx = mry, 1 = 1,2. This implies ux = uy as M ıs additively cancellative. 
Thus (x,y) € Oy 


Remark 1.2. Let M e I and m e M be such that o,, = (o,, : R). Lide Li [3] 
showed that R/o_, 1s isomorphic to mR which is a subsemimodule of M and we have 


just seen that mR = M. Thus any irreducible (right) R-semimodule M can be represented 
by o, for some 0 # m e M, as a k-closure of R/G. 


Henceforth we denote any o-class of r e R by [r],, for any equivalence relation 
© on R and we write simply [r] where there is no chance of confusion. We know that 
for any © e È, R/c is an irreducible (right) R-semimodule with the definition [r]a = [ra] 
for all r, ae R [3]. 


Lemma 1.3. For any © e }, (o: R) = 
Proof. (x, y) e (©: R) 
& (rx, ry) € oO foralre R 
<> [rx] = [ry] for all re R 
<> [r]x = [r]y for all re R 
= (x, y) = 


50 . Shamik Ghosh 


These two lemmas lead to another characterisation of J_, namely, 


Theorem 14. If I # 0, J, = J) Ow 


2. QUASI REGULARITY 


Let R be a hemiring. 


Definition 2.1. A pair of elements (x,, x,) in R is said to be right quasi-regular 
if there are a,, a,, t in R such that, 


x +a + Xa + Xa, +t=x, +a,+ xa + xa, +t. 
Left quasi-regularity is defined similarly. 


Definition 2.2. A cancellative right (left) R-linear relation © on R is said to be right 
(left) quasi-regular relation if (x,y) € © implies (x,y) is right (left) quasi-regular. 


Simple application of Zorn’s lemma yields the following : 


Lemma 2.3. If p is a proper cancellative right regular relation on R, then there 
exists a right w-relation © on R, which contains p. 


Lemma 2.4. J is a right quasi-regular relation. 
Proof. Let (x, y) e J. 


Let p = {um vye RX Ri uta, + xa, + ya +t=v+a + xa, + ya tt; 
a, a, t€ R}. Clearly p is a ie right R- linear relation. Äiso (r+ xr, yr) € p 
for all r e R with a, = t = 0 and a, = r. Now if p +R xR, then (x, y) € p. This 
imples p is a proper cancellative right regular relation on R. Then, by lemma 2.3, there 
is a right w-relation © on R contiaining p. But (x, y) € © as (x, y) e J_. This implies 
c = R x R, which is a contradiction. Thus p = R x R. Then (x, y) € p and So (x, 
y) is right quasi-regular. 


Let A= {(x, x): x €e M}, where M is a (right) R-semimodule. Iizuka [2] observed 
that for any irreducible (right) R-semimodule M, the only cancellative right R-linear 
relations are A and M x M itself. 


Lemma 2.5. If p is a right quasi-regular relation on R, then p c J. 


Proof. Let, if possible, p œ J_. Then, by theorem 1.3, p ¢ O4 for some irreducible 
(right) R-semimodule M. This implies p ¢ O „ for some 0 + m e M. Let 


y= {(m, m,) € Mx M: m, + my = m, + mx, (x, y) € p} 
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Clearly y is a cancellative right R-linear relation on M. Also asp £ O Y+ À. 
This implies y = M x M, as M is irreducible. Then (0, m) € y and so my = m + mx 
for some (x, y) € p. Since p is right quasi-regular, there are a,, a,, t e R such that, 


X +a, + xa + ya, +t = y + a, + Xa, + ya, tt 
This with my = m + mx gives m = 0, as M is additively cancellative, which is 
a contradiction. 
We summarize the above lemmas in the following theorem. 


Theorem 2.6. J_ is a right quasi-regular relation on R and contains ali right 
quasi-regular relations on R, that is, J, is the unique maximal right quasi-regular relation 
on R. 


To show that J_ is a left quasi-regular relation on R, we need the following lemma. 


Lemma 2.7. If a pair of elements (x, y) in R is both left and right quasi-regular, 
i.e. if there are a, b st E R, 1 = 1, 2 such that 


xX +a, + xa, + ya, +t = y + a+ xa, + ya +t, seh) 
and be Dot Ot Dy ELEY ee DO Dx Dy et, eee) 
then a, + b, + z = a, +b + z for some ze R 


Proof. Multiplying (1) by b, from the left and (2) by a from the right, 1 = 1, 2 
we have the following : 


bx + ba + bxa + bya, + bt, = by + ba, + b,xa, + bya, + Dt, 
b,y + b,a + b,xa, + b,ya, + b,t, = b,x + b,a, + b,xa, + bya, + b,t, 
ya, + ba, + b,xa, + bya, + ta, = xa,+ ba + bxa + bya, + ta, 
xa, + ba, + b xa, + bya, + ta, = ya, + b,a, + b,xa, + bya, + ta, 
Adding the above equations we get, 
bx + by + ya, + xa, +t = by + bx + xa, + ya, +t 
t e R. This with two given equations proves the lemma. 
Theorem 2.3. J is a left quasi-regular relation on R. 


Proof. Let (x, y) e J By right quasi-regularity of J. we have a,, a,, te R such 
that x + a, + xa, + ya, +t =y + a, + xa, + ya, +t Since (x, y) e J, and J isa 
cancellative R-linear relation on R, (a,, a,) €e J,. Thus there are b,, b,, re R such that, 


at D raD oP aD, trsa Ao tab tab tr 
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Then (a,, a,) is both left and right quasi-regular pair of elements in R. Therefore 
by Lemma 2.7. x + b, + z= y + b, + z for some z € R. Now routine calculations show 
that 

X ta tartay tsayta +axt+ay +s, 
where s = b, + ab, + ab, + az +az +r +z, 
which implies (x, y) is left quasi-regular and this proves the theorem. 

Remark 2.9. The above theorem and the left analogue of theorem 2.6 show that 
J, is contained in the (left) Jacobson relational radical. Similarly the (left) Jacobson 
relational radical is contained in J. and hence they are equal. This enables us to say that, 


the intersection of all right w-relations on a hemiring is equal to the intersection of all 
left w-relations on it. 


3. HEMIRINGS WITH INVOLUTION 


In this section, we discuss some properties for hemirings with involution analogous 
to some of the interesting results studied in [1]. 


Definition 3.1. An involution * of a hemiring R is a noe-to-one mapping of R onto 
itesIf such that, 


Gey) Ses Ue ey 
(ii) (xy)* = aes 
Gii) (x*)* = X 


for all x, ye R. 


Example 3.2. Let M, be the ring of all 2 x 2 matrices over the ring of integers. 


ab 
Let R be the subset of M, consisting of elements of the form b where a, c = 0. 
c 


b\ b 
Then R is a hemiring with an involution «, defined by p ) = p } 
C a 


Definition 3.3. Let M be a (right) R-semimodule. Oy. = {(x, y) € RxR : mx 
= my and mx* = my* for all m €e M}. 


Definition 3.4. A (right) R-semimodule is called -faithful if o,, = A. 
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Defineiton 3.5. A hemiring R is called +-primitive if there exists an irreducible (sight) 
R-semimodule which is «-faithful. 


Definition 3.5. A cancellative R-linear relation o on R is called «-relation on R 
if of = o, where 57 = {x*, y*) : (x, y) e Oo}. 


If o is a -relation on R, then the involution induced in R/o will still be denoted 


by x, i.e, [r]; = [r*], for all r e R. 


o 


Definition 3.7. A cancellative R-linear relation is called *-primitive if it is a *-re_ation 
on R and R/o is <-primitive. 


Clearly 0, is a +-relation on R and by remark 2.9 J, is also a *-relation on R. 
Let I denote the set of all irreducible (right) R-semimodule. 


Lemma 3.8. If I = ®, then J, = fl Oys. 


Proof. Let J, = a Oy». Clearly J, œ J_. Let (x, y) e J. Then (x*, y*) = J, 
as J_ is a x-relation on R. Thus for any M e I, (x, y), (x*, y*) € o,,. This implies (x, 


y) E Oy. Therefore (x, y) € Je Hence Jo = J, 
Lemma 3.9. 6, is a *-primitive relation on R iff ©, = Op» for some M e L 


Proof. Let c, be a *-primitive relation on R. Then R/o, is a *-primitive hemiring 
with «-faithful irreducible (right) R/o, — semimodule M. By defining mr = m [r], m € 
M, r e R, M beccmes an irreducible (right) R-semimodule. Let (x, y) € o,, ther (x*, 
y*) e ©, as O, is ē -relation on R. Thus mx = m [x] = m [y] = my and mx* = m[x*] 
= m [y*] = my* for all m e M. This implies (x, y) € Oy. Again let (x, y) E Oye. 
Then mx = my and mx* = my* for all m e M. This implies m [x] = m [y] aad m 
[x]* = m [x*] = m [y*] = m [y]* for all m e M. Therefore [x] = [y] as M is a +- 
faithful (right) R/o, — semimodule. Thus (x, y) e ©, Hence ©, = Oys- 


Conversely, let 6, = Opm». for some M e I. We define m [r] = mr, me M re 
R. With this definition M becomes an irreducible (right) R/o,-semimodule. In fact if (m,, 
[r,]) = (m, [r,]), then m, = m, and (r, r) € 0, = Oy», which implies mr, = m,r,. Now 
let m [x] = m [y] and m [x]* = m [y]™* for all m e M. Then mx =my and mx* = my* 
for ali m e M. This implies (x, y) € Oy. = O, Then [x] = [y]. T herefore M is an irredtcible 
+-faithful (right) R/3,—semimodule. Hence R/o, 1s *-primitive. This completes the proof. 


A hemiring R is said to be semisimple if J. = A. 


54 Shamik Ghosh 


Theorem 3.10. If R is a semisimple hemiring with an involution *, then R/A is 
isomorphic to a subdirect product of +-primitive hemirings. 


Proof. Let A denote the class of all +-primitive relations on R. We define 
Y: RA > IL Ro, by y (rl) = {irl} 


Since each o, is cancellative two-sided R-linear relation on R, y is clearly a well- 


defined homomorphism. Let 
[r le a ~ {lr le he eA 


Then (r,, r) € eE- J» by lemma 3.9. Also J, = A as R is semisimple. Thus 
O.GA 


y is an isomorphism, as required. 

A hemiring is called primitive if it has an irreducible semimodule M such that o,, 
= A. Now we establish the relation between -primitive hemirings and primitive hemirings. 

Theorem 3.11. If R is a *-primitive hemiring, then R is either a primitive hemiring 
or there is an R-linear relation o # A on R such that o N © = A, R/c is (right) primitive 
_ and R/o” is (left) primitive. 

Proof. Let M be an irreducible -faithful (right) R-semimodule. If o, = A, then 
R is primitive. Let O, # A. Let o = 6,,As before M becomes an irreducible (right) 
R/o — semimodule by defining m [r] = mr. Also since ©, = ©, M is faithful and so 
R/o is a (right) primitive hemiring. 

Now M ıs an irreducible (right) R — semimodule, then by lemma 1.1, © = 
(o_: R) for some 0 # m e M. We set M’ = R/ o. (see definition 3.6). Then M’ is a 
(left) R-semimodule with the definition x ir]. = [xr]... Now 


m 


(x, y) € OF & (x*, y*) e o= ou = 0: R) 


= (rx*, ry*) e o, for allre R 


m 


© (xr, yr) e o^ forallre R 
< [xr] . = [yr]; for all re R 
= xir] = yir] for alre R 


<> xm’ = ym’ for all m e M’. 
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Thus we have o* = {(x, y) € R X R: xm’ = ym’ e for all m’ €e M’}. Also 
routine verification shows that M’ is irreducible. Thus M’ is an irreducible faithful (left 
R/o* — semimodule and hence R/o* is (left) primitive. 
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IDEMPOTENT—SEPARATED GOOD CONGRUENCES 
ON AN IC QUASI—ADEQUATE SEMIGROUP 


XIAOJIANG GUO 


=- 


ABSTRACT : In this paper ıdempotent-separated good congruences on an IC quastadequate 
semigroup are considered. Some characterizations and a construction are obtained. 


1991 AMS subject classification : (1991) : 20M10 


1. INTRODUCTION AND PRELIMINARIES 


On a semigroup S, the relation £* (R*) is defined by the rule that aL* b (aR*b) 
if and only if the elements a, b of S are related by Green’s relation £ (R) in some 
oversemigroup of S. Following Fountain [4], we say that a semigroup in which sach £*- 
class and each &*-class contains at least one idempotent is abundant. When the idempotents 
commute in an abundant semigroup, then it is called an adequate semigroup [3]. An adequate 
semigroup S in which eS N aS = eas and Se N Sa = Sae for any e? = ea € S s termed 
a type A semigroup [3]. An abundant semigroup S$ is called idempotent-connected (for short, 


IC) [1] when for each element a of S ‘and for some at € R NES, a € E NM EIS), 


there is a bijection 0 : (a*) — (a’) satisfying xa = a(x6) for all x e (a*), where R’ (L) 


is the R* — (£* —) class containing a, E (S) denotes the set of idempotents of 5 and (e) 
(e e E (S)) stands for the subsemigroup generated by the idempotents of eE (S)e. 


As an analogue of orthodox semigroup in the range of abundant semigroup theory, 
El-Qallali and Fountain [2] introduced quasi-adequate semigroup, that is, abundant 
semigroup in which the idempotents form a subsemigroup, and described the structure of 
a class of quasi-adequate semigroups, so-called type W semigroups, by virtue of Hall’s 
semigroups and their quotient semigroups for ô (for ð, see latter Lemma 1.4). Recently, 
the author [5] proved that any IC quasi-adequate semigroup is type W. . 
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Recall from [l1] that a homomorphism o@ : S$ —> T of semigroups is a good 
homomophism when for all elements a, b of S, we have that a£*b implies that ag L* bọ 
and that a&*b implies that apR*be. We say that a congruence p on S is a good congruence 
if the natural homomorphism S — S/p is good. As defined in [6], a congruence p on 
S is an idempotent-separated if for all e, f e E (S), ep = fp implies that e = f. 


In this paper we shall be concerned with idempotent-separated good congruences 
on an IC quasi-adequate semigroup. We obtain some characterizations and a construction 
of such congruences. 


For the purpose, we need recall some known results used repeatedly without mentions 
in the sequel. 


Lemma 1.1. [4]. Let S be a semigroup and a, b € S. Then the following statements 
are equivalent : 


(i) aL*® b(aR*b) ; 
(ii) for all x, y e S', ax = ay (xa = ya) if and only if bx = by (xb = yb). 
As an easy but useful consequence, we have 


Corollary 1.2. [4]. Let S be a semigroup and e = e, a e S. Then the following 
statements are equivalent : 


(1) aR* e(aLl*e) ; 
(ii) a = ea (a = ae) and for all x, y e S', xa = ya (ax = ay) implies that xe = 
ye(ex = ey). 


Obviously, R* (£*) is a left (right) congruence on S. On a general semigroup, 
L c £ and R c R*. But when a, b are regular elements, aL* (R*)b if and only if 
aL (R)b (see, [4]). As in [4], H* is defined as L* Mm R*. So, when a, b are regular elements, 
aH* b if and only if ab. 


Lemma 1.3. [7]. Let S be an abundant semigroup. Then the following statements 
are equivalent : 


(i) S is IC 

(ii) for each element a e S two conditions hold : for some [all]a* € L, N E (S), 
aie R OE (S) 

1. for all e e @ (a’), there exists g €e @ (at) such that ae = ga ; 

2. for all f e æ (a), there exists h € @ (a*^) such that fa = ah, 
where œ (e) (e € EM = (fe E (S): f= fe = ef. 
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Let B be a band. By [6, Theorem IV 3.1], B is a semilattice Y of rectangular bands 
E (ae Y). Fore e B, we write E (e) = E, when e E, And if E Æg č E; we denote 
E, S E „ It is obvious that for all e, fe B, E (e) = E (f) if and only if Ele) s E Q) 
and E (f) = Ele. 

The next result is due to [5]. For completeness, we give its proof. 

Lemma 1.4. Let S be an /C quasi-adequate semigroup. Then 

ô = {a be SxS: Gee E (bh), fe E) a = ebf} [2] 

is a good congruence on S. 

Proof. We verify firstly the assert : if e, f e E ($) with a = ebf, then E(at) < 
E (e) and Ela) = E (f). Indeed, as a = ebf, ca = a and af = a. Now ea = a and a'f 
= a’. It follows that E(at) =< E (e) and E (a) = E (f. 

From [2, Froposition 2.6], it suffices to show that 6 is left and right compatible. 
Here we only prove the case for the left side. Let a, b, c € S and adb. The for some 
e € E (b*) andfe E (b°, a = ebf. Thus 

ca = cebf=cec eb e bf 

c(c* eb” c°) (b* c eb’). bf = (c eb” e EC’ b’) 
gcbhf (gh € E ©) 
= [g(cb)*] (cb) [cby Af] 


so that by the assert above, E ((ca)*) < E (g(cb)*) and E ((ca)) = E (cb) hf). 
Hence E ((ca)*) =< E ((cb)*) and E ((ca)") = E ((cb)*). On the other hand, since a = 
ebf. b* ab” = b. Applying a similar discussion to b = b* ab", one can obtain that E ((cb)*) 
< E ((ca)*) and E ((cb)") = E ((ca)*). Thus E ((ca)*) = E ((cb)*) and E ((ca)") = E ((cb)’). 
Now E ((cb)*) = E ((cb)* Af) and E ((cb)*) = E (g((b)* ). Thus ô is left compatible, as 
required. 


By virtue of Lemma 1.4 and [2, Proposition 2.6], we have 


Corollary 1.5 Let S be an IC quasi-adequate semigroup. Then 6 is the minimum 
adequate good congruence. Moreover, S/d is a type A semigroup. 


Lemma 1.6 [2] Let S be an IC quasi-adequate semigroup and a, b œ S. 
(i) if adb, then E (at) = E (b*) and E (aù = E (b°) 

(ii) if for some e e E (a*) and f e E (a°), b = eaf, then bL’ f and bR e. 
(iii) H M^ 6 = qt (the identity mapping on S). 
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For brevity, in the entire section, we always assume that S is an IC quasi-adequate 
semigroup, and that F is the set of idempotents of $. For a € S, a* (a’) denotes an idempotent 


in RÈ © E (L, A E). In what follows, T stands for S/6. 


Theorem 2.1. Let p be a good congruence on S. Then p is idempotent-separated 
if and only if p g KH’. 


Proof. Assume that p is an idempotent-separated good congruence on S. Let a, b 
€ S and apb. Then, since p is good, (a* p) R (b* p) so that a* p = (> a’) p,b* p = 
(a* bt) p. But p is idempotent-separated. So, at = bt at and bt = a*t bt, and hence 
a* Rb*. Thus ab. A dual discussion shows that a£'b. Thus afb, giving p cH. 


Conversely, let p c H. For all e, fe E, if ep = fp, then e # f so that e Hf. 
But no #-class contains more than one idempotent, so e = f. Thus p is idempotent-separated. 


Lemma 2.2. Let p be an idempotent-separated good congruence on S. Then p o 
d= ĝo p. 


Proof. Let x, y e S and xp o dy. Then there exists z e S such that xpz, zôy. The 
latter formula means that there are e e E (y*), fe EON such that z = eyf. Now xpeyf. 
Hence 


(y* xy") p O ef) = OF ey) y OF A) = y ae.) 

On the other hand, since p c H (Theorem 2.1), xH z so that E (xt) = E (z*), 

E (x) = E (z*). Moreover, by Lemma 1.6, E O*) = E (x*) and E (y`) = E (x°). Obviously, 

yt e E (x) and y' e E (x). Thus y* xy" dx and so, by (1), xô © py so that pe ô c 
Ô o p ; The reverse inclusion may similarly be obtained. Therefore p o 6 = 6 © p. 


It is well known that all congruences on S$ form a lattice under inclusion Naturally, 
one wants to know whether all good congmences constitute a sublattice. In other words, 
whether is the join p V © of good congruences p, © on S still a good one? For the general 
case, we have not been able to prove that. But we have 


Theorem 2.3. Let p be an idempotent-separated good congruence on S. Then p V 
ô is good, 


Proof. Certainly, p V © is a congruence on S. To show Theorem 2.3, it suffices 
to prove that ô V p preserves L£*-classes and &’-classes. Here we only verify the case 
for £. To see this, let a, b e S and a L’b. Let (x) p V 6, () pV oe (/p V 38)! 
(x, y € 5). If 


(ax) p V 5 = (ay) p V 4 se 2) 
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then we have u e S such that axpu, uday, since p V § = p ° 6 by Lemma 2.2. Hence 
there exist e e E ((ay)*), f e E ((ay)’) such that eayf = u. Since S is IC and a* a* € 
æ (a*), by Lemme 1.3, there exists g € @ (a’) such that 
at u = a*t eayf = (at eat) ayf = agyf 
so that 
(a2) (xp) = up = (a u) p = (agyf) p = (ap) (sy) P. 
Notice that D is good, so that ap £ bp, it follows from Lemma 1.1 that 
(bp) (xp) = (bp) (gy p = (sys) p ae, 
On the other hand, a£'b deduces that b£'a". By Lemma 1.3, there exists h e E 
such that bgyf = hbyf since g € @ (a`). Now, by (3), 
(bx) p = (hbyf) p = [(h(by)") byf] P 
so that (bx) p = [(h(by)*] p (bx) p. Since p is good, (bx) p K (bx)* p. It follows that 
(bx)* p = (h(by)*) p. (bx*) p = [h(by)* (6x)*] p, 


giving (bx = h (b2)* (bx)* since p is idempotent-separated. Hence E ((bx)*) < E (h (by)*) 
and so E ((bx)*) = E (by)*. Considering axô © pay, a similar discussion shows that E 
((by)*) = E ((bx)*). Thus E ((ax)*) = E ((by)*) so that E (h (by)*) = E ((by)*). This means 
h (by)* e E ((by)*). In addition, since £ is a right congruence, af b admits that ayL’by 
which implies f €e E ((by)’). Therefore 


bgyf = hbyf ò by. 
From this, together with (3), (bx) p e 6 = (by) p © 6, that is, 
ib)pVbec(wpVi=b)pVvVde (iy) pv se) 


We have now proved that (2) can imply (4). Similarly, (4) means (2). Thus (a) p 
V5 £ (b) p V & That p V ô preserves £-classes follows. 


Theorem 2.4. Let p, o be itdempotent-separated good congruences on S. Then 
p= 0 if and ony if pp VO=oaV 6. 


Proof. We only prove the “only if’. Suppose that pV ô= oV. Lex ye S$ 
with xpy. Then, since p is an idempotent-separated good congruence, giving p c H, x 
H y. Also, xp V dy. Hence, by hypothesis, xo V ôy. By Lemma 2.2, 0 V d= 90 6 
so that there exists z e S such that xoz, zdy. On the other hand, since © c H, x Hz. 
Thus yH'z (since =#’y) and hence (y,z) e H m ô. It follows from Lemma 1.6 that 
y = z. Therefore xoy, showing p g ©. Similarly, we have o c p. Thus p = o, as required. 
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Definition 2.5. Let p be a congruence on T. On S. define : for all a, be S 
(a, b) € p if and only if (ad, bd) e p. 


It is easy to see that p is a congruence on S. Moreover, we may prove 


Lemma 2.6. Let p be a good ceongruence on 7. Then p is a good congruence 
on S. 


Proof. Assume a, b e S and a £* b. Then since ô is a good congruence, adL* 
bô and so, since p is a good congruence on T, (a6)pL£* (bd)p, from which, applying Lemma 
1.1, it is routine to prove that a p £* bp. Thus p preserves £*classes. Dually, we may 
prove that p preserves R*classes. Thus D is a good congruence on S. 


For any idempotent-separated good congruence p on S, we shall denote by p* the 
congruence p V lô on T. Thus for alla be S 


(ad, bd) e p` if and only if (a, b)e p V ô. 


Lemma 2.7. Let p be an idempotent-separated good congruence on S. Let a, b € 
S and aH*b. Then (ad, bô) e pif and only if (a, b) € p. 


Proof. It is sufficient to show that “only if’. Assume (aô, bô) e p’, that is (a, b) 
€ p V ô. But by Lemma 2.2, p V 6 = p o ô Thus there exists z e S such that apz, 
zob. On the other hand, by Theorem 2.1, p œ H* so that aH*z. From this, together with 
the fact : aH*b, zH*b. Thus (z, b) e H* ^ ô, giving b = z by Lemma 1.6. Therefore 
(a, b) € p. : 

Lemma 2.8. Let a, b e S. If (ad, bd) e L* (R* ; H5. Then there exists x € 
ôb (the &class containing b) such that (a, x) e £* (R* ; HÀ. 


Proof. Here we only prove the case for H*. Let (ad, bd) e H* Then, since 6 is 
a good congruence, (a* 6) L£* (a* b") so that a 6 = (a* b*)ô. It follows form Lemmal1.6 
that Ela") Ela b*) so that E(a*) = E(b*). The same argument to (b* 6°) = (b" a‘)d) shows 
that E(b*) = Ela"). Thus E(a’) = E(b"). Applying a dual dicsussion to a* and b~, we obtain 
that E(a*) = E(b*). From these, at e E(b*) and a” e E(b") so that (at ba’) ob. But, from 
Lemma 1.6, at R*atba® and atL*a* ba*. Thus a®*at ba™ and aL* atba’, and so a Htatba’, 
giving the proof. 

Lemma 2.9, Let p be an idempotent-separated good congruence on S. Then p” is 
an idempotent-separated good congruence on T. 


Proof. At first, we prove that p* is a good congruence on T. let a, b e S and (ad) 
£* (bô). Then’ by Lemma 2.8, ther exists d e 6, such that a£* d. For all xô, yô € T 
(x, y e S'), if 
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[(ad) KA = [(ad) vA 
that 1s, 
(ax)jp V 6 = (ay) p V ô, 


then, since p V 6 1s a good congruence (Theorem 2.3), giving [(a)p V ôl £* [(d) p V 
Od]. we have 


(dx) p V 6 = (dy) p V 6, 
that is, 
[(dx)d] pP = [(dy)ð] p" 
and thus 


[(bd) x0] P = bA 0A] P 


The observation together with its dual gives that (ad)p" £* (bô) p*. This means that 
p” preserves L£*-classes. A dual discussion can show that p” preserves R*classes. Thus 
p is a good congruence on 7. 


We now prove that p is idempotent-separated. To see this, let x, y e E(T) and (x, y) 
€e p’. Then by [7, Theorem 1.6], there exist e, fe E such that x = ed, y = fô. It follows 
from the fact : (x, y) e p°, that (e, He p V 6 = po ô Hence for some z € S, epz 
and zôf. The latter formula deduces that z e E since 6 is idempotentpure. On the other 
hand, since p œ H* (Theorem 2.1) epz admits that eH*z, so that e = z since no class 
contains more than one idempotent. Thus edf, giving x = y. Therefore p” is idempotent- 
separated. 


Recall from [1] that on any IC quasi-adequate semigroup, the largest congruence 
it contained in #* is a good congruence. It is bovious from Theorem 2.1 that pw ıs the 
maximum idempotent-separated good congruence. The next theorem gives an approach of 
constructing idempotent-separated good congruence on S in terms of good congruence on 
_T, contained in g’. 


Theorem 2.10. Let S be an IC quasi-adequate semigroup and let p be an idempotent- 
separated good congruence on T = 5/6, contained in yp". Then H* ^ p is an idempotent- 
separated good congruence on S. 


Conversely, if O 1s an idempotent-separated good congruence on $, then there is 
a unique idempotent-separated good congruence Tt on T, contained ın u", such that o = 
Uh ae 
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Proof. Let p be an idempotent-separated good congruence on T. By Lemma 2.6, 
p is a good congruence on S. Set p= = p A u. Then p* is clearly a good congruence 
and is contained in H* ^ p. By Theorem 2.1, p= is an idempotent-separated good 
congruence on S. So, to show the direct part, it is sufficient to prove that p™ = H* A 
p. We need only verify that p* > H* mp. To see this, let (a, b) € H* Ap. Then 
(a, b) e H* and, since p œ W, (ad, bd) € u. Thus by Lemma 2.7, (a, b) € u. It follows 
that (a, b) e UNM P, giving HN P cH P, as required. 


Conversely, suppose that o is an idempotent-separated good congruence on S. 
Obviously, © œ H. Then o° = o V ô is, by Lemma 2.9, an idempotent-separated good 
congruence on T and is contained in 4 = u V ð. Now, by the proof of the direct part 


of Theroem 2.10, o* N H* = o* N u. On the other hand, by Lemma 2.6, o V ô ıs 
a good congruence on S, and so (o V ô A u ıs also good. Notice that [((o V ô ^A u] 
c H*, (o V ô A His, by Theorem 2.1, an idempotent-separated good congruence on 


S. But by Definition 2.5 and the meaning of o*, now © V ô= o* so that 
o*Nnnta=(OVANL 3-5) 


We next prove that © = o* N u (= o N H*), To see this, let (a, b) e (o V © 
M^ 4, that is, (a, b) e o V 6 and (a, b) € u. Then (ad, bd) € Oo and, since u c H5, 
aH*b. It follows from Lemma 2.7 that (a, b) € © so that (o V 6) A U c o, and so 
by (5), (60* A c o. But, since © c 4 o c (GOVAN USO thao CONN. 


Thus o = o * A u (= o* A H*®). Therefore o* is the idempotent-separated good congruence 
t which is required in the theorem. 


Finally, we prove the uniqueness of t. To show this, we only prove that 7 © H* 
c a N H* where N, 7 are idempotent-separated good congruences on T, contained in 
u’, may imply that n c m. For all x, y e S, if (x6, yd) e n, then (x, y) € ņ and, 
since 7 q H* (x8 yd) e H* By Lemma 2.8, there exists z € ô, such that (x, zZ) e 4*. 
Obviously, (x6, zô e 1 so that œ& z) e F. Hence % DE DOH CHK H* It 


follows that œ% z) e # so that (x6 yd) = (xô zô) e m. Thus 7 c m, as required. 
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ON A SEMI SYMMETRIC METRIC CONNECTION 
IN A KENMOTSU MANIFOLD 


Muxkut Mant TRIPATHI 


ABSTRACT : It is proved that the semi-symmetric metric connection in a Kenmotsu manifold 
1s a @-connection and Kenmotsu manifold is of constant curvature if and only if it 1s of constant 
curvature for the semi-symmetric metric connection in it. Moreover, if M is either a conformally 
flat Kenmotsu manifold of dimension > 3 or a Kenmotsu manifold of constant ¢-sectional curvature, 
then M becomes flat with respect to the semi-symmetric connection. 
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1. INTRODUCTION 


Let M be an almost contact metric manifold [1] with an almost contact metric structure 
($, € n, g), that is, @ is a (1,1) tensor field, Ẹ is a vector field, 7 is a 1-form and g 
is a Riemannian metric on M such that 


P=-1+nO@G nO = 1, (4 =0,n7° ¢=0 ed) 
D(X, Y) = 9(@ X, Y =- OY X, (6 X) = X) seneta) 


for all X, Y e TM. 
An almost contact metric manifold is called a Kenmotsu manifold if 
(VX ¢~) Y= nN X-X w+. (4) 
From (4) it follows that | 


VXE = @X. n. (5) 
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A linear connection V in an almost contact metric manifold M is said to be a semi- 
symmetric connection [3, 4] if its torsion tensor 


TX, Y) = VxY = VyX - [X, Y] 


satisfies 
KX, Y) = n) X- nw) Y ... (6) 
a metric connection [3, 4] if 
Ve =0 (7) 
a -connection [5] if 
V¢=0 .. (8) 


If V is Levi-Civita connection of g in an almost contact metric manifold, then putting 
Vx¥ = Vx¥ + NY) X - 8X, Y) & se (9) 
it is known that V is a semi-symmetic metric connection in M (See [3, 4)). 


Let R be the curvature tensor of V and R be the curvature tensor of V. Then R 
and R are related by [3, 4] 


R(X, YZ = R(X, YZ - AY, ZX + OX, DY - g(¥ DPX + (X, DBY ... (10) 


where 


AX, Y) = (Vx - Zex Y), (11) 


BX), Y= Vxé - Lx. 2) 


In this paper we prove the following theorems : 


~ 


Theorem 1. The semi-symmetric metric connection V in a Kenmotsu manifold is 
a o-connection. 


Theorem 2. The Kenmotsu manifold is of constant curvature if and only if it is 


of constant curvature for the connection V. 
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Theorem 3. Jf M is a conformally flat Kenmotsu manifold of dimension > 3 then 
M becomes flat w.th respect to the semi-symmetric metric -connection V. 
Theorem 4. If M is a Kenmotsu manifold of constant @-sectional curvature then 


M becomes flat with respect to the semi-symmetric metric $-connection V. 


2. PROOF OF THE THEOREMS 


Proof of the Theorem 1. 
We have 


(Vx@)¥ = VxdY - oVxY 
= VxdY + m(gY)X — (X, OYE 
~ AVY + NX — 8(X, YE 
= (Vx¢)(Y) - (NYX - 4X, VE) 
= 0, 
where (9), (1) and (4) have been used. 
Proof of the Theorem 2. 
We have 


Vx = Vxg + NX — 8X, OE 
= Vat +(X — (X)€) 
= ØX +X- n(X)¢) 
= 0, 
where (9), (1) amd (5) have been used. We also have 


~ 


(Vxn)Y¥ = Vaxn(¥) - nY xY) 

= XN) — n(Vx¥ + nX — g(X, YE 
= (Vxn)¥ + g(X, Y) ~ NX) nY) 

= g(Vx¢,¥) + (OX, @Y) 

= g(@X, Y) + gX, oY) 

= 0. 
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where (9), (1) and (5) have been used. Using Vxé = 0 = (Vxm)Y in (11) and (12) 
we get 


o(X, Y) = - 58k Y, BO) = - SX, 


and consequently (10) becomes 


R(X, NZ = R(X, YZ + Y, DX - 8X, DY). x1) 
It is known that if a Riemannian manifold is of constant curvature then 
R(X, YZ = c (Œ, DX - 8X, DY). .. (14) 


Consequently, in (13), R(X, Y)Z is of the form (14) if and only if R(X, YZ is of 
the form (14). This proves Theorem 2. 


Proof of the Theorem 3. 


Let M be a Kenmotsu manifold of dimension > 3.If M is conformally flat, then 
M is a space of constant negative curvature —1 [2]. Then from (13) we get 


R(X, YZ = R(X, YZ + (8Y, ZX - 8X, DY) = 0 
for V. Thus M becomes flat with respect to the semi-symmetric metric 
connection V. 


Proof of the Theorem 4. 


Let’M be a Kenmotsu manifold. If it is of constant ¢sectional curvature c, then 
M is a space of constant curvature and c = —1 [2]. Therefore, as in Theorem 3, M becomes 


flat with respect to the semi-symmetric metric connection V. 
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THE INFLATIONS OF THE TOTALLY ORDERED 
SEMILATTICES OF M, 


ZHANG RONGHUA, Cao CHUNHUA AND XU GUITONG 


ABSTRACT : On the base inflation of a zero matrix, we give the structure of the totally ordered 
semilattice of M,. Considering the nonnegative inflation of zero matirx, we give a metiod how 
to characterize ıt. 


1991 Mathematics Subject Classifications : 20M17 


INTRODUCTION 


Every element s in a semigroup S associates a set Z such that Z are pairwise disjoint 
and Z N S = {s}. The set V = U „Z, together with the multiplication x * y = ab if 
xE Z, y€ Z, is called an inflation of SY! ™, If S is a semilattice, in such czse, V is 
an inflation of the semilattice. 


‘In this paper, we have solved the inflation of such semilattice of Mr,n which contains 
only one idempotent matrix and the inflations of totally ordered semilattices of Mr,a. Firstly 
we have discussed such semilattice which contains only one idempotent matrix. For those 
which have discussed such semilattice which contains only one idempotent mairix. For 
those which have proper inflations, we find their inflations have a close relaticn to the 
inflation of {0} where O is the zero matrix. So we give some properties of the inflation 
of {0} in general and limited in nonnegative matirces. Finally we have solved the problem 
of the form of the totally ordered semilattice of M_, and prove that Y subsemiattice of 


Fn 


E, 0 
M- if and only if, under the isomorphism, Y is one of the subset of { F d P= 


0, 1, 2, ..., 2}. On the base of this, we give the inflations of the totally ordered semilattices 
of M.. 
En 


* The project 1s jointly supported by the NNSF of china and the Foundation of STC of Yunnan Province 
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By a groupoid (S, 4) we shall mean a nonempty set S on which a binary operation 
u is defined. That is to say, we have a mapping H : S x S — S. We shall say that (S, 
H) is a semigroup if 4 is associative, Le., If 


Veyze S(GMyYLOH=A O DE) 


We shall not in fact use this rather cumbersome notation. Following the usual practice 
in algebra we shall write (x, y) 4 simply as xy and usually refer to the semigroup operation 
as multiplication. The above formula then becomes 


(xy)z = xz). 
Mp, is the set of all order n square matrices over a nen F. Certainly, it is well known 
that on the set M, there are two binary operation “+” and “x”. For “+”, (Mp, +) is an 


Abel group. For SO_the usual multiplication on matrices, (M Bar x) is a resule semigroup 
[2]. Throughout this paper, we say matrices multiplication semigroup Mp, is (M,,, X). Also 
we write A xX B simply as AB for all A, Be Mp, 


Fn? 


An element a of a semigroup S is idempotent if a? = a. A band is a semigroup 
in which every element is idempotent. If (S, èe) has the additional property that 


(Vx, y e SOY = x, 


we shall say that it is a commutative semigroup. A commutative band is a semilattice. 
A binary relation @ on a set X (i.e. a subset of X x X) will be called a partial order 
if (1) & x) e @ for all x in X ; (il) (Vx, ye Dx y € Mand (bye WE x= 
y; i) (Vx y ze X œ ye oad Q zJ e OD ADE æ. 


Traditionally one writes x < y rather than (x, y) € @ and write x < y to mean x 
< y and x # y. A partial order having the extra property (iv) (Vx, ye XY) x < y or y 
< x will be called a total order. We shall refer to (X, <), or just to X, as a totally ordered 
set. If e, f are idempotents of a semigroup S$, we shall write e < f if ef = fe = e. It is 
a routine matter to check that < is a partial order relation on the set E of idempotents 
of S[3]. Throughout this paper, we say a totally ordered semilattice Y of M,. refers to 
a semilattice Y of M,, in which A < B (if and only if AB = BA = A) is a totèl order. 
From [2] or [4], we pee deduce the following lemma. 


Lemma 1. A semigroup S ts an inflation of a semilattice if and only if it satisfies 
the identity 


(Vx, y €e Sy = yx = xy. 


According to the lemma 1, we easily deduce the lemma 2 
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Lemma 2. For every E e E (M, (ie. the set of idempotents matrices tr. M irh 


L = {E} has proper inflations if and only if there exists E + A e M,, such that AE = 
EA = E and X = E. 


As an important base and the end of this section, we finally give three lemmas 
about the idempotent matrix in Mp, 


Lemma 3. Let A € M,,. Then A is an idempotant matrix (A°’ = A) if aad only 
if there exists an invertible matrix R such that 


E, 0 
RAR” = 
0 0 
(r = rank A, O S r <S n and E, is the identity matrix in M,. 
Then the following lemmas are obvious. 
Lemma 4. 
{rank r idempotent matrices in M, } 


E, 0 
= {R 3 o) R~“ | R is any invertible matrix in Mp} O Sr <n) 


Lemma 5. 


E 0 
E (M,,) = {R p d R'|r=0, 1,2, ..., n, R is any invertible matrix in M,.}. 


Throughout this paper, Z, is representing an inflation of the semilattice {A} for 


E 0 E 0 
any A € E(M,,). E, is the identity matrix in Mp, E, = í is and E „g= R | A E 
NXA 


~ 


R“ in which R is any invertible matrix in M, . 


1 THE INFLATION OF AN IDEMPOTENT MATRIX IN M,, 


Theorem 1.1. The semilattice {0} of M, 


„H 


(n > 1) kas a proper inflation. 


Proof. By the lemma 2 and multiplication between matirces, we find that 
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a 0 
0 0 0... OQ 

A, = lae F = Zo. 
0 0 0 0 


So the semilattice {0} of M,, has proper inflation. 
Theorem 1.2. In M,, (n > 1), {E ın} and {[E,} have no proper inflations. 


Ay, Aj 


(puting into same 
Ay; fa , 


Proof. Clearly {E} has no proper inflation. Let A = í 


partitioned matrix like E, € Zg, By solving AE, = E,„ = E,„ A and Æ = E „ we have 


A, = E.A,, = 0, A, = 0 and Aj, = 0. When n -r= 1, A,, € F and there is only 


0 
zero in F satisfying whose square is equal to zero. Now r = n — 1 and A = í a o 


So E 


na-in 


has no proper inflation. 
E, 0 
From the proof of theorem 1.2 we know that n-r22, A = 0 A E Ze, 
22 


if and only if A,, € Zoņ Since Zom- When n — r 2 2, has proper inflations, 


-1)x(n-ry° 


every semilattice {E }, when n — r 2 2, has proper inflations. 


Clearly Zg , = (RAR | Ae Z, } where R is any invertible matrix in M,,. 


So {E „} has proper inflations, so does {E „ p}. And when {E} has no proper inflations, 
neither does {E ,}. 


Up to now, we have well known every semilattice of M, which contains only one 
idempotent matrix has proper inflations except {RE,_, R~ | where R is any invertible matirx 
in M, } and {E} 


From lemma 2, we have the following two corollarys. 
Corollary 1.3. Z, = {A, B} if and only if A? = 0 = B and AB = BA = Q. 


Let the multiplication between F and M,, be 
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Aly day, ... ad, 
aay; adyn ane aa,, 
aA = 
Ad, aAa, ... Alyn 
if 
ai Gy in 
aa a lyn 
Å = 

a) a9 ee Ayn 


and a e F. Then (Mpp +, -, F) is a linear space. 
Corollary 1.4. Z, is a subspace of Mpy 


Theorem 1.5. Let F is the real number field. If Z, contain only nonnegative matrices 
and satisfies that for any A, B € Z, A + B € Z, then there exists a permutation matirx 
P such that any matrix A in PZP" can be written as 


A, 0 0 0 
Ay Åp 0 0 

Ae) ae i we (1) 
A. A, A, 0 


Avy i Ags 2 tas Å, t 0 


where for any 1 S i j St, A, satisfies that the first column is zero and the jirst row 
may be nozero but other rows are all zeros ; for any 1, A is a square matirx ; any j, 


A,,, , Satisfies that the first column is zero. 


Conversely, the set of all matrices satisfying (1) constructs a inflation of a zero matrix. 


Proof. Suppose that Z, # 0, and for any A € Z, define a mapping ¢ from Z, into 
all nonnegative natural numbers 


. g:A-—- pp 
where @, = max {the number of nonzero entries in any row of A}. Since Z, is an inflation 
of a zero matrix, for any A = (a,) wn E Ly 4, = OG = 1, 2, ... , n). Let r, = max 
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{@, | A € Z,}. Then 0 < r < n and there exists A e Z, such that @, = r,. So there exists 
a permutation matrix P such that 


O Gj o Gay O ... OF 
PAPT =|... e 2) 


Without the loss of generality, suppose that A = PAP’. 
For any B e Z, and AB = BA = 0, we deduce that a, = Os = 2.85 a gy A 


and A is written as 
a 0 
A = l a l 
Az; Any 


where A,, is a (r, + 1) x (r, + 1) matrix such that any entries in the first row are all 
nonzero except the first entry O and other rows are all zero. The first column of A% 
is zero. 


Let Be Zy Then B can be written as 


B, B 
R= í 11 d 
By, Boy 
where B is a (r, + 1) X (r; + 1) matrix. By AB = BA = 0 and the property of r, we 
have B,, = 0 and the rows in B, are all zero except the first row. Let 


B, 0 
Z = (B | @B e Z)B=|." where B,, is a (r, + 1) x (r, + 1) matrix}. 
Ba By 


Then Zó is an inflation of a (n — r, — 1) x (n — r, — 1) zero matrix 0. Similar to Zy 


if Z # {0}, any B,, in Z can be written as 


fa 0 
By Bag 
where the first row of B,, may be nonzero, other rows and the first column are 


all zero and the first column of B, is zero. By AB = BA = 0, for any B e Zə it can 
be written as 


22 
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B, 0 0 
B,, By, 0 
B3, Ba B3 


where the first rows of B,,, B,, and B,, may be nonzeros, other rows are zero and the 


Bi, and B, are zero. If we continue to do it, w= prove 
3] 32 


uP 


first columns of B p B,,, B 


the direct part of theorem. 


22° 


Conversely, it is clear. 


2 THE INFLATIONS OF THE TOTALLY ORDERED SEMILATTICES OF M,, 


Let TST" = {TAT' | A e S} if S c Mex 


Lemma 2.1. If S c Mp, is a semigroup, then S = TST" where T is any irvertible 
matrix in Mpy 


Lemma 2.2. If Y is a totally ordered semilattice of M,, there is at most cn2 rank 
r(O < r < n) idempotent matrix in Y. 


- Proof. Since Y is a totally ordered semilattice of M,, there are two cases :-A < 
B or B <A for all A, B e Y. Let rank A = rank B = r. 


Suppose A < B. Since Ae Yc E (Men) and rank A = r, there exists an invertible 


E 0 
matrix T e M, such that TAT"! = F 3} Then we can prove the lemma in TYT”. 


E 0 
But because of the lemma 2.1, we will view Y and TYT as the same. So A = i 4 


B,, Bo» 
E, O\(B, By 7 E, 0 Bı By,\(£, 0 
0 O;\B, By} (0 0) (By, ByJLO 0f 


E, 0 
Therefore, B = í 0 B } Assume B,, #0. Then rz 2 1. Sor, >r This contradicts 
22 


with r, = r. Thus, B,, = 0. This is to say, 


By, By 
€ Y. From A < B, we have AB = BA = A. Let B = . Then 
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E. 0 
B = = Á. 
0 0 
Corollary 2.3. In M,,, idempotent matrices which have the same rank can't compare. 


Lemma 2.4. If A, B e Y and Y is a totally ordered semilattice of M 


a and 
a 
r, S r, then AS B. 


Proof. Since B e Y œ E (Mp, there exists an invertible matrix T €e Mp, 
such that 


E 0 


Then we can regard B = l a n €e Y because of the lemma 2.1. Assume A.> 


' Ar Áp 
B, then AB = B = BA. Let A = . SO 
2 An 


Ay Ay E, 0 En O\/Ai Ap 
A, A J0 0) LO ojl A, 4) 


By solving the matrix equation, we have 


r E, 0) (En 0 
-AO Aj 0 0) 


So A,, # 0. Thus r, > r,. This is a contradiction. Therefore if r, < r,, then 


> 
lA 
Se) 


Theorem 2.5. Every totally ordered semilattice of M,,, is isomorphic tc one of the 
subset of 


Proof. When OS r Sr <n, 
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E, O0 E, 0 E, O\ _ E, O\(£, 0 
o ojlo o) (0 OF (LO OJLO OF 
E, 0 ee 
So ( } PIO, Vo Zra lana every subset of it is a totally ordered sem:lattice 


For any totaly ordered semilattice Y of M, , we have reason to suppose the form 


of the matrix A, which has the biggest rank r, (0 < r, < n) in Y is 


ji E, 0 
R= {o of 


r 


And the second biggest is A, , the third is A, and so on. That is to say. r, > 


r>.. eT ors Then A, > A, >... > A. Let 
l i-i l 


A A 
A, = l 1 . 
7 Ag, Ay 


where A,, and A,, are order r, and n — r, square matrix, respectively. We obtain A, = 
i~- 


, A = A Then there exists an invertible 


UIE 


Ay, 0 . o n 
0 0 from A, > A, Since AU = A 


order r, matrix T, such that 


h 


Fas 
> 
N 
tl 
fo — 
© J 
© 
Sew 


Let 


T, 0 
n=|o g) 


ie is an invertible matrix in M, And 
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T, 0 \fA, O 0 
eo OO E 


Aar 
z> 
29 
L 
li 
fs 
ra 
bry 


ee et th. ey “e T 0 
1% a =O Ba JO ojlo E, 


$ TET 0 = E, ý 
7 0 of; \0 OF 


E 0 
We find, in TYT, A, and i; are simultaneously the forms of P o) and 


E 0 
l B) A respectively. Since Y = TYT, we might as well to regard 


0 
P E, 0) , E,, 0), 
se le ett aay ayes 2 


Since A, > A,_, if we use the same method like before, we can also construct 


m] 


an invertible order n matrix 


where 7, is some invertible matrix whose function is like 7, and in TYL. 


dga) 


A 


Le 


E Q E 0 
and A, are the form of l < 5 and r o) respectively. Let’s look the 


following, 
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A ? 0\(T 0 
0 k * OJ 0 Ern 


T, A, Ty’ 


T, 0 \/E 0 oO 0 0 
= | 0 he 0 O Biz, OO Bn, 0 
0 E, J0 0 ojo 0 E, 
mak ‘i 0 0 
Es. 0 
0 0 
0 0 
0 gz, of={(% ° 
7 nmh i 0 0 
0 O 0 


E 0 E 0 
That is to say, n T,Y ie not only A, = l 0 an A,, = | 0 a but 


E 0 
also A, = í i } We might as well to regard they are these forms and in Y. 


0 


E 0 
Similarly, we can construct T, T, ... , T, such that in T To A, = e 3 


bo 0 B, 0 E, 0 4 h 
A, = 0 oF Ay = a plies A, = 0 0 . Since T YT", = ¥, they 


are these forms and in Y. 


On one hand, 
ey 0, 1, 2, 
0 slr = 


is the largest totally ordered semilattice of M,, and any subset of it is a totally ordered 
semilattice of M, . On the other hand, if Y i is G totally ordered semilattice of M,,, then 


under one isomorphism mapping, Y is one of subset of 
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E 0 
lr=0,1,2,...,” $. 
0 0 


So we have the following corollary. 


Corollary 2.6. M,, has only 2™'— 1 totally ordered semilattices, that is all subsets of 


E 0 
|r=0,1,2,...,n 
0 0 


Theorem 2.7. If Y is a totally ordered semilattice of M,,, then there exists an 


E 0 
invertible matrix T € M pn such that Y = T í 7 } be dy 2h ey EP, ST; 


except empty Set. 


eee |r and the inflation S, of Y is constructed by 


E 00 
SS Wo i 0 0 0)T". 
0 OA 
Ae Z 


Ocan Kc a-H } 


Proof. By theorem 2.5, we can suppose that 


Since 


ga (E ° 
o {0 By 


where B,, € Zo . By the lemma 2, we have 
22 (n-F xin-r } 


0 
and B,, = l 


Thus 


0 B3 


i < j. Then for all 


and 


Similary, we can 


So by lemma 1, we know that S, is an inflation of Y. 


0 
where B., 


find 


M 


© 


© 


© 
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an order n — r, square matrix. Let 


© 
© 


~ 


0 
Q| (since B, Ce Z 
0 


). 
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Corollary 2.8. Let Y be a totally ordered semilattice of Mp, If E, or TE T € 


a-in 
Y where T is an invertible matrix in M,, then Y has no proper inflation. 
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SEMI-BOUNDEDNESS OF A SECOND-ORDER MATRIX 
DIFFERENTIAL OPERATOR 


P. K. SENGUPTA 


> 


ABSTRACT : Considering the semi-boundedness of the matnx differential operator 


m= Ka q(x) 


5 | D = d/dx 
q(x) -D + p(x) 


it has been proved that there is no spectrum below C-K?, where C = Min (C, C,) and K = Max 
(K,, K) with 


xXtw 


I ty fie -at an k = iar! J 1-41 a 


5 Sac 


j = 1, 2 and w is any constant greater than zero, p (x), p,(x), q(x) are real-valued and absolutely 
continuous in [0, œ) and p, q 2 0. 


Key words : Hilbert space, Limit-n at infinity, Variational principle, Eigenvalue, Spectrum, Holder’s 
inequality. 


AMS-MOS Mathematics Subject Classifications : 34 B 25, 47 A 10 


1. INTRODUCTION 


We consider the matrix differential expression, 


2 
-D +p(x) qx) ) me eT 


Lv(x) = 
ae q(x) -D° + p (x) 


y = (Yp Y2), Pp q 2 0, p, be real-valued and absolutely continuous in [0, o) and introduce 
the differential operator T defined in the Hilbert space L? (0, œ) as follows : 
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The domain D(T) consists of those functions f = (f, f,)' in Z? (0, œ) such that 
(i) f(x), f(x) are absolutely continuous in [0, X], X > 0 
(ii) Lf(x) is an L? (0, ©) 

Gii) a, f, (0) + a, f, (0) +a, f(O) +a, fz 0) =0,j = 1,2 ee ID) 


j2 2 


Then, for f in DCT) 


p? + p(x) a f(x), 
q(x) —D* + p(x) 


a, G=1,2;k = 1, 2, 3, 4) are real-valued constants and satisfy 


Ay Ay T Ay, Ay + A A, — a, a, = O --» (1.3) 
a Ay ~ Ay a, + a, a, — a, a, = | n (1.4) 
a, 4, — 4,, a, and a,, a, — a, a, # 0 se (1.5) 


The operator T will be marked as T, or T, when the boundary condition (1.2) is 
replaced either by Dirichlet boundary condition 


f (0) = £,(0) = 0 coe (1.6) 
or, by Neumann boundary condition 
f/ (0) = f,(0) = 0 sea © 


and accordingly the problem will be termed as Dirichlet problem (DP) or Neumann problem 
(NP). 


In this paper we shall establish a lower bound of the spectrum utilising the semi- 
boundedness of the operator T, and in a similar way for T, then considering the operator 
T in limit-2 case at infinity it can be seen that the same result holds in this case also. 
Previously, in [(6), (7)] the authors considered the differential expression defined by 


M y(x) = — y"(x) + q(x) y(x), 
q(x) is real-valued and continuous in [0, œ), and introduce the differential operator 
T, (0 < œ < m) in the Hilbert space L? (0, œ) such that the domain D(T,) consists of 
those functions which satisfy 


(i) f(x) is absolutely continuous in [0, X], for all X > 0 
Gi) Mf(x) is L (0, ©) 
(i) f(O) cos œ + f(0) sina = 0 
Then, for f in D(T,) 
. Tf = Mf 
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The object of study of these papers was to achieve the operator T, to be bounded 
below. For which the necessary condition is that T, is to be self-sadjoint. As we know 
the limit-point case ensures T, to be self-adjoint ; to make M[.] in the limit point case 


at oo, the restrictions on q were taken as 


(i) q(x) is L?(0, œ) for some p 2 1 in [7] and 


Xtyw 


(ii) f | q(x) | dx is bounded for all x in [0, œ), for fixed œ > 0, in [6] 


y 


In [7] it was shown that the lower bound for T, is — k(p), where, 
k(p) = (2p - 1) 2-e-Ne-Dp ann ty f | q(x) [Pdx)” 
0 


while for œ # 0, the spectra of T, has atmost one point below — k(p). 
In [6] the operators were shown to be bounded below and obtained the lower 


bound ~ k = C — K?’, for T, or T» where 


xrew Xe 


= sup ( f |l q (t) | dt), C = Lt w f q (t) dt) 


QS.x<00 


while for œ in the open ranges (0, 7/2) or (7/2, 7) there is atmost one point in the spectrum 
of T, below —-k. 


To make our problem limit-2 case at infinity, we assume the restrictions on p,(x), 
p(x), q(x) as in [12], which states that : 


For N(x) be a positive, absolutely continuous function of x satisfying 


ite] 


O f INGO}? dx diverges . (1.8) 
0 
Gi) lim SUP N’ (x) [N(x)]}*” exist finitely, ... (1.9) 


then if p(x) > -k, N(x), j = 1, 2 ; 1q(x)| < k, N(x) hold for all positive k,... (1.10) 


M[.] is in the limit-2 case at infinity. 
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Clearly, this result holds for N(x) = O(x*), 2 = k > —2 and (1.10) implies | p(x) 
— q(x) | = O(x*), 2 2 k > -2. For, k = positive, there are constants w and k, where 
w > 0, such that 


xt+Ww 


| [p@—- qt) | dt < k, j = 1,2 ... (1.11) 


for all x in [0, œ). For k = negative, 


| p(x) - q(x) | E L? (0, œ), j = 1,2 a (1.12) 
for some p 2 1. 


2. SPECTRAL CLASSIFICATION 


Let T be a self-adjoint operator defined on a manifold D, which is dense in # 
We consider the equation 


Tf- ìf =g 


where À is a complex parameter. We denote the range of the operator T — AI by A, (A) 
and is defined by A. (A) = (T — ADD,- Thus the operator T - ÀI gives rise to a correspondence 
between D, and A, (A). The correspondence is one to one when the operator (T — Al) 
has an inverse operator (T — AD“ with domain A, (A) and range D. 


We say that À is a regular point of the operator T if (T — AI! exists and is bounded 
operator defined on the whole spece H. The collection of all regular points of T is called 
the resolvent set of T and denoted by p(T) and since T is self adjoint, Ac p(T) if im 
à # 0. The complement of p(T) in the complex plane is called the spectrum of T and 
denoted by o(T). Thus all points in o(T) are real and also it is known that o(T) is a 
closed set, both on the real line and in the complex plane, so p(T) is an open set on 
the plane. 


The operator R, = (T — ÀAI)', which depends on the parameter À, is called the resolvent 
of the operator T, and is defined for all values of À for which it exists and for which 
its domain of definition A, (A) is dense in #H. 


With the resolvent operator defined for all A in the complex plane we have the 
following classification of points in p(T) and o(T) in terms of the resolvent operator R, : 


Sem1-Boundedness of a Second-Order Matnx Differential Operator 9] 


(A) à e p(T) if and only if R, is a bounded operator defined on the whole 
of H. 


(B) à e pocT) if and only if R, is a bounded operator defined on a set which 
is not dense in H. 


(C) à e CorT) if and only if R, is an unbounded operator defined on a sez which 
is dense in H. 


(D) A e PCo(T) if and only if R, is an unbounded operator defined on a ser which 
is dense in H. 


[This refers Akhiezer & Glazman' Chapter IV, §43 and Chaudhuri & Everitt’, $4). 


3. PRELIMINARIES 


We state below some useful results in order to use them in the limit-2 case of the 
operator T and T, (or T,). 


Let @ (x, A) = (u, (x, A), v(x, A))', r = 1, 2 be the boundary condition vectors 
of (1.2), solutions of 


TOO AO BL) 
and satisfy 
u, (0, A)=-a,, uwi(0, A) =a, 
v (0, 4) =-a,, vi, A) =a, (r = 1, 2) n 3.2) 


There are two more solutions of (3.1), 0 (x, A) = (x(x, A), y, (x, A), r = 1.2. which 
are not unique, d=termined by : 


x, (0, A) = (-1)#'a,, x, (0, A) = (-lka, ! 
y, 0, A) = CI ap, yk (0, A) = -l1)ka, 
[when k = 1, ¿= 2 and when k = 21 = 1 ; see (11), §2] 


It has been proved by Chakravarty’ that (3.1) has atleast two linearly independent 
solutions w(x, A; and w,(x, A) belonging to Z? (0, ©) given by 


... (3.3) 


vO) = 60% + MAAC], 2) n. 84) 
yaf 


for àe p(T), the resolvent set of the operator T. 
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In the case of the operator T,, the two square-integrable linearly independent 
solutions are 


2 
W(x) = 6, x, A+ Ym, A (& A), (= 1, 2) io) 


s=l 


À e p(T) the resolvent set of the operator T, where ĝ, (the boundary condition 


vector of (1.6)), Ô, r = 1, 2 satisfy initial conditions at x = 0 


: iy 2. 0 
ġ (0, À) i o) , ĝi (0, À) = (o) 


Ş 0y . 0 
$, (0, A) = i , $,(0, A) = fo) 


: : 0\ . i, 0 
(0, 4) = 6,(0, A) = H 6/(0, A) = h 6;(0, A) = a .. 37) 


isa (3.0) 


4. AN USEFUL LEMMA 


Here we establish a result regarding the lowest eigenvalue of the Neumann problem 


Ly(x) = À y(x) » (4.1) 
in an interval [a, b] and the boundary conditions are 
yj (a) = ya) = 0 

yŒ) = y4) = 0 aaa 


using a method of Kato’, modified by Eastham’. 
Lemma. For the DP or NP the lowest eigen value A, satisfies an inequality 


G+G | 


= 1,2 1 (43 
5 (4.3) 


| Lf! 
Min [C,- 7(J 1p, -a~ C, lav} sa, < 


1 b ; 
where C, = a | (P, - q) dx, j = |, 2. 
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` Proof. Using Ritz variational principle, we have for the Neumann problem 


x = Min PAR +h +h +2 f + pf; ax (4 4) 
i Je (F? + fê dx i 


The minimum being taken over all real-valued functions f(x) = (f (x), f(x). where 
f(x), f(x), are continuous and piece-wise smooth in [a, b]. The right hand ineqaality in 


1\ 5] 
(4.3) follows on choosing f(x) = ef i or ef j! where k be any constant. 


Let w(x) = (y(x), (y,(x)) denote a real-valued normalized eigenvector corresponding 
to A, for the NP and let h(x) = (h (x), h,(x))' be any real-valued, continuous and piece- 
wise smooth function in [a, b] such that 


h(a) = h(b) = 0. ... (4.5) 
Then 


il 


b 
w= f tu? + w? +p yit 2qy.y, + p,wildx 


I 


b 
[ (wi + hy? + (ys + hy? +, h) yw? + (p, — WB) WF dx 
b ; : b 
ue) i (hw, wy + hw, yw.) dx + 2 f qy y,dx 


b 
=, (P, -q hm + hh) w+ @,-a- A + h)yzldx 


using (4.5) and the fact that q 2 0. 


So that 
A,2 Min [Inf (Pp -q- h + A), j= 1,2 ... (4.6) 
asxsb 
we choose h, (x)= -f (p, (x) — q(x) — C }dx ... (4.7) 


Clearly h,, h, satisfy (4.5). Then (4.6) can be expressed as 


dy 2 Min [C - Sup a) (p, - q - C)dx)’], j = 1, 2 .. (4.8) 


asxsb 
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Now let Q(x) = p(x) - qa) -C, j = 1, 2 
then by (4.7), 


f Q(x)dx = 0, j = 1, 2. 
Writing these as 
t b 
j Q(x)dx + f Q(x)dx = 0 
we have, 
t a b 
2 f Q(x)dx = f Q(x)dx — j Q (x)dx 


so that 


-f 1 Q(x) | dx - [1 QO) Idx < 2f? Qoodx < f° 1 QW | dx + fo Q0) | dx 


TE dx < P Qmwax s +f" d 4.9 
ie. - > 1 Q@) Idx < J” Qoodx s >] 1 QC | dx a (4.9) 
Utilising (4.9) in (4.8) we obtain the left hand inequality of (4.3). Again since 
b b 
J lp-a-CGle&xs2] ip-aqidj=1,2 
we can write from (4.3) 


l | 
% 2 Min [C- | |p -q] dx], j= 1,2 ... (4.10) 


5. PROOF OF THE MAIN THEOREM 
Theorem. For the case (1.11), let 
OSx<co 


AtW 
O SW | 1 poo -q0 | dx = Kj = 1, 2 


(ii) K = Max (K, K) 
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OEx<00 


Git) C= ef (= f p00 -aw | dx}, j= 1,2 
Ww #2 


(iv) C = Min (C, C) 


Then DP or NP, there is no spectrum below —k, where k =K? — C, the same result 
holds for the operator T problem also. [Compare Naimark”® corollary 4, § 14.11]. 


Proof. We divide up [0, =) by the points 
nw, (n = 0, 1, 2, ...,) 


Let à (N) denote the least eigenvalue associated with DP in [0 Nw], N is an integer 
which we shall let tend to infinity and u(n) denote the least eigenvalue associated 
with NP in [nw, tn + 1)w]. Now following as in Th. 7.2(i), Chakravarty and Sengupta’ 
we obtain 


> in Ue 
AN) > Min u) 100) 
and applying (4.10) to (n) we find 


AN) 2 Min (C, - KÝ, C,- Kz) =—k 4042) 
holds for all N. 


It is known from Chakravarty’ that m, (A), (r, s = 1, 2) as defined there, have poles 
on the real axis and that they are all simple ; from these and (5.2) it follows that all 
m, (A) for T, or T,, are regular for Re A < — k. It can be proved in a similar way as 
in Das and Banerjee’, Theorem I that all m (À) are regular only when À belongs to the 
resolvent set of T, (or T,). The set of spectrum is the complement of the resolvent set 
and hence the spectrum of Tp or Tp is bounded below by — k. 


To prove the last part of the theorem, first we consider the operator T in the 


T 
limit -2 case at infinity and show that all M_(A) exist finitely for Re A < — k. 


From (3.4) and (3.5) we see y (x, A) and wy,(x, A), r = 1, 2 are the two sets of 
square-integrable colutions in (0, œ) for the T problem and T, (or T,,) problem respectively 
and since both the problems belong to limit-2 case at infinity there exist constants a, 8, 
y, ò independent of x such that 


Ww, (x, A) = aw, (x, A) + BUX, A) 
. (5.3) 


W, (x, À) = YW, (x, À) + OW, (x, À) 
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Applying initial conditions (3.2), (3.3), (3.6) and (3.7) to these equations we obtain 
following eight equations (compare Majumder and Das’, § 4). 
aM, + a,,M,, + ma + m,f = a, 


aM, + aM, + mMm + mp = ay, 


a,M,, + a,M,, - 0 = a, 

a, M,, ii a,.M,, w P = a, 

a,,M,, + aM, + m,y + mô = -a,, 

aM, + aM, + mY + m6 = -a,, 

aM, + aM, y = edj 

a „M, + a M, — 6 . = ~a,, .. (5.4) 


Since these eight functions M_(.), (r, s = 1, 2) and a, p, y, 6 can be determined 
uniquely, the rank of the co-efficient matrix in the equations (5.4) should be non-zero. 
Whence it follows that A not equal to zero. Therefore, as the poles of m, (A) occur only 
when Re A 2 — k, the poles of M (A) cannot occur for Re A < — k. 


Corollary : For the case (1.12), the spectrum associated with the problem T, 
(or T) are bounded below by — i where 


I, = Qs - 1) {26 - DF% -9s -Max fp - qj = 12 a 65) 


with | f= CLEP 


Proof. We first prove (5.5) for s = 1. From the expressions of K,, K, as given 
in the Theorem, we find 


K? -C <| p -ql +w lp -al j=1,2 
so that the spectrum of the problem T, (or T ) are bounded below by 

-Max{Ip-qi?t+twiip-qi}j=t 2 
and as w — œ the lower bound turns out to be 

- Max {|| p -q l7} j= 1, 2 


Now for s > 1, we introduce h such that is + s = 1, to utilise the Holder`s inequality 
S 


to obtain 
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K? -C <| p -4q l, p,- al, +7 
< || p -q i w” (w" + Ip, -ad + w) 


wli p -ql + w Ilp -ak 


fo j= 1, 2 
Thus for the problem T, (or T,) the spectrum are bounded below by 
- Max [I p -q i w* Il p -aql +w j= 1, 2 ue 1950) 


Now the expressions {2(s — 1)” -7 | Pp -q |, “3, j= 1, 2 for w minimizes 
ll p-q Il, (w || p -q l + ws), j = 1, 2 respectively. Substituting these expressions 
for w in (5.6) we find that 


lL = (2s — 1) {2(s - I)" "8 —! Max [l p -q j= 1, 2 


This paper is the outcome of a talk given at the International conference on Functional 
Analysis with Applications, December 16-19, 1996 held at the department of Mathematics, 
A.M.U. Aligarh, Incia under the assistance of U.G.C-D.S.A-COSIST. The author expresses 
his indebtness to the authorities. 
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1. INTRODUCTION 
Definition 1. [1] An entire function f is said to be of M-bounded index if and only 
if there exists an integer N such that . 





M, (7) < max [= Mr mt) for all r > 0 and for all integres n > 0, where 
J! 


E 


EF |} for all n 2 0, fOQ) = fz) and Mr) = M(). 


il 


M (r) = is J= 

The least of such integers N is called the M-index of f. It was shown [1] that an 
entire function f is of M-bound index if and only if f is of exponential type, i.e. f is of 
order 1 and finite type or f is of order less than 1. 


Definition 2. Let X be a vector space over the field K. A paranorm on X is a function 
g : X — R which satisfies the following axioms : for x y e X, (i) (0) = 0, (ii) g(x) = 
g(—x), Gii) gœ + y) < gx) + g0), and (iv) A > àp x — x, imply Ax > A,X, where 
À, A, E K and x, ex. 
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Definition 3. We define a generalized FK-space X as one which satisfies the following 
conditions : 


(a) X is a linear space over the field of real or complex numbers and that elements 
of X can be expressed as real or complex sequences. 


(b) X is a locally convex topological linear space in which the topology is given 
by a countable family of paranorms {p }. 


(c) X is metrizable and as a metric space (the metric which induces the locally 
convex topology) it is complete. 


(d) If {a@,} is a base for X so that for x € X, x = b, W, 


mM: 


ti 
wnt 


then >, (x) (n 21) are continuous linear functionals on X. 
§2. Throughout this paper we shall adopt the following notations : 


B, = (f: f is an entire function of M-bounded index} 


oO 


Throughout we shall take f(z) = 2 az’, unless otherwise stated. 


n=O 


X = A fixed monotonic increasing sequence of positive real numnbers x, such that 
x —> œ as i — o, 


Theorem 1. B, is a generalized FK-space. 
Proof. Addition and scalar multiplication in B, are defined as follows : 
F+ giz) = Az) + g(z) and ANR) = Az), Ae ¢. 
Since (f + g), Af e B, [4], it is easy to see that B, is a complex linear space. 
The zero element of B,, i.e. fz) = ` az" where a, = 0 for all n, will be denoted by 


n=O 
0”. We consider the sequence {a } in B4, where @ = z", n = 0, 1, 2... Then the sequence 


{a, jis a basis for B, since for any f e By we can write Rz) = X a (f)z" where 


n=0 


= d” 
a, P) = HE 


z=0 
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Again if fa, y be a sequence of complex numbers satisfying the condiions : 








n=0 
(1) lim|a,/* = 0 
nao 
(2) lim sup er < 
ma? ioga] 
(3) If lim sup n DEN = 1, and — l an sup nla, ¢ < oo, then f{z) = 5 az= By 
jis —logia, n=% n=0 


Here the condition (1) ensures that f is an entire function whereas condition (2) 
tells that order of f is < 1 and condition (3) states that if the order of f is 1, then its 
type is finite. Conversely any function fe B,, will satisfy the conditions (1), (2) ard (3). 
So, f €e B,, can be expressed as a sequence of complex numbers : {a,(f), ... , (@,©),..-}, 
satisfying the conditions (1), (2) and (3). 


Let us now define a countable family of paranorms in B,, as follows : For à € X, 
pet Mle 2. eee 


fs, | = x sup flao], la|” ‘n= 1, eae 
Consequently B, becomes a locally convex linear topological space in which the 


locally convex topology is induced by the family of paranorms Ih Pe 12,5. (3). 


Let us now define 


oo 1 Xi; 
Ifl= > ar fel ] and d(f g) = |f-gl, f g e B,. 
i=] 


The topology induced by the metric d is the same as induced by the family of 


paranorms j||..,x,| : i = 1, 2,...}. Consequently, B, is metrizable. 


We now show that the metric space (B,,, d) is complete. Let { i be a Cauchy 


m=! 


om 


sequence in (B,,, d) where f, (z) = > a™ 2" for m = 1, 2, ... Then for ary given 
n= 


€ > 0, there exiscs a positive integer N such that 
df, f) < e for all m, n 2 N. 


t 
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i.e. x = a-hin e for all m, n 2 N. 
i=] 1ta m has x| 
1€. 
(4) (1 — Xe) x, sup llag eae as”, la™ — a)’ a ee Dube XVe for all m, n > 
N and-i 2 1. 
Hence 


(1 = 2e) xla aP] < 2 





(5) and for all m, n 2 Nand ij 2 1 


a — 2g) x a” — a’ < Y's 








We fix i and choose € such that 27'e < 1. Now we fix j and consider the sequence 
qa aP 
Can Pare 


Due to (5) this: sequence will converge to a limit, say, a, l.e. 


(6) lim gh = a, Ja 0, 1, 2, 


m% a, 


Let f(z) = Ș, agi. We now show that fe B, and f — fas m > œ. 


J=9 
From (6) we have. for any € > Q, 


a” —a,| < e for all m 2 N and j 2 0 





which implies that 
O laf” < la! + © for j è 0. 


‘ ] 
Since am any = 0, we have from (7) him la ) i? = 0. Hence f is an entire function. 
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We next show that f is of exponential type. Now, from (7), it follows that 


ae l i] 
lim sup JMJ < lim sup -Ari 
j- —Inja, je —Infa‘ | 


= order of f <1 [ . f, € By] 
Hence the order of f < 1. Now, if the order of f = 1, then the order of f = 1. 


1. 
Hence 7 ees ila = type of f, < oe. Therefore from (7) it follows that f is of 


finite type when its order is 1 and consequently fe B,,. Now, we show that f, — f as 
m — œ in (B. d. In (4) we fix i and choose € such that 2’e < 1 and making 


n — co, we obtain 
2'E 
1-72'e 


and for each i > 1 i.e. | f,- Taj < e for all m > N and for each i,which implies, 


= € (say), for all m 2 N 





(m) Ae 
a” -a| eped, 2,...}< 





{m} 
x, sup las - Ap), 


oe 2 
a X 14+1F,- fs, 


i.e. df, f) > 0 asm > œ. Hence f, > fas m > œ in (By, d. 


Thus B,, is metrizable and as a metric space it is complete. 


y | lin - f;x | 








Let f e B, and f(z) = >. a(z". We now show that the mappings. 6, 
n=O 
B„ > ¢ defined by 0 (/) = a, (f), n = 0, 1, 2, ..., are continuous linear functionals. 6, 
are obviously linear functionals on B,. Since B, is paranormed linear space, it is sufficient 


to prove the continuity of @ at zero element of B,. Let f i, = be a sequence in By 
p= 


such that Í, => 0" as p — æ, where Í, (z) = >. Ò, z". 
n=O 


; wm 1 a 
Then, df, 0°) < € for all p 2 p, Le., 2 ne < € for all p 2 p, 
which implies 1 ffx < £ for all p 2 p, and i = 1, 2,... 


2 Tf 
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ie, (1 — 2€) || f, ; x I| < 2e for all p > p, and i = 1, 2,... 
Fixing i and choosing € such that 2'e < 1, we see that 
x, sup {0 C) 1o, O) |A: n= 1, 2...}< €e for all p 2 p, and for each i 2 1, 


which implies that > is continuous at 0* for each n 2 O and consequently 6. is 
continuous on B, for each n 2 0. Thus B, is a generalized FK-space. 


Theorem 2. Every continuous linear functional @ on the paranormed linear space 


au, where f(z) = py az 


k=0 


m: 


(B,, oll; x] : i = 1, 2, ...) is precisely of the form ọ (f) = 


k 


ji 
O 


and {4} is a sequence of complex numbers such that (a is bounded for each i. 
k=0 


x 


i 


Proof. Let @ be a continuous linear functional on the space (B,,, || ... ; x, |) and 
so there exists a positive constant M such that 


lo 1s Mf; x | for all fe B, andi = 1, 2,... 


oo N 
Let fz) = $, az e (By l- xD and AO = Ñ, azt, N = 1, 2, ... Evidently, 


k=0 k=0 
fE (Buo || -3x ID for each N = 1, 2, ... Let o(z‘) = u, Then the numbers u, are 
uniquely determined 9. 








W YW 
Now, || f- fys x = 2, sup Slava anal] 
Since in as a 0, we have l f-f, x || 0 as N — œ for each i = 
1, 2, ... Hence {f,} converges to f in (B,, |[...; xl) and so by the continuity of 4, 


N N 
of) = 6( lim fy] = limo) = lim [Za = lim >» a,o(z*) 
N—yoo N—}oo N00 10 N —yoa T0 


i N in 
ie pay aH, = 2 ay, 


k=Q k=0 


Now |}, 1=16@) |< M] 3x | = Mx 
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Hence (a is bounded for each x. Conversely, let the mapping 
k=0 


od: (B, J... xD > ¢ be given by o(/) = 2 a4, where the sequence (z is 


k=0 F 


bounded for each i. 


Since X | a, | is convergent and [a is a bounded sequence of complex 
x 
k=0 


k=0 t 


numbers, it therefore implies that 5 aH, is convergent and ¢ is well-defined. Evidently, 
k=0 
ò is a linear functional. 


(vi: 


Now, for every fe (Byl; xD, 10 O1s È | ap, | < Mx 
k=0 


i 


< œ for each i. 
Hence @ is continuous. 


$3. Definition 3 [2]. If X is a locally convex topological vector space, then a set 
œ X is said to be total if and only if ọ e X’, such that o(A) = {0} imphes that 
= 0, where X’ is the dual space of X. 


A 
È 


Lemma. If G be a non-empty subset of ¢ and f{z) = > arte (Be hc x) 


n=O 


then f(z) = 2 az e (Byll xl) for any à e G. 


n=0 


Proof : Since f e (B-l; x|) we have 


(i) Emjaj“ = 0, qi) lim sup ZIER <1 and (ii) if im sup 7108" _ 4, then 
rə% lo g a,,| mo å logia, 





! tim sup nla fr 
Hn 


e hegoa 





< o, 
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: n|% . 
Now, for A € G, lim 4,2" = A au 


la,“ = 0 BY ©) 
Hence f, is an entire function. 


lim sup __“logn 
ne —Jogla,| |A|” 


il 


Also the order of f, 


ll 


lim sup ___nlogn č <1 (BY Gi 
"e —Jogla,|—nloglA| . a 


nlogn 





Again, if lim sup e m = 1, then 

= ogla, [a 
Liim sup pla a'f = Éllim sup pla <c By (ii) 
g no% e n—oo 


Hence, f € (B,,.ll...; xi) for any A e G. 

Theorem 3. Let fe (B,,,|...; x) with a, # 0 for all n > O and G be a subset 
of ¢ containing at least one finite limit point. Again let A = {f/ à e G} where f, is 
defined as in-the lemma. Then A is total in (B, |l|...; xI). 

Proof : By the lemma we have A q B, Let ọ be a continuous linear functional 
on (B, ,||...; xi) such that (A) = 0. 

Now by theorem (2), there is a sequence {u} of complx numbers determined by 
o, such that 


x, 


$e) = Ý bu, where gg) = > bz e B, and jal is bounded for each 
n=0 


n=O n=O 
x. Then, for every A €e G, 


oo 


D) = y ap A" = 0. Let L(z) = py a 2". 


a=0 n=O 


Now, we show that L e (B-l xJD. 
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Since [a is bounded for each x there exists a positive constant M such that 


1 n=0 


z 


|u| < Mx, for all n and for each x. 





_ Hence, la, LL, ae (Mza, 





‘) for all n and for each Ks 


” = 0 and consequently L is an entire 


Since limla, |” = 0, it follows that lima, 4, 
noo n—> 00 











l 
function. Again, since f e B,,, from (2) we get lim sup sed “ALA 
N—poo —logla a 
. l 
Hence, the order of L = lim sup PRAE LR < lim sup s (2-11 a 
noo = logļa, LL, | N00 —log|a,|—log Mx. 
= am tsup nogu 
~logla,| — 
Now, if lim ape a = 1, then lim sup nlogn z 
noe —logla, 4y! nso ~logia,| 


and hence from (3), we have 


ee a ee 
— lim supn la, |” < œ which implies that 
g Fi Suur drasd 


Me 





2 lim supnla, LL, < œ and consequently it follows L e B,. 
€ Noo 


Also L(A) = 0 for all A e G. This implies that L(z) = 0 since G contains a finite 
limit point. Hence at, = O for all n and as a, # O for all n 2 O, it therefore follows 
that u, = O for all n 2 0. Hence 6 = 0. This completes the proof. 
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ON THE SECTIONAL CURVATURE OF THE HYPERBOLIC 
KAHLERIAN MANIFOLDS OF INDEFINITE METRIC 


RAINA IVANOVA 


1. INTRODUCTION 


The manifolds of indefinite metric have been studied in the last two decades. In 
1979 Kulkarni [1] considered the connected manifolds of indefinite metric and proved that 
if the sectional cucvature of such a manifold is bounded from above or from below, then 
the manifold is of constant sectional curvature. In 1982 Barros and Romero [2] studied 
the manifolds of indefinite Kahlerian metric and proved that these manifolds have the same 
property. Kassabor and Borissov [3] proved a similar result for the Kahlerian manifolds 
of indefinite metric. We have considered the hyperbolic and the almost hyperbolic Kahlerian 
manifolds of indefinite metric recently [4]. In the present paper we study the holomorphic 
sectional curvature of the hyperbolic Kahlerian manifolds of indefinite metric. Some 
conditions for that kind of manifolds to be of constant holomorphic sectional curvature 
are found out. 


2. PRELIMINARIES 


Let M be a pseudo-Riemannian manifold with an indefinite metric tensor g and a 
structure J. Let 7,(M) be the tangent space at a point p e M and X, Y e TM). 


Definition 2.1. The pesudo-Riemannian manifold (M, g, J) is called a hyperbolic 
Kahlerian manifold if the metric tensor g and the structure J of M satisfy the properties 


P = id, g(JX, JY) = -9(X%Y), VJ = 0 
with respect to the Levi-Civita connection V. 


The dimension of any hyperbolic Kéhlerian manifold is an even number. 
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Let M be a 2m—dimensional hyperbolic Kahlerian manifold and R be the curvature 
tensor of M. Then R has the properties : 


1. R(X, Y Z U) = - R(X, -X, Z U), 

2. R(X, Y Z U) = -'R(X, Y, U, 2), 

3. R(X, Y Z U) + R(X Z, X, U) + R(Z, X, Y U)= 0, 

4. R(X, X Z U) =- ROX, JY Z Ù, 
The ia equation implies R(X, Y Y, Z, U) = — R(X, Y, JZ, JU), 


Definition 2.2. Let x, y be tangent-vectors at a point p e M. The pair {x, y} 1s 
said to be an orthonormal pair of vectors of signature (+, —) if 


g% y) = 0, gx, x) = 1, g0, y) = 
Pairs of signature (+, +) or (—, —) can be defined analogously. 
_ Definition 2.3. The plane © is called holomorphic if © = Jo. 


Definition 2.4. The plane o is called antiholomorphic if o L Jo, o + Jo#Jt means 
‘that © is a holomorphic plane if and only if o has a basis {x, Jx} and o is se 
one if and only if it has a basis {x, y} so that ne 


g(x, y) = g(x, Jy) = 0. 
Definition 2.5. The pair {x, y} is antiholomorphic of signature (+, —) if 
ae x >0 gy y <0 gu WY=8% =O 2.) 


We can define antiholomorphic pairs also of signature (+, +) or (—, —) in a similar 
way. 


Definition 2.6. A 2-plane © is called nondegenerate if the restriction of the metric 
g on © is nondegenerate, i.e. its rank is 2. 


The sectional curvature of a nondegenerate 2-plane with a basis {x, y} is defined 
by the equation . 
R(x, y, y, x 
8(x,x)g(y,y)— 8 (x,y) 


We denote K(x, y) = K(O) in case © is a nondegenerate 2-plane with an orthonormal 
basis {x, y}. In particular we denote 


A(x) = K(x, Jx) 


if x is unit vector, i.e. g(x, x) = 1 or g(x; x) = -1. 
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Definition 2.7. The manifold M is said to be a manifold of constant holomorphic 
sectional curvature 4 if the curvature of an arbitrary nondegenerate holomorphic 2-plane 
o in T, (M) is constant, i.e. it does not depend on ©. 


As in the case of a definite metric, M is of constant holomorphic sectional curvature 
if and only if the curvature tensor R has the representation 


R = a(n, + 1), -D 


where 
T y z u) = gtx, u) gy 2 — a z) 8O, u), 
T(x Y z u) = glx, Ju) gz) - g(% Jz) gQ, Ju) + 2g(x, Jy) gz Ju). 


If M is a connected manifold, then u is a global constant of the manifold. In the 
present paper we consider connected manifolds. 


3. TWO SUFFICIENT CONDITIONS FOR M TO BE OF CONSTANT 
HOLOMORPHIC SECTIONAL CURVATURE. 


Proposition 3.1. Let M be a 2m-dimensional hyperbolic Kahlerian manijold of 
indefinite metric, m 2 2. If for any antiholomorphic pair {x, y} of signature (+, —) we 
have ' 


Ka Jx, Jx, y) = 0, . a GB) 
then M is of constant holomorphic sectional curvature. 


, Proof. Let -x, y}be an antiholomorphic pair of signature (+, —), where x, y are unit 
vectors in T, (M), p€ M. According to (1) for any ¢ |t| < 1, the plane {x + ty, x +y} 
is antiholomoprphic of signature (+, —) too. Having (3) in mind, we get 


R(x + ty, Jx + tly, Jx + ty, tx +y) = 0 
and then we obtain 
[Hœ + K, y) + 3K(x, Jy)] + SLAG) + K(x, y) + 3K(x, Jy)] + 
| (3 + 1) RO, Jy Jy, F) = 0. 
This equality implies 
H(x) + K(x. y) + 3K(x, Jy) + PIHO) + KOs y) + 3K, Jy)] = 0 4 
R(x, Jy, Jy, x) = 0 we (9) 


112 Raina Ivanova 


for |t] < 1, t # 0. Therefore by continuity the. equation (4) holds for any t, 
|¢| < 1. Putting t = O into (4), we obtain 


H(x) + K(x, y) + 3K@, Jy) = 90. 


Using the substitution y —> Jy and subtracting the last two equations, we find 


K(x, y) = KG Jy) ... (6) 
H(x) = -4K(x, y). cer T) 

Then we get from (4), (6) and (7) 
H(x) = HO). ... (8) 


* 


In the case m = 2 we put A(x) = u and take account of the equations (3), (5), 
(6),(7),(8). In such a way we obtain the representation (3), which proves the Proposition 
3.1. 


Now let m > 2 and x, y€ T (M). We choose a-unit vector z € T, M), such that 
the span {x y, z} is antiholomorphic. 


The relation H(x) = H(y) = A(z), which follows from (8), means that (8) holds also 
in the case when the pair {x, y} is antiholomorphic of signature (+, +) or (~, —). Analogously, 
(8) holds also for arbitrary unit vectors u, v in T, M). Indeed, if x is an unit vector in 
T (M), chosen so that {x, u} and {x v} are antiholomorphic, according to (8), we obtain 


H(x) = HO) = HK), 
and the proof is completed. 
Remark 3.2. Proposition 1 holds also in case the signature of {x, y} is (—, +). 


Propostion 3.3. Let M be a 2m-dimensional hyperbolic Kahlerian manifold of 
indefinite metric, m > 2. If for any antiholomorphic span {x, y, z}, g(% x) > 0, 
ety, y) < 0, we have 


R(x, y y» 2) = 0, ... (9) 
then M is of constant holomorphic sectional curvature. 


Proof. Without any loss of generality, we may assume that the signature of M is 


(— —, -, n +, +, +,...). Let {x, y} be an arbitrary antiholomorphic pair of signature 
(+, -) at a point p e M. One can choose the vector z e T (M), such that the span 
{x, y z} is antiholomorphic of signature (+, —, —), i.e. g(z, z) < 0. It is possible to find 


t t #0, so that the antiholomorphic pair {x + tz, tJx + Jz} is of signature (+, —). Having 
(9) in mind, we use the equation 
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R(x + tz, tJx + Jz, thx + Jzy) = 0 
for both cases t and —t. Then we sum the obtained two equations up and get 
R(x, Jx, Jx, y) = 0. 
According to the Proposition 3.1, M is of constant holomorphic sectional curvature. 


Remark 3.4. In case of an appropriate signature of M, the signature of the pair 
{x, y} can be chosen (+, +),  —-) or GC, +). 


Remark 3.5. In case of an appropriate signature of M Proposition 3.3 zen be 
formulated also for the antiholomorphic triples {x, y, z} of signature (+, +, +), (+, +, —) etc. 


4. HYPERBOLIC KAHLERIAN MANIFOLDS OF CONSTANT 
HOLOMORPHIC SECTIONAL CURVATURE 


Theorem 4.1. Let M be a hyperbolic Kahlerian manifold of indefinite 1 etric, 
m 2 2. If for any point p € M there exists a constant c(p), such that for any unit rector 
xE T M) the holomorphic sectional curvature H(x) satisfies the inequality 


| A(x) | < cp), ~- (10) 
then M is of consiant holomorphic sectional curvature. 


Proof. Let {x, y} be an arbitrary orthonormal antiholomorphic pair of sizmature 


(+, —) at p e M. Fors |t| < 1, the vector o is a unit vector and then (10) implies 
— f 





nesa R(x + ty, Jx + tly, Jx + thy, x + D| < ep), 


i.e. we have 
| Hœ) + 4tk(x, Jx, Jx, y) — 2? [Kœ y) — 3tK(x Jy)] 
~ 4PR(x, Jy, Jy, y) + HO) | < cep) A — PF. se GD 
Changing ¢ into — t in (11) and subtracting the results, we obtain 
| H(x) — 2° [K(x y) - 3K, Jy)] + tH) | < cp) Q - PF. s (12) 
From (11) by continuity (for t = + 1), we get 
H(x) + 4tR(x Jx, Jx, y) - 20 [K(x y) — 3K(x, Jy)] + 4tR(x, Jy, Jy, y) + tH = 0. 
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The last equation implies 

R(x, Jx, Jx, y) + RO Jy Jy, y) = 0. rein CLS) 
Putting (13) into (11), we get 
| Hœ) — 28 [K(x y) — 3K(x, Jy)] + 

41 — © Rx Jx Jx y) + HO) | S cep) (1 - FY. ... C14) 


Now, we can obtain from (12) and (14) 


| Rœ, Jx Ja y) | S z ce) A - ©), 


1 
2 
which by continuity implies a 
- RX, Jx, Jx y) = 0. 

According to Proposition 3.1, M is of constant holomorphic sectional curvature. 


Let m > 2 and the constant c(p) be such that for any antiholomorphic 2-plane o 
we have K(o) < c(p). Let {x, y} be an arbitrary orthonormal antiholomorphic pair of 
signature (+,'~).'We’ choose an unit vector z € T,M) so that the span {x, y, z} is 
antiholomorphic. For |t| # 1 the pair {x, ty, z} is antiholomarphic and then 

K(x + ty, z) < cp). ss (15) 


Having in mind that 








K(x + ty, z) = ER sae EAL a) } 
1—t ler 


where € = g(z, z), we obtain from (15) 
K(x z) + 2etR(% z z y) — K, z) < (l - Hc(p), |t| < 1, 
K(x, z) + 2etR&, z z y) - PKO, z2) 2 (0 - Bel), |t] > 1, 
Therefore by continuity, we have 
K(x, z) + 2etRx z z y) — PKO, z) = 0. ... (16) 


Putting ¢ = 1 and £ = —1 into (16) and subtracting the obtained two equations, 
we get 


4tR(x, z z y) = 0. 


According to Proposition 3.3 for the span {x, y, z} of signature (+, +, —) or 
(+, -, ~) (see Remark 3.5), M is of constant holomorphic sectional curvature. 
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In such a way we proved the following 


Theorem 4.2. Let M be a hyperbolic Kahlerian manifold of indefinite metric, 
m > 2. If for any point p e M there exists a constant c(p) such that for any antiholomorphic 
2-plane © in T (/4) the inequality 
K(o) < cp) 
is satisfied, then M is of constant holomorphic sectional curvature. 
Remark 4.3. In Theorem 4.2 the inequality K(o) < c(p) can be replaced by 
K(o) 2 c(p). 


Remark 4.4 In the case of an appropriate signature of M, Theorem 4.2 can be proved 
for the antiholormorphic 2-planes of signature (+, +) or (—, —) too. 
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ON THE GENERALIZED CURVATURE TENSOR 
FIELDS OF CURVATURE DEGREE 2 


~ 


MAKOTO YAWATA 


1. INTRODUCTION 


Let (M,g) be a Riemannian manifold and R(X, Y) its Riemannian curvature tensor. 
Then R(X,Y) satisfies the following conditions : 


R(X,YZ = - RXZ 
| R(X, ¥,Z,W) = — R(X, Y,W,Z) TE (Ned) 
RX, YZ + RY, DX + R(ZXY = 0 


where we put R(X, YZ, W) = ge(R(X,Y)Z, W). In general, a tensor field of type (1.3) 
satisfying the conditions (1.1) is called generalized curvature tensor or curvature-like tensor. 


A generalized curvature tensor field S is called of curvature degree k if it is expressed 
as a sum of tensor fields each of which contains just k of R = (Rp) (the Riemannian 
curvature tensor), Ric = (R) (the Ricci tensor) and r (the scalar curvature). 


In this paper, we define a generalized curvature tensor or a curvature like tensor 
of type (1.5) and stady the relations between these generalized curvature tensors and the 
integral formulas. Lat S$ = (S, and T (T, _, be the same type form,, then we define 
the inner product by (S,7) = Di col T 4-4, Our main results are the followings : 


Theorem 1. Let (M,g) be a compact orientable Riemannian manifold. We define 
a generalized curvacure tensor t (H) of curvature degree 2 by 


ose a a TA a — a ‘gah T 
T (H) hyk ~~ 4B yk R, R nk R, R rak R; Rivas R, Riva where Bay 


is defined 
by l | 
B = Ra Bi g RaRa + Ry Ra 


hijk 
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If (M,g) satisfies the conditions 
4(Ric(W(H)), Ric) 2 (t(H),R), 
| Vr] 2 2 Ric |, 
then (M,g) is a locally symmetric manifold. 
Theorem 2. Let (M,g) be a compact orientable Riemannian manifold. Let H and 
U be the generalized curvature tensor fields of type (1.5) defined by 
H(X,YZ,W) = (R(X, Y) R) (ZW) + (R(Z,W) R) (X,Y), 
U(X,V.Z,W,U,V)= RU,YZ,W)g(XV) + R(X, U, Z, W)g(¥, V) 
+ R(X, YU, W)g(Z, V) + R(X, Y, Z, U)g(W, V) 
— R(X, Y, V W)g(Z,U) — R(X, YZ V)e(W.U) 
If (M,g) satisfies the conditions 
8| V RIP < (H, Ü) 
then (M,g) is a locally symmetric manifild. 


2. GENERALIZED CURVATURE TENSORS OF TYPE (1.5) 


In this paper, we define a generalized curvature tensor or curvature-like tensor of 
type (1.5) as a tensor field L of type (1.5) which satisfies the following conditions : 


L(X, Y.Z, W) = - L@X,Z,W) 
LX, Y,W Z) = — LX, Y.Z W) 


L(X,¥,Z,W) + L(ZZ,X,W) + L(Z,X,YW) = 0 s0 
L is called proper if it satisfies an additional condition 
L(X,Y,Z, W,U, V) + L(Z,W,U, VX, Y) + L(U,V,X,¥,Z,W) = 0 se (22) 


where we put L(x, Y,Z,W U,V) = g(L(X,Y,Z, WU, V). 
Now, we shall give some examples of the generalized curvature tensor fields of type 
(1.5) 
Example 1. Let R(X,Y) be a Riemannian curvature tensor. We define a tensor H 
of type (1.5) by 
H(X, YZ W) = (R(X, Y) R) (ZW) + (RIZW) R) (X,Y), .- (2.3) 
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Then H satisfies the conditions (2.1) and (2.2). That is, it is a proper generelized 
curvature tensor of type (1.5). 


Example 2. We define a tensor field K of type (1.5) as follows : 
KXYZ,W) = ROGY)RZW) + RZW)ROY) 


SROWYIRKZ + LRZ, ¥)R(X,W) 


+ > ROWXIRULZ) ~ SRZX RUM). (24) 


K is a generalized curvature tensor of type (1.5) which is not proper. 
Example 3. Let us-define a tensor field S of type (1.5) by 
SX, YZ WU = R(U,¥Z, W) Ric(X) + R(X,U,Z, W) Ric(Y) 
+ R(X, Y U,W) Ric(Z) + R(X,Y,Z,U) Ric(W), ge (2.5) 
_ Where Ric denotes Ricci curvature tensor and R(X,¥Z,W) = 8(R(X, Y) ZW). Then 
S is a generalized curvature tensor of type (1.5) which is not proper. 
Example 4. The tensor field 5(X,¥Z,W,U,V) is defined by 
S(XYZ,WU,V) = g(S(X¥Z,W)U,V) ~ 8(S(X,X.Z,W)VU). a. (2.6) 


Then S is a generalized curvature tensor of type (1.5) which is proper. 


3. GENERALIZED CURVATURE TENSOR OF TYPE (1.3) 


In this section, we will induce the generalized curvature tensors of type (1.3) from 
the generalized curvature tensors of type (1.5) Let L = Linea)» be a generalized curvature 


tensor of type (1.5), where L (0,,0,0,0,)0, = ` Lara 9, AS we can easily understand, 
we have a generalized curvature tensor p (L) of type (1.3) as follows : 


PL) = Eng, BA) 


We can construct another generalized curvature tensor t(L) whose components are 
given by 


~ b b b b 
T (L) ut iii L pi L pyka + Lynk Lony ? E (3.2) 


4 MAKOTO YAWATA 


Now, we shall give the local components of the above tensors p (L) and t (L) with 
respect to the examples given in the section 2. The local components of the tensor H 
are given by E 


H at = — Ra Rat Rag? Rog? — Rag? Rog? — Ry? R A, .. 3.3) 


hyka hy pha fH f; 
Therefore, as easily seen, we have p (H) = 0. The local componets of H,,,.’ are 
given by J 


H, i = B a 3 R Ra n. 3.4) 
from which we have the components of t(H) as follows : 
TD) iy = 4B y 7 RY R y > R’ Ka R; R pat = RY Riva? -e (3.5) 


Next, we define a generalized curvature tensor U of type (1.5) as follows : 
U(XYZ,WU,V)= RUYZW)g(KV) + (R(X,U,Z, W8 V) 

+ R(X, Y U,W)g(Z, V) + R(X, YZ, U)g(W,V) 

~ R(VYZ,W)g(X,U) — R(X, VZ W)g(¥,. U) 

— R(X, Y V W)8 (ZU) ~ ROGYZV)g(W U) n (3.6) 


The components of Ü are given by 
U iiai = Rong hb + Rag tb + R pag b + R pag hb 
7 byk ha = R 8 u R poja úi R Sia’ AE (3.7) 


U is a proper generalized curvature tensor of type (1,5). 


Contracting h and b, we obtain the following formulas : 


Ü sce = n- 1) Py . (3.8) 
where P is given by 
] 5 
Pei Rae T RE = 89) 
Using (3.2) we have 
TU) ay = An — 1) Pris ... (3.10) 


w 


where P” is given by 


” 1 
Pee = a ~ Ruby + Rudy — Ry): 9 (3.11) 
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P,, does not satisfy the curvature conditions but P’ „is a generalized 


curvature tensor. 


4. INTEGRAL FORMULA 


In his paper ‘cf.[3]), T. Sakai obtained the following integral formula : 
f KdM = J, || Vri? - 4 || VRic ||? + || VRI|? dM, ae 14.1) 
where K is given by 
K = 4R"R Ra — 4R"RR, pu — 2RR Ry 


— ARR — ROR, Rp. : 4.2) 
If we put 
l mas ] a a a a g 
4 T (pn ~ Bax 7 4 (R, R ik + R, Rat + R R piak F R, R pya) ? n 4.3) 


then K can be expressed by 
K = ZRT) — 2(Ric (t(A)), Ric). ... 4.4) 


Therefore if X < 0 and 4 || VRic||? < || Vr|[?, then we obtain 

J, IVR ||? dM < 0. a A) 
Thus, we obtain the Theorem 1. 
Next, the following integral formula is well known (cf.[1]). 


2j, (UVR, “2+ K)dM = J, || VR ||? dM, . ... 4.6) 


a hy 


where K is given by 


K = -R* HT, pce 
Using (3.7), we have 
Fis U hykab Q Rik H 7 ' 4. 8) 


Therefore we can rewrite K as 


(H, Ü). 4 ar 49) 
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If (M,g) satisfies the conditions 8 || V R,‘ ll? < (H, U7), then we have 
G | VR il? dM < 0. Thus, we have Theorem 2. 
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MORE ON 9-METRISABLE SPACES 


S. GANGULY AND S. Sinema Roy 


1. INTRODUCTION 


Our main interests in this paper are @-metrisable H-closed spaces and some of their 
subspaces ; 6-metrisability was introduced by Ganguly and Bandyopadhyay [5] and was 
further studied in [6] ; a space is said to be 6-metrisable if it is 6-homeomorphic to a 
metrisable space. . 


The concept cf 8-homeomorphism was primarily introduced by S. Fomin [4] and 
has been utilised meaningfully by many. A bijective mapping f : X — Y is said to be 
a 8-homeomorphism if and only if both f a f’ are 6-continuous ; further f is 6-continuous 
if, for each x € X and each open set V containing f(x) there exists an open set U containing 


x such that (U) © V. Clearly, such functions need not be continuous but if Y is a 
regular space then every @-continuous function Is continuous. 


Among the ccncepts, needed for our investigation of 9-metrisability, an important 
one is that of a @-closed set. The 6-closure of a set A © X, denoted by cl, A is 
{ x € X : every closed nbd of x meets A} [9]. The subset A is 8-closed if cl,(A) = A. 
Likewise, the -interior of A, denoted by Int,(A) is { x € X : some closed nbd. of x 
lies in A}. A set A -s called 0-open if Int,(A) = A. Of course, 8-open sets are open and 
-closed sets are closed. Furthermore, the complement of a 9-open set is a O-closed set 
and the complement of a 9-closed set is a 6-open set. Lemma 3 of [9] shows that the 
collection of @-open sets in a topological space (X,T) forms a topology for X which we 
denote by T, 


2. PRELIMINARIES 


In this section we collect some basic notions and discuss some essential problems 
with respect to 8-homeomorphism by citing some relevant examples. 
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2.0. We assume, throughout the paper, that all spaces are Hausdorff ; we further 
. assume the familiarity with H-closed spaces and H-sets ; [9] might very well serve as 
the necessary background. 


2.1. 6-homeomorphism is such a concept which requires careful treatment, as because, 
it sometimes causes unexpected problems ; for example, if f : X — Y is 6-continuous, 
the mapping f : X — f(X) need not be 6-continuous (even if F(X) is a regular subspace 
of X) [10]. 


The problem, as mentioned above, poses a positive hindrance to the study of 
6-metrisability of subspaces in general ; when Y is a metrisable topological space, A © 
X and f : X — Y is a 6-homeomorphism, if is actually continuous since Y is regular 
and hence f/A : A — f(A) is continuous ; but unfortunately, f'/f(A) : f(A) — A is not 


necessarily 9-continuous ; the following substantiates our statement :— 


Example 2.1.1. Let X be the real line ; if T, be the Euclidean topology on X an 
T, be the topology of countable complements on X, we define T to be the smallest topology 


generated by T, U T,. obviously T, = T,. Now, let A= {0, 1, 5” L, see 2 ror }, obviously 
n 

{O} is open in T, (T, nes the subspace topology on A) and it is closed in T, as 

well ; hence {O} a {1, 5 ; ...} = ® implying that B = {1, 5° TE -} is 9-closed 


in A but B is not @-closed in (X,T), since B is not closed B is not closed in (X, T)). 
Since (X, T,) is metrisable, obviously (X, T) is 8-homeomorphic to a metrisable space 
(Y, d) ; but FA : A — f(A) is not a 9-homeomorphism where A is as above. 


Note 2.1.2. The problem with the example generates from the following inequality 
(Ta) # (%,). Unless and otherwise inequality is transferred into equality, any study of 


subspaces become extremely difficult. Fortunately enough we have the following results. 


Result 2.1.3. (i) If D © X and D = X, then (Tp) = (%,). Infact, if f : 
X — Y is 6-continuous and f(X) © Z C Y and Z is dense in Y, then f : X — Z is 
6-continuous [10]. 

Gi) If A © X and A is 8-open is X ; then (T, ) = (Ta, ) ; follows from lemma 
3.3 [8]. 


Note 2.1.4. Subsets, other than 6-open and dense can also have the requisite equality ; : 
as can be seen from the following example : 
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Example 2.1.5. Let D be any collection of countable (non-closed) discrete subsets 
with finite number of limit points in a metrisable space (X, T,). Assume D to be closed 
under finite union and subsets of members of D are also in D. Let T be the D-extension 
of T. Then T, = T, and (X,T) is 6-homeomorphic to (X,T,). 

Observations : (i) Let F be T-closed ; then F = F, Y T where F, is 0-closed in 
(X,T) and T € D. 

(ii) Let F be closed in (X,T). Then the 0-closure of F (to be denoted by cl,F) is 
given by cl,.F = FUS ; where S is finite. 

(iii) Let M be a dense-in-itself subset of (X,T) ; for x e M consider U = B(x,r) 
= T (for some T € D) which is a nbd. of x in (X,T), then UNM OM = B(x,r)(\(M-T)OM 





= Bx. )NMOM [as M-T is dense in M in (¥,T)] > Ma B(x,5). This shows that 0- 


topology for M coincides with the -topology of X relativized to M. [B(x,r) is an open 
sphere in the metrisable space (x,T,) (with some metric d’ to give T,) with centra x and 
radius r]. . 


(iv) In particular, if M be connected in (X,T), M is dense-in-itself (if M -s not a 
singleton) and as such (Ty, ) = (Ta) 

Note 2.1.6. We include some of the necessary results which we shall use off and 
on in this: paper. 


Result 2.1.6. (i) If X is’ H-closed and f : X — Y is -continuous and surjective, 
then Y is H-closed [9]. 


Result 2.1.6. (ii) Composition of 8-continuous mappings is 9-continuous [1]. 
Result 2.1.6. (iii) An H-set H in a Urysohn space is @-closed. [8]. 
Result 2.1.6. (iv) A 9-metrisable space is almost regular [6]. 


Result 2.1.6. (v) If f : X — Y is 9-continuous ; when A © X is an H-set, then 
f(A) is an H-set in Y [9]. 


Result 2.1.6. (vi) If Y is a Urysohn space and f : X — Y is a 8-continuous function, 
then graph of f, G(f) is 0-closed in X x Y [7]. 


Result 2.1.6. (vii) Let f, : X, > Y,, be a fucntion for each & € A and f : 1X, 
— nY, a fucntion defined by f((x,)) = (f,(x,)) for each point (x,) in xX. Ther. f is 8- 
continuous if and only if f, is 6-continuous for each a e A [1]. 
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Result 2.1.6. (viii) Let f : X — Y be a function, where X and Y are almost regular 
spaces. Then f is -continuous if and only if inverse image of every 9-open (respectively, 
Q-clsoed) subset of Y is 9-open in X [6]. 


Result 2.1.6. (ix) A 8-metrisable space is Urysohn [6]. 


3. In this section we shall introduce certain special types of subsets of a 6-metrisable 
space and obtain some interesting properties 


Definition 3.1. A topological space X is said to be P, if there exists a 2nd countable 
metrisable space Z along with a 8-homeomorphism f : X —> Z and further, there exists 
a metric compatible with the topology of Z with respect to which Z is complete. It can 
further be mentioned in this connection, that the topology given by the 8-open sets in 
X is oviously a separable one. 


Note 3.2. By corollary I to theorem I 6.2. [2], Z is homeomorphic to a countable 
intersection of open sets in the cube I“, where I is the interval [0,1] of R. Hence X is 
§-homeomorphic to a countable intersection of open sets in the cube I. 


Definition 3.3. A topological space is said to be an S, space if it is 8-metrisable 
and if there exists a P, space P and a 0-continuous mapping of P onto X. 


A subset A of a topological space X is called an S,-set if there exists a P -space 
Y and a 0-continuous mapping f : Y — X such that f(Y) = A. 


Theorem 3.4. If A © X is an S,-set such that A = X and if T be the toplogy 
on X, then (A, (4/,),) is separable. 


Proof. Obviously, since A = X, (7/4), = P... 0) 


Since A is S, there exists a P, space P and a 8-continuous function f : p — X 
such that f(p) = A; also, there exists a 2nd countable metric space Q and a 8-homemorphism 


g : Q —> P. Q is no doubt separable. Let 7 be the topology on Q, then, fog = (Q, T) 
> (X, T,) is continuous. But fog (Q) = A and so fog : (Q,T) > (4,18 4) is continuous, 
from (1) fog : (Q, T) —)> (AT) is continuous ...... (2), since (Q,T) is a separable 
space and fog, as in (2), is continuous (A, (TA) is separable. 


Theorem 3.5. Let X be a topological space, Y © X and Y = X. If Y isa 
P,-space, then Y = n Y, where each Y is 9-open in X. 
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Proof. Let Y be @-homeomorphic to a complete metric space (z,d) and let f : Y 
— Z be the 9-homeomorphism. Let Y, = {x € X : x has a 8-open nbd.. U in X such 


that diam f (UM Y) <$ a (with respect to the metric d) [obviously, since Y =X, U 
n 


OY # Di. 
Now, let x € Y, then x has a 6-open nbd. U in X such that diam f (U ^ Y) 


; 1 
< a but, for each x € U, U is a 6-open nbd. of x such that diam f (U ^ Y) < -, 
n n 


hence U © Y, ; thus Y, is a union of @-open sets in X and hence is 8-open :n X. 


Now, let x e Y then f(x) € Z and S, (£0). =), the open sphere with centre f(x), 
n 


; ; ' 1 l 
radius — in terms of the metric d, is open in Z and diam S, (f(x), F < —. 
n n n 


Also, U = f' (S, €x), >) is a 9-open set in Y and is a nbd. of x (since f is 
n 


Ə-continuous). Now, since Y = X, if T is the topology on X, then (7.) = (7,) and thus 
” 6 y 
there exists a 6-open set U in X such that U ^ Y = f' (S, (f(x), >). Hence x has 
n 


a 8-open nbd. U in X such that diam f (U ^ Y) < . Thus x € Y, (for each n) and 
n 
soY © NY, ... (1) 


Conversely, let x € f Y, ; let U be the collection of all open sets in X each of 
which contains x. Then @ is a filter base in X and U ^ Y # ® for each U € U. Consider 
V= {U ^ Y): U e U}. Obviously, V is a d-cauchyfilter base in Z : infact, for any 
€ > 0, there is some U € U such that d-diam f(U ^ Y) < &€.following Theorem 3.2 Ch. 
XIV [3], since is d-complete, V converges to some z e Z. Obviously, U converges to 
f' (z) = x. Thus x £ Y and som Y, CY... (2). 


Hence combining (1) and (2), Y is an intersection of 9-open sets in X. 
Theorem 3.6. Let X be an H-closed 6-metrisable space and let A © X be an S- 


set such that A = X. Then there exists an H-closed @-metrisable space K and a decreasing 
sequence (B_) of subsets of K, each of which is a countable union of H-closed sets and 


a continuous mapping f : K —> X such that A = f (fN B). 
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Proof. since A is an S,-subset, there is a P,-space P and a 9-continuous mapping 
g : P — X such that g(P) = A. Now, by 3.2, P is 6-homeomorphic to the intersection 
of a decreasing sequence (U_) of open subsets of I‘... (1). Hence, if T denotes the topology 
of P, then (P, T) © Y,where Y is a compact metric space and, in which (P, T,) is a 
dense G,-set ... (2) From (1) above. 


Let G be the graph of g ie. G © P x X. Consider h =i x g : P — G defined 
by h(x) = (x, g(x)). Then h is a 6-homeomorphism of P onto G.So, G can be expressed 
as a countable intersection of open sets V, in (Y x X, T,) [ where T is the topology on 
Y x X] and it can be taken to be a decending one. 


Let Tdenote the topology of Y and let r denote the topology of X ; then for (x, 
g(x)) € G, there exist open balls B, (x, r) € T and B, (g(x), mye Î, such that B(x,r.) (x, r.) 
x B (g(x), r" Ee M 


Since (Y, T) and (X, Ty) are each separable as each contains a dense separable 


subspace (from Th. 3.4) it follows, by hereditary Lindeloff property, that there exists a 
sequence x such that 


V = U B (xr, ) ) X Bigs, rr"). But B (xor. ) _) is compact and B,(g(x,),r") 


n=} 


is H-closed and hence B (xT) X B,(g(x,),r") is H-closed for each n. Now, we take 
f=: Yx XK — X=; then t (x, g(x)) = g(x). Hence, since m(G) = A, the result follows ; 
in fact, we can take Y x X to be K to be K to keep parity with the statement of the 
theorem. 


Definition 4.1. Let (X,T) be a Urysohn toplogical space. A @-capacity on X is a 


mapping f on the power set P(X) of all subsets of X into the extended real line R satisfying 
the following conditions :— 


Gi) If A © B, then f(A) < f(B) ; 
(ii) If (A,) is any increasing sequence of subsets of X, then (UA ) = supf(A) ; 
(iii) if (K,) is any decreasing sequence of H-sets in X, then (Nk) = inff(k)). 


Defineirn 4.2. Let f be a 6-capacity of X ; a subset A of X is said to be 6 -capacitable 
if f(A) = Sup f(K) ; where K runs through the set of H-sets in X such that K © A. 
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Theorem 4.3. Let K be a H-closed space and let f be a 8-capacity on K. If A 
is the interection of decreasing sequence (A_) of subsets of K, each of which is a countable 
union of @-closed sets, then A is @-capacitable. 


Proof. We have to prove (as in definition 4.2.) that 


f(A) = Sup (X) : K is an H-set in K and Å © A} ; 


for this, if we can show that, for each € > 0, there is an H-set C in X containing A 
such that f(C) = f(A) — g, then we are done. Put a = f(A) — €. 


We first observe that A = A A, ; where A, = U A,, for each n and A „ foz each 
l Ka ™ i 


n and k, is a 8-closed subset of K ; without loss of generality we can take {A_,}, to 
be an increasing sequence for each n. 


We take C, = A ; since C, S U 
K= 


Avy 


C, = Y (C, N A,,) and {C, ^ A,,} is an increasing sequence. By definition 4.1. 


aup f (C, O Aw = fC) > a ; hence there exists an integer j such that 


f (C, OA,,) > a. We take B, = A, p Ovbiously B, has been defined with the following 
properties : 
(ij) B © A, ; G@) if C, =C ^B, then C © C, © A and f(c) > a 
Suppose that @-closed sets B have been defined for i < n, so that B, © K, for 
I <k < nand C = Cao B, (for 1 < k < n) with C_, © A and f(c_,) > a for 
l<sken. 
Now A, is the union of an increasing sequence of @-closed stes A,, and so, it follows 
that f(c,,) = SUP ffe, A An) 


n 
bc, Sac U A, I. Hence, there must exist an index j such that fic O 


A,,) > a. Put B, = A, and this B, serves our purpose. In fact, each B, is a @-closed 
set and for each n 2 1, there exists a set C, with C, = A, C, = Cu © B, and f(c) > 
a, for n > Q. 
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Let C = ^ C, Since A = A, and B, © A, We have C = NA B, incact 
C= nQ SAO B, Ís obvious ; if A B, £ C, then there exists some x € ^ B, such 
‘that x ¢ C, for some j and so x ¢ C and thus x ¢ C,(=A) — a contradiction. C is 
therefore a 8-closed set in K i.e., an H-set in K and is contained in A. 


Let B, = B, ... AB, ; (B) is a decresing sequence of @-closed set of K ; 
as C © C © B fori < n, we also have C © B,. Since each B, is an H-set in k, 
by (iii) in definition 4.1, we have f(C) = inf f (B)) and since C © C, © B we also 


have f(C) = inf f(C,) 2 a. This completes the proof. 


Lemma 4.4, Let ® be a 8-continuous mapping of a Urysohn H-closed space K into 
a Urysohn space X, and let f be a 0-capacity on X. If, for each subset A of K we put 
g(A) = f(@(A)), then g is a @-capacity on K ; moreover, if A is 0, — capacitable, then 
@ (A) is 0, — capacitable. 


Proof. Let A, B C K and let A © B, then ® (A), ® (B) © X and since f is 
a -capacity on X, f(P(A)) < f(@(B)) ie. g(A) < g(B) ... (1) 


Let (A ) be an increasing sequence of subsets of K. Then (Ẹ(A )) is an increasing 
sequence of subsets of X and since f is a O-capacity on X, fFU(®(A )) = Sup f(@(A)) 


ien ((UA,) = Sup g(A) ie. g(UA ) = Sup g(A) ... (2) 


* the 
n 


Now, let (C) be a decreasing sequence of H-sets in K and let C = N C 


sets $ (C_) are H-sets and their intersection is ® (C) ; infact, ® (C) © n ® (C) and 


if x€ P (C)) for all n, then the sets @' (x) © C, is an H-set in K for each n ; infact 
{x} is 6-closed in X and ® and being 0-continuous, ®~ ({x}) is 6-closed in K ; thus 
the sets o-' (x) ^ C, form a decreasing sequence of non-empty H-sets of K and therefore, 
since K is H-closed Urysohn, their intersection is nonempty [10]. We have therefore f(®(C)) 


= inf f(®(C,)), that is g(C) = infg(C) ... (3). 


Combing (1), (2) and (3) we_can say (following definition 4.1) that g is a 0-capacity 
on X. 


Now, let A be a subset of K which is 6-capacitable w.rt. g ; if a < f (M(A) = 
g(A), there is an H-set C © A such that g(C) 2 a, thus ®(C) is an H-set contained in 
@(A), and f(P(C)) 2 a this shows that @(A) is capacitable w.r.t.f. 
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Theorem 4.5. Let X be a 9-metrisable space and let Y be.an S, subset of X such 
that Y = X. Then Y is 0 -capacitable with respect to every 9-capacity f on X. 


Proof. We have seen that there exist an H-closed Urysohn space K, a decreasing 
sequence (A_) of subsets of K, each of which is a countable union of H-sets and a continuous 


mapping ® : K — X such that Y = ® (1 A). By theorem 4.3, f A, is 8—capzcitable 


with respect to anv 6-capacity f on K. Lemma 4.4 finalises the necessary resuli. 
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A NEW METHOD OF SOLVING LINEAR HOMOGENEOUS 
ORDINARY DIFFERENTIAL EQUATIONS 


J. Das (NÉE CHAUDHURI) 


ABSTRACT : A general method for solving linear homogeneous ordinary differential equations 
has been presented. It reduces the given differential equation into a system of first-order or-inary 
differential equations using some geometrical idea. Obviously the first-order system so obtzined 
is different from the first-order system usually deduced from the given differential equation. 
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1. INTRODUCTION 


There is no general method for solving a linear homogeneous ordinary differeatial 
equation (ODE), even if the order of the differential equation 1s two. Methods are known 
only for ODEs with constant coefficients and for Euler’s ODEs. In this article a general 
method is presented that is applicable to any linear homogeneous ODE. 


The Method is based upon a very simple geometrical idea. It reduces the given nth 
order ODE to n first-order ODEs. The success of the method therefore depends upor: the 
success of solving these n first-order equations. 


In the next section we explain the geometrical idea and simultaneously develop the 
method. Section 3 applies the method to a number of examples to exhibit the simplicity 
and the applicability of the method. 


2. THE GEOMETRICAL IDEA 


Let us first consider the general linear homogeneous ODE of the second order 
Pox) YOX) + p(x) yO) + pix) y(x) = 0, et TAL 
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r 





where p,,p,,p, are real-valued functions on I =- [a,b], y®(x) = 


y(x) = y(x). 


If ọ : J — R (the set of real numbers) (J © I) is a solution of (2.1), we have, 
for all x e J, 


r 


2 ( = 0, 1, 2), 


P(x) x) + p, x) OPO) + px) x) = 0, sti (2,2) 
We now look upon (2.2) as the statement of the geometrical fact that the two vectors 
P = (p(x), p,(x), p,{x)) and ® = (g(x), M(x). O(X)) ats (2:3) 


are orthogonal at each point x € J. In other words, any solution @ of (2.1) has to give 
rise to a vector ®, which is orthogonal to P. If Q, R are two linearly independent vectors 
orthogonal to P, the vector ® must therefore be a linear combination of Q and R : 


$ = f(x) Q + g(x) R. ... (2.4) 


It 1s to be noted that the coefficients f and g are to be dependent on x so that the relation 
(2.2) is satisfied for all x e J. Equating the respective components from both sides of 
(2.4) we get three equations. Eliminating ọ from these three equations we obtain two first- 
order ODEs in f and g. The required solution © is obtained by solving these two first- 
order ODEs. To illustrate the idea we depict several examples in the next section. 


For the nth-order linear homogeneous ODE 


p(x) yx) + pO) yx) +... + px) y(x) = 0 n (2.5) 


where p,, P, -.. p, are real-valued functions on I = [a,b], we find that the inner product 
of the two vectors 


P = (Pp Pp --- p,) and y = Cy, wr?._w) ... (2.6) 
is zero for all x e J, if y: J —> R is a solution of (2.5). 
In this case we are to choose n linearly independent (n+1)—vectors, Q,, Q, ... Q so that 
PQ = 0 (i = 1,2, ... n). 
Then there must exist suitable functions f, f, ... f, such that 
y= fQ +fQ +... +fQ, for all x € J. sie (2.7) 
As before, we equate respective components from the two sides of (2.7) and then 


eliminate yw from these n + 1 equations to obtain n first order ODEs in ie Oem Oe 
Solving these n first-order ODEs we shall get the required solution of (2.5). 
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3. SOME EXAMPLES 


Here we exhibit six examples of which the first two are second-order Euler’s ODEs, 
while the third and the fourth examples are second-order ODEs with variable coefficients, 
but which are not Euler’s ODEs. The fifth example depicts a third-order ODE with variable 
coefficients, which egain is not an Euler ODE. The last example is a fourth-order ODE 
with constant coefficients. 


Example 1. x?y2(x) — xy(x) + y(x) = 0. PE Sat) 
Here P = (x’, — x, 1) and we choose 
Q = (1, x, 0), R = (0, 1, x). a (3:2) 
Then (2.4) implies 
Po = f(x), P(x) = x f(x) + g(x) (x) = x g(x). sags (3.3) 
Eliminating @ from the equations in (3.3) we get 
gx) = f(x), x Pa) + g®(x) = 0 (3.4) 
(3.4) implies x f(x) + f(x) = 0. 
Hence x f(x) = A (an arbitrary constant). sev lo) 


Using (3.5) ir. (3.4) we obtain g(x) = a 
x 


Hence g(x) = A Inx + B (where B is an arbitrary constant). 
Therefore @(x) = Ax lnx + Bx, 
which is the zequired general solution of (3.1). 
Example 2. x*y@)(x) — Txy(x) + 15 y(x) = 0 ... 3.6) 
Here P = (x°, — 7x, 15) and let us take 
Q = (7, x, 0), R = (15, 0, —x*). 
Then, using (2.4), on elimination of ©, we get 
xg? = — f — 2g, xf) = 6f + 15g, in (327) 
Clearly (3.7) implies 
xf) + 5g) = f + Sg. 
and so f + 5g = Ax (where A is an arbitrary constant). n 3.8) 
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Using (3.8) in the first equation of (3.7) we get 
xg") = 3g — Ax. 


Hence g = x? sy + B], where B is an arbitrary constant. 
x 


Therefore the required solution @ is given as 
A 
(x) = — x’f(x) = - A x? — Bx’. 


Example 3. xy (x) — (x+1)y(xX) + y(x) = 0. ne (3.9) 
Here P = (x,-x-—1, 1), and we choose 

Q = (1, 0, -x), R = (0, 1, x + 1). 
Proceeding as before, we find that (2.4) leads to the equations 

xf) — (x + Dg® = — fP, f= gM, ... (3.10) 
(3.10) implies x(f? — f) = 0. So f = Ae*, where A is an arbitrary constant. Then 

i g® = Ae. So g = Ae* + B, where B is an arbitrary constant. 

The required solution @ is therefore given by 

@(x) = — x f(x) + (x + 1) g(x) = AS + B(x + 1). 
Example 4. x?y@(x) —x(2 + x) y®(x) + (2 + x)y(x) = 0. ne GAID 
Here P = (x?, -2x — x?, 2 + x) and we choose 

Q= (0, 1, x) R = (@ +x, x, 0). 
Proceeding as before we get 

1 igs OF) eso: wes 3.12) 

These imply g = Ae*, f = Ae* + B, where A, B are arbitrary constants. 
Hence the required solution @ is given by 

o(x) = x f(x) = Axe* + Bx. 


REMARK 


The usual method of solving (3.9) or (3.11) is to find one solution @ by inspection, 
and then a second solution y, linearly independent of ©, is obtained from the well-known 
formula 
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1 
G (t) 








expl- | pi (u) duj dt, 


wx) = ox) | oo 
a 0 


provided @ does not vanish on the interval under concern. 


In the method described above, there is no need of “inspection’ and the general 
solution is obtained at one go. 


Example 5. x(1—x+x?)y® + (1-x—x3)y® + x(1+x)y™ - (1+x)y = 0 s (3.13) 
Here P = (x-x?+x?, 1—-x—x?, x+x°, —1-x) 
and we choose 
Q, = (0, 0, 1, x) Q, =(}, 1, 1, 1) Q, =-Clextx, x-x°+x°, 0, 0). 
Then (9, 9, 9, @) = £,Q, + £,Q, +£,Q,. 
Equating the respective components and then eliminating @ we get 
3 Oa oe aS 
fO + £0 = f, + f, (x-x?+x°), n 3.14) 
fP + £0 (x-x2+x?) = f, + f, (-24+3x-3x2+x°). 
Eliminating f,,f, we get 
(1—x)xf, + £,(2-3x) = 0. 
Hence f,x? (1-x) = A (an arbitrary constant). we (3.15) 
Using (3.15) in (3.14) we have 


‘ ] ] i 
fe? = Ale + Tero ; wee (3.16) 


Hence f, = A[Inx + —1 + B, where B is an arbitrary constant. ee RLN 
-x 


Then, using (3.17) we get 
£P = f, — x fO, 
Ax 
and so f, = — —— + Ce*, where C is an arbitrary constant. ... (3.18) 
-xX 
Therefore the required solution @ is given by 


p(x) = xf,(x) + f(x) = Ax Inx + Bx + Ce. 
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Example 6. y® — 5y? + 4y = 0 .. (3.19) 
Here P = (1, 0, —5, 0, 4,) and we choose 
Q, = (5, 0, 1, 0, 0), Q, = (0, 1, 0, O, 0), 
Q, = (0, 0, 0, 1, 0) and Q, = (4, 0, 0, 0, ~1). 
Then (9, 9, P, 9, o) = fQ, + £Q, + £,Q, + £,Q, 
implies £P = -f, fP = fp £0 = fp EO = Sf, + 4f, ... (3.20) 
From (3.20) we get 
f + f, — 4f, + 4f, = Ae*, f, — f, + 48, + 4f, = Be*,... 3.21) 
where A, B are arbitrary constants. 


Using (3.21) in (3.20) we get, C being an arbitrary constant, 


f + 2f, = sag + 3 es + C e” sts. (3.22) 
2 6 
Hence f, = fa + Bers — Co + De”, ea (3.23) 
where D is an arbitrary constant. 
The required solution is then obtained from ọ(x) = — f,(x). 
REMARKS 


The salient features of the method described above are the following : 
1. The method straightway yields the general solution of the differential equation. 


2. Here is an algorithm suitable for tackling any nth order linear homogeneous ODE 
with n > 1. 


3. The underlined concept is extremely simple. 


4. The method, being based on a geometric idea, develops a geometric picture of the 
family of solutions of the given differential equation. 
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A NOTE ON AN INFINITESIMAL MOTION 
IN A SEMI-RICCI SYMMETRIC MANIFOLD 


B. BARUA 


ABSTRACT : The main object of this note is to show that if the associated vectorfield of a semi- 
Ricci-symmetric manifold satisfies Killing equation, then it induces a symplectic structure on the 
manifold and the vectorfield itself is a Hamiltonian vectorfield. 


1. INTRODUCTION 


A semi-Ricci-symmetric manifold, in short, a (SRS), [1], is a Riemannian manifold, 
where the Ricci tensor S(Y,Z) satisfies the condition, 


(V S) (Y, Z) = 2 a (X) SCY, Z) — a (Y) S(XK,Z) - a (Z) SCY, X) veg MAD 


where œ is a differentiable 1-form, called the associated 1-form and V is the operator 
of covariant differentiation with respect to Levi-Civita connection. The vectorfield A, 
defined by 


g(X,A) = a (X) von (12) 
is called the associated vectorfield. 
The following results have been proved in [1] : 
(a) The scalar curvature r is a constant, 
(b) SQGA) = r œ X), 
(c) (Y, œ) = S (VA,Y) +r a (X) a (Y) — a S(X,Y) where a = a (A) 


(d) The vectorfield A is such that it is not parallel, not concurrent, not recurrent, 
Le., 


VA #0, VA # px, VA +u (X)A. 


AY 
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Let the associated vectorfield A in a (SRS), be an infinitesimal motion. Then it 
satisfies the Killing equation— 


g(V,A,Y) + 9(V, A,X) = 0 | | et) 
or, equivalently, 

(Va) (Y) + (Vo) (X) = 0 ei. (22) 
Define a 2-form @ in (SRS), by 

© = da saw (2:3) 
Then o(X,Y) = d a (X,Y) = (V œ) (Y) - (V œ) (X) 
Or, . w(X,¥) = - 2(V.a) (Y) n (2.4) 


by virtue of (2.2). Clearly, 
dw = 0, and w(X,Y) # 0, 


for otherwise, (Va) (X) = 0, which is not ture. Therefore œ is a symplectic structure 
on (SRS), [2]. 


Again, by virtue of (2.4) 

(A,X) = —2(V_ a) (A) - se" (2.5) 
Now, 
r(V a) (A) = S(V_A, A) + r @(X) a(A) - a S (X, A) 

=r &(V A) 
If r'# 0, then V œ (A) = a(V A) and therefore, 

(Vœ) (A) = 1/2 Va ... (2.6) 
Substituting in (2.5), 

w(A,X) = -Xa | OD) 


Equation (2.7) shows that A is a Hamiltonian vectorfield with energy function 
—a. [2]. 
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Further,a(A,*) = (1,@) (X). Therefore 
daio) (XY) = X(,@) (Y) - Yia) Œ - Go) [X,Y] 
= X(Ya) - Y(Xa) - [X,Y] a 
= 0 
which implies 
d(i œ) = 0. sa (2.8) 


Theorem. If the associated vectorfield of a semi-Ricci-symmetric manifold with non- 
zero scalar curvature, is an infinitesimal motion then it induces a symplectic structure on 
the manifold and the vectorfield itself is a Hamiltonian vectorfield. 
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ON LEFT SERIAL NEAR RINGS 


~ K. C. CHowpnury AND R. KATAKI 


ABSTRACT : In this paper we prove some results on a distributively generated left serial near 
ring N w.r.t. a set {e}, 1 Si S$ k of orthogonal idempotents with the condition that Że 1s a right 
identity. If the radical J of a distributively generated near ring N is D-regular invariant sub-near 
ring, then the intersection of left integral powers of J cannot have non trivial rps N-group structure. 
Also if N possesses strictly projective summand and tame N-group Je, 1 < i < k, then we find 
a complete list of ideals of each Ne, and which finally leads us to prove that N satisfies the module 
essential descending chain condition. 


1991 AMS Subject Classification : 16, 16N, 16p60, 16p70, 16y30. 


Key words : Irreducible N-group, essential N-subgroup, closed N-subgroup, Direct sum, radical. 


1. INTRODUCTION 


Oswald’d consideration of Near-rings [10] in which every N-subgroup is principal 
(prs near-rings) gives rise to many interesting results with chain conditions on annihilators. 
Baruah’s work [1] on the above type of near-rings is directed towards the idea of 1.c.m 
and g.c.d of near-rings. On the other hand in a near-rings, where principal N-subgroups 
are linearly ordered we get some interesting results of fundamental importance so far some 
particular types of structure theorems are concerned. These lead us to define what we have 
proposed to study in some special cases which we observe in near-rings including Klein’s 
four group [11] where the left annihilators of the near-ring (11) and (14) are distributively 


i 
generated (viz. {0,b}.) In a near-ring N with a right identity e if N = > L (LVN) and 
i=l 
f 
e = > e, (e, € L) then e,, e,,..., e, are orthogonal idempotents and each e is a right 
t=] 


identity of each L, such that L = Ne, [2]. We see more decompositions induced by orthozonal 
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idempotents in Fain [4] and Lyons [5]. In this paper we prove some elegant properties 
of this concept what we have called a left serial near-ring. 


N is said to be a left serial near-ring if for a set {e}. 1 < i < i of orthogonal 
idempotents, N = Ne, ® ... ® Ne, where N-subgroups -of each Ne, (i = 1, 2, ..., k) 
are linearly ordered by set inclusion. Strictly projectiveness of some substructure of such 
near-rings with well behaved radical gives us a complete list of ideals of these structures 
of such near-rings as well as some typical type of descending chain condition. 


Here we prove that if the radical J of a distributively generated near-ring (d.g.n.r.) 
N is D-regular jnvariant sub near-ring, then the intersection of left integral powers of J 
can not have non-trival rps-N-group structure. 


Finally if N with the acc on left N-subgroups in which principal N subgroups are 
linearly ordered, is a left serial near-ring w.rt. a set {e}, 1 < i < k of right complete 
orthogonal idempotents such that each summand is a strictly projective N-group in case 
of invariant radical J(N) in the sense J(N) = JCN)N, and also for t 2 0, each Je is 
a tame N-group then we find a complete list of ideals of each Ne, 1 < i < k which contain 
Joe, t € Z* and lastly, N satisfies modulo essential descending chain condition (medcc) 
if intersection of left integral powers of J is an rps-N-group. 


2. DEFFINITIONS AND NOTATIONS 


The basic concepts which are used in this paper can be found in Pilz [11]. We now 
begin our discussion with some preliminary definitions used in the paper. 


An N-group E is irreducible (simple) if it has no proper N-subgroup (ideal) of it 
[7]. The radical J, (N) is defined to be the intersection of all the annihilators of irreducible 
N-groups and J(N) is the intersection of all the maximal left ideals of N which are also 
maximal as left N-subgroups [7,8,9]. If 1 € N, it is seen that J,(N) = X(N) (=J) (Lemma 
4 in [9]). 


The radical of E is defined as 
J(E) =^ {M | M is an ideal maximal as a N-subgroup of N}. 


If A and B are two left N-subgroups of N such that A S B, then A is essential 
left N-subgroup of B (denoted by A c B) when any non-zero left N-ubgroup C(C © B) 


of N has non-zero intersection with A (equivalently, B is an essential extension of A). 
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A left ideal I of N is said to be a strictly essential left ideal of N (denoted I c N), 


if for any left N-subgroup K (# 0) on N, IN k # 0. 
A left N-subgroup A of N is closed if A has no proper essential extension. Thus 
AcBcecNZSA=B. 


An ideal is said to be closed if it is closed as a left N-subgroup. 
An idempotent e is called co-central if both e and (l-e) are central. 


A set {e} of arthogonal idempotents of N is called right complete arthogonal 
idempotents if e = Xe, is a right identity of N. 

An N-group E is said to be uniform if each non-zero ideal of E is essential in E. 

Two subsets A and B of an N-group are said to be linearly ordered if either 
AcGCBoBcCaA. 


A finite sequence E = E, 2 E, ... 2 E, = 0 of ideals is said to be a principal 


sequence if each —— is simple and such a finite sequence is said to be a restricted principal 
i+l 








sequence if each ——~ is irreducible. 
r+] 


An N-group E is a ps-N-group if E has a principal sequence and is an rps-N-group 
if E has a restricted principal sequence. Clearly an rps-N-group is a ps-N-group. It is noted 
(p. 52 in [11]) that a ps-N-group thus defined [11] satisfies both the chain conditions on 
its ideals. In alternating group A,, 0 is the only proper ideal. Clearly A, is not irreducible. 
Hence A, is not an rps-N-group. But it satisfies both the chain conditions on its N-subgroups. 
Hence it is a ps-N-group. 

Left annihilator of a € N is defined as l(a) = {n € N|na = 0}. 

Note 1. If N is with distributively generated left annihilators, then for two orthogonal 
idempotents e,, e, € N, we have 1(e) ^ l(e,) = 1(e, + e). 

For, x e 1(e) © 1(e,) => xe, = xe, = 0 

Now l(e,) = <S > where S, is a set of distributive elements of N. 

> x=Zits,s eS, 
= (Č t s) (e, +e) =2(ts)e, = 


= x € life + e) = Ife) ^ le) S le, + e) 


l 
x< 
© 
ll 
D 
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and y £ I(e, + e) = <s>, s is a set of distributive elements of N. 
—>y=Zid,es 
= d (e, + e) = 0, for each i 
> de +de,=0 
> d e +de e =0 
> de, = 0 
=> d £ lfe). 
Similarly, d, € 1(e,). 
= d € 1(e) A ife,) for each i 
= y g le) A 1e) 
= le, +e) & le) ^A 1e). 
Therefore, 1(e) © l(e,) = Ife, + e) 


Thus for any set {e,,...,¢.} of orthogonal idempotents in a near-ring N with 
distributively generated left annihilators we have, I(e,) NM... M (e) = Ite, + ... +e). 


Radical J is called D-regular if for each a € J, we have a x € J such that a =xa. 


An N-group E is called tame N-group [11] if any N-subgroup of E is an ideal 
of E. 


An N-group E is called semi-simple if it is the direct sum (or sum) of simple 
ideals [7]. 


The near-ring N is called semi-simple if N is semi-simple as an N-group. 


A near-ring N is called strictly semi-simple if it is a direct sum of irreducible left 
ideals [7]. Clearly strictly semi-simple near-rings are semi-simple. : 


N-group E is projective if every diagram (I) can be embedded in the commutative 
diagram (II). 


ea) 
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A short exact sequence (s.es.) 0 > A — B 4 C — 0 almost splits if there is 
a splitting homomorphism g : C —> B such that fg = I, (identity). The s.e.s. splits if there 
is a normal splitting homomorphism. N-group E is strictly ee a if every s.e.s. splits. 
A strictly projective N-group is projective. 


Near-ring N satisfies the modulo essential descending chain condition (medcc) if 


z satisfies the d.c.c. on its N-subgroups for each essential left-ideal K of N. 


a b 
Example. Consider N = ( 0 : | a,b,c € | 


Then N is a near-ring of 2 x 2 upper triangular matrices over a near-field F 


a 0 0 b 
Here A = |ae F}, D= | b,c € F> are left ideals of N. 
0 0 0 c 


1 0 0 0 
Also e = l 0 4 and f = 0 i) are orthogonal idempotents of N. 


We easily get A= Ne and D = Nf and thus N = Ne © Nf. Also N-subgroups of 
Ne and Nf are linearly ordered. 


Thus N is a left serial near-ring 
Also we note that, when Z = {0, + 1, + 2, ...}, Q = i | ab € Z, b # 0} and 


S= i; | ab £ Z, b € 2Z} then S is a sub near-ring of Q. It can be easily seen that 


the proper ideals of S are of the form 2*S (k € Z). The ideals of S satisfies the acc but 
not the dec. Here O and 1 are the only orthogonal idempotents of S and S = S.1 + S.0. 


Thus S is a left serial near-ring. As Q is the field of fractions of S, Q = Gs | a,b €S}. 


Suppose A and B are any two S-subgroups of Q. If A œ B, then a € A such that 
a gB. 
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Now be B »as ¢ bs (& B). Again a,b, € Q > : evo on = € Q which 
a 
=| 
gives ; ES or (=) e S. Since : € S = aS © bS which is not the case, it follows 
a 


mi 
that (2) e€ S, which gives bS © aS (S A). And thus b = b.1 € aS © A (clearly 1 
a 


€ S). Hence S-subgroups of Q are linearly ordered. 


In Klein’s four group [11, p. 340], (1) is a near-ring w.r.t. the multiplication defined 
as in [11]. Here a set of orthogonal idempotents is {0, b}. Then e =0+b=bisa 
right identity but not a left identity. Thus {0, b} is a set of right completment orthogonal 
idempotents. 


Also we see in dihedral group N(=D,) = {0, a, 2a, 3a, b, a + b, 2a + b, 3a + 
b} [11] a set of orthogonal idempotents is {a, b}. Then e = a + b is a right identity 
not a left identity. Thus {a, b} is a set of right complete orthogonal idempotents. 


Throughout our discussion, unless otherwise specified, N will denote a zero- 
symmetric right near-ring with 1 e N. 


3. PRELIMINARIES 


If N is a d.g.nr and M © N, then we write w- nm In €N, m € v} 
finte 
Then (M) is a left N-subgroup generated by M and in the sense (M) is a finately generated 
left N-subgroup of N if M is finite. 


Lemma 3.1. In a d.g.n.r N with the acc on its left N-subgroups, if principal N- 
subgroup are linearly ordered, then its left N-subgroups are principal. 


Proof. Let K be a left N-subgroup of N. Then x, € K gives (x,)= Nx, © K. If 
(x) & K, then we have x, € K such that x, ¢ (x,) and then (x) © (x,,...x,) © K. 
Thus we get a strictly accending chain of left N-subgroups of N, viz., (x) © (x x) © 
(XXX) © ... , each one of these contained in K. As N satisfies the acc on some t 
E Z*, (XpX -X9 = K. Again since w.l.o.g. we can write Nx © ... & Nx,. Now x, € 


K gives Nx, © K and clearly > n, x, € Nx, (n, € N). Thus K = Nx.. 


finte 
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Lemma 3.2. If {e}, 1 $j <k is a set of right complete orthogonal idempotents 
of N with distributively generated left annihilators, then I = Ie, © ... @ Iep where I 
is an ideal of N. 


Proof. define ọ : I — Ie, © le, © ... © fe, 
by > (i) = (Ge, ie, ... , 1e) 
Then clearly ọ is N-homomorphism 
Let > (i) = > G) 1, LEI 
= (iep 16) = ie)... Le) 
=> ie = ie J = 1,2,...,k 
=> (i,- i) e = 0, J = 1,2,....k 


=>i-Lelie)n... a le) = le +...+e) 


k 
[by note 1] = I(e), where e = X e 


j=l 
=> ,-i)e=0 
k 
=>i-i,=0 [e= Ý, eis a right identity] 
j=l 
> 1=1, 


Thus @ is a monomorphism and so I is embedded in Ie, ® ... ® Ie, when left 
annihilators of N are distributively generated. 

Then we can have I = I’ G Ie ®...@®... @ Ie, 
Again Ie, ® le, ©... Ole, S Lo 


Thus I = Te, @... Be, 


The radical J of a near-ring is a left ideal. If we define J.J as J.J = 3 ab | a,b 


fin 


€ s, then J.J can be given a left N-subgroup structure if N is a d.g.n.r. Because of the _~ 


eal 


—= 


5 


— 


—_ 
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possible non-associative character we write J.(J.J) as left 3-power of J written as J“. In 
general we say J“ as J left k-power of J. We consider JOY = J JO-»9, 


Now the following lemma is of considerable importance to what we have proposed. 


Lemma 3.3. If principal N-subgroups of a d.g.n.r. N with the acc on its left N- 
subgroups, are linearly ordered and radical J is a left ideal invariant as a sub-near ring, 
then J* is an ideal of JO, 


Proof. We have J = JJG") = ablacJ,be ad | is a left N-subgroup 


fin 
of N. By lemma (3.1), J"? = Ny for some y e N. It can be easily seen that Jy is an 


Ny Jat- 
ideal of Ny. Thus we get the N-group structure of Ty (= res 
y y 


The mapping œ : JU) -» z defined by @ (x) = x + Jy, x e JO") = Ny is a 
y 


natural epimorphism. 


yot-D puit-D 


Jy _ kerga 





= ker a = Jy 


Again, ker œ = {x e JO") | x + Jy = Jy} 
= {x |x e JO nq Je} © Jo» 
=> ker a © Jt 
Suppose X'E Jo = J JOE) 
Then x’ = È ab, a €J, b, e Jorn 
fin 
As each ab € Jy = ker oO, we get 
JOO © ker œ 
= ker a = J = Jy 
Thus we get J“ is an ideal of J". 


(1,t+1) 
That is we get the N-group structure com and is true for all t e Z*-(assuming 
oe s 


e 


P =N). ~ - 
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If f= {E | E is an ideal of E, E’ + E} and F has a maximal element, say E”, 
then E” is an ideal of E which is maximal as a left N-subgroup. So, the N-group E/E” 
is irreducible. 


Also we know that JON) = ^ ann (F), F is irreducible N-group. Now K ©& J(N) 
gives us K & N Ann (E/E”) which gives KE © E © E. Hence KE = E gives us E 
= 0. 

Note 2. Thus we note that if N is a d.g.n.r. and E is an rps-N-group, then for any 
left ideal K of N with K © J, KE = E gives E = 0. 


4. THE MAIN THEOREM 


Theorem 4.1. If N a d.g.n.r. where T = N J“ is an rps-N-group and J is D-regular 
t=] 


invariant sub near-ring, then f) J“ = 0. 
t=l 


Proof. Here JT = 1 ee ee ee t€ is a left N-subgroup of N. 


finite 


Now JT & T ^ J as J is invariant and T is a left N-sub-group of N. 
Ifae T OJ (& J), J being D-regular, we have a = xa(e JT) for some x e€ J. 
Hence, TO J © JT => JT = TJ = Fand T = 0 [Note 2] T = O. te. 


N I = 0. 
t=] 

In the following result N is a d.g.n.r. in which principal N-subgroups are lin2arly 
ordered and left annihilators are distributively generated. Also N satisfies the acc on left 
N-subgroups and each summand of N is a strictly projective N-group with invariant ractical 
JON) such that JON) = JON)N. 


Theorem 4.2. If N is a left serial near-ring w.rt. a set {e}, 1 < i < k of right 
complete orthogonal idempotents such that for t 2 0, each j“e is inherited strongly regular 
N-group, then for each t € Z*, a complete list of ideals of Ne which contain J" e is 
Ne a Je a2 IOS a2 a ee, 


Proof. N being a left serial, N = Ne, ® ... © Ne,, where N-subgroups of zach 
Ne as an N-group are linearly ordered. 
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Then J(Ne) = J(N)Ne, [12] = G(N)N)e, = J(N) e, = Je. Thus Je, is the intersection 


of ideals of Ne, maximal as N-subgroup of Ne. Then Je, is the unique ideal maximal 
as N-subgroup of Ne. 


Therefore, each ai is an irreducible N-group. 


“i 
Define ¢ : Ne, ®... © Ne, 9 © o.. @ Mx 


by > Nep ..., me,) = (n€, 0e) Clearly is onto. 
Also it can be easily seen that 
For an x,y € Ne, ® ... ® Ne, and r € N, 
O(x + y) = O(x) + O(y) and O(rx) = r O(X). 
Again ker ọ = {(né,,....m,e,) | O(n,e,,....ne,) = (0,...,0) 
= {(n,e,,.-.ne,) | ne € Je}, 1 sick 


= Je, ® ... ®© Je, = J (by lemma 3.2) 


n 


So = Ne g. @ M 


eee sd N. ; 
J invariant gives 7 is a near-ring also. 


We define Q : N x 
J Je 


i 


a ((n + J) (ne, + Je)) = ne, + Je 


Then œ is well defined because of the N-group structure of we 


1 


Also, (m, +n.) (ne + Je) = nme + Je) + n, (ne, + Je) and n, @,n,e,) 


= (1, n,) nj; 
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Thus each = are 5 — group also which are irreducible as = group. Because, 
e, 


if not irreducible, then suppose Se, is a proper ~ subgroup of 5 
we e. 


Then Je & Ke c Ne 


+ 


1 


Now, N x ss, — Sa by n (Ke, ) = nke, is well defined such that (n, + n,) 
e 


€, i 


Ke, = n, (Ke,) + n, (Ke,) and n, (n, (Ke,)) = (nn,(Ke, ) 


Therefore ae is a N-subgroup of we which gives ma is not irreducible as 
e e 


€, 1 1 


N-group, a contradiction. 


Hence =o is an irreducible = group. 


1 
By lemma (3.3), JO") is an ideal of J“, 
Now JUD C Je» = Jb) a3 Z youn e. 


Also (ae) + je, + (ae) = (~a + j + a) e e JO e, ae e JO, je e JO“ and 
n(je, + ae) -n(ae) = (nG + a) - na) e e J" e, n eN. 


Therefore, JO '=Pe_ is an ideal of J™®e, 


(1,t) 
Thus ji, exists as an N-group. 
1 


Hence exists as an > — group also. 


(1,t) 


Me N 
Now suppose, joa, be an F subgroup of joa 


, N 
Then Me, is an ae subgroup of J“ e which gives Me is an N-subgroup of 


ie GN, 
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Since for each t 2 0, J“ e is a tame N-group therefore Me is an ideal of 
JOD e. 
1 


We. 
yatte 


i 


=> is an ideal of 


€ 
Moe 


(1,t) 
Ii i an) WUE A 


=> —-—1—~ Penner, Yor 
ye "e J pe: 


l N Pae N. 
Thus a subgroups of Jory are 7 ideals, t > 0. 


Then S subgroups of = are left ideals (because 5 subgroups of each sa are 
e, 


ideals). 


But each ci are = subgroups of AN 
Je, J J 


Hence we get, 5 is the direct sum of irreducible teft ideals. Therefore ~ is strictly 
semi-simple which gives = is semi-simple and has the d.c.c. on left ideals [7]. 


yuo 
iat” 18s semi-simple as 
tHo. 
I 


Thus = is semi-simple Artinian near-ring. Therefore, j 


~ group [7]. 


. ee, ae 
But as N-subgroups of each Ne, are linearly ordered, therefore Fam is either 
$ e 


zero or simple. 
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Hence in either case a complete list of ideals of Ne, which contain Je is 


Ne 2 Je 2 Je: e E. Jene 


Theorem 4.3. If N is as above and T = M J“ is an rps-N-group, then N satisfies 
t=] 


medcc. 
Proof. Here N = Ne, ® ... ® Ne, where N-subgroups of each Ne, are linearly ordered. 
Let K be a strictly essential left ideal of N. | 
Each Ne N K & K, therefore 
Ne NK + (Ne, 7 K) +... + (Ne. AK) & K © N(=Ne, ©... © Ne) 
Hence (Ne, ^ K) © ... ® (Ne, A K) is direct. 
That is (Ne, ^ K) ®... © (Ne. WN BK) © K. 
It can be easily seen that (Ne, ^ K) is an ideal of Ne. Now define ọ : Ne, © 





Ne Ne — — 
© Ne, => Ne NK wee @ Ne, NK by o) (ne, ieee n,e) z: (Ne; y+, n,e€.) 
Clearly @ is an epimorphism and 
Ker > = {Gep .... me) | (me, -... ne) = (0, ..., 5)} 
(Ge .... ne) | ne € Ne ^ K}, i= 1, ..., k 


= {Ge, -o me) | (ne, -~ me) € 8 (Ne ^ K)} 
= (Ne, NK) ©... © (Ne, ^K 


Therefore, eee.) eee = eae 9.. @ eae. 
(Ne, MK) 8...9 (Ne, NK) Ne, NK Ne, OK 


As K is strictly essential left ideal, therefore 
Ne O.K # 0,1 = 1, ..., k. 
Suppose e b2 one of the e ’s and L(+ 0) be a N-subgroup of Ne. 


By theorem (4.1), N J“ = 0. Then we have 


t=1 


N Jide = 0 


t=] 
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Therefore, L g JO™ e for some m € Z*. 

Since N-subgroups of Ne are linearly ordered, therefore, J“™e © L. 

Again by theorem (4.2.), a complete list of ideals of Ne which contain J“™ e is 
Ne 2 Je 2 Je 2... 2 J'me 

Therefore L = Je, for some n € {1,2 ..., m} 

Thus the only ideals of Ne which contain L are 


Ne = Je 2 J?e 2 ... DB J'e and Je (= L) 


That is = satisfies the d.c.c. on left ideals 
= “= is Artinian which gives 


N 
15: an Arinan N-gron 
_ (Ne, MK) ®...® (Ne, NK) group 
i ee ee 
Again we have, ` = CAOL Ep 


(Ne, NK) ®...® (Ne, NK) 


yN 


Therefore z is Artinian N-group which proves N satisfies medcc. 
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DIRECT k-SUMMANDS IN SEMIRINGS 


P, MUKHOPADHYAY 


ABSTRACT : Idee of direct summands in semirings was introduced by Padmanavan and 
Subramanian [4] for a commutative semiring. Later Cornish [1] developed the idea to non- 
commutative semirirgs and established a sort of relation between a direct summand and a 
complemented both-sided ideals of a semiring. In this paper we try to extend this concept in the 
light of k-ideals of 2 semiring. 


1991 AMS Subject Classification : Primary 16 Y 60 


Key words : Halfring, Zeroid, k-ideal, Direct k-summand. 


1. INTRODUCTION 


A semiring :s a non-empty set $ together with two binary operations ‘+’ and ‘7 
such that, (S,+) is a commutative semigroup and (S,-) is a semigroup which are related 
by ring like distributivity. A semiring is called commutative if both the operations are 
commutative. An additively cancellative semiring is called a halfring. Call an element 
s € § a zeroid if s+ a = a, for some a € S. We donete by Z(S), the set of all zeroids 
of S. If S is a semiring with zero 0, then 0 e Z(S). The zero element of S, is called 
an absorbing zero if a.0 = 0.a = 0 for alla e S. If Z(S) = {0}, then S is called plain [2]. 
An identity element of S, if it exists, is an element 1, e S such that 1.x = x.1, = x for 
all x e S. A k-ideal [3] I of a semiring S is an ideal of S such that if a e I and 
xe § and a + = € /] then x € I. Let A be a subsemiring of a semiring 5. Then 


A ={aeéeS|a+xeéA for some xe A} is called the k-closure [5] of A. It can be 
verified that if A is an ideal of S then A, as defined above, is a k-ideal of S. Infact, 


it is the smallest k-ideal of S containing A and A = A if and only if A is a k-ideal. Throughout 
this paper we assume that S has an absorbing zero 0 and an identity element 1.. 
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2. DIRECT k-SUMMAND 


Let S be a semiring. We recall that, a pair of elements (¢,,e,), for some ee, € 
S is called an idempotent pair [5] in the semiring S, if e, + €5 


ee 
kanastia 


ee, and e + ee, = 
e;. We now give the definition of a complemented pair of elements in a semiring S as 
follows : 


Definition 2.1. In a semiring S, a pair of elements (s,,5,) for some s „s,€ S is said 
to be complemented, with another pair, say, (7,,r,) €e S x S as its complement, if 
l toUt a 


s +r andrs =0= sr for i= 1,2, ; j= 1,2 ; 
1 J 1 } 


We see that, (1,,0) is a complemented pair in S with the coresponding pair being 
(0,0). Following result is an automatic consequence of definitions of idempotent pair and 
Definition 2.1. 


Proposition 2.2. If (e „e,) is a complemented pair in S, with (f,, f) as its complement, 
then (e,,e,) and (f,,f,) are idempotent pairs. 


We now define the concept of a central complemented pair in S as follows 


Definition 2.3. In a semiring S, a complemented pair (ef) is said to be central, 
if for all x e S, we have, 


ext+aft+(et+fAPxl(etfpp=xet+frt+r(etfxletf. 


Towards defining a both-sided k-ideal generated by a central complemented pair we 
now introduce the following : 


Definition 2.4. For a central complemented pair (e,,e,) € S x S, we define, 
lepe), = {xe S| x+ xe, +s = xe, + 5}, 


Lj iJ 


where, s = ba ses, + ` tet, € S for some SS stot, € S, for all ije N and 
summations are all finite. 


Proposition 2.5. (e „e,)}, is a k-ideal of S. 


Proof. Indeed, for any x,y € (epe), and any s, € S, x + y, sx € (epe), follows 
immediately. We prove that, xs, € (¢,,e,), also. Now, x e (e,,e,), implies x + xe, + s = 
xe, + s, where s is as defined in Definition 2.4. This gives us, 


XS, T XES, + sS, = xes t SS, 


og AI) 
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Now, since (e e,) is central, for all x € S, 

ex + xe, +5 = xe +ex+ S, 
where, 

F = (e + e,) + (e, +e) € S. 
This gives us, 

EXS, + xes + SS, = Xes + exs, + SS,. san 2.2) 
Now adding exs; + Ss, in both sides of (3.2.1) we have, 

xs, + xes + exs + SS, + ss = xes texs + SS, +SS, 
This gives us, 

XS, + xes + exs, + SS, + SS, = xes + exs, + SS, + SS, joules 

[by (2.2)] 

Now as, xs, € S, and (e¢,,e,) is central, we also have, 

é,(xs,) + (xsJe, + 5 = (xs)e, + e,5,) + S, ... (2.4) 


where, $ = ʻe, + e,) xs, (e, + e,) by Definition 2.3. Now on adding (xs,e, + S$) 
on both sides of (2.3) we get, 


XS, + xes + exs + x8,e, + SS, + SS, + S = xes + exs, + xse + SS, + 
ss, + $ 

which implies on, using (2.4), 

XS, + xes, + XS, + xs e, + S + Ss, + SS, = xes + exs + XS,E,+5S, sso S 


Le., 


where, 
3 = xes + exs, + Ss, +s tS 


and through 2 somewhat routine calculation it can be shown that, $ is in accordance 
with the requirements of Definition 2.4. Hence with an appeal to the Definition 2.4 we 
conclude that, xs, € (e,,¢,),. Consequently, (¢,,e,), is an ideal of S. Next, let x + y,y € 
(epe) So that, (x + y) + (x + ye, +r, = (x + yje, +r, andy + ye, +r, = ye, +r, 
where, r „r, are elements of $ of the form stipulated as in Definition 2.4. Now, 
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X+y + xe, + ye, +r, = xe, + ye, + 7, 
x + xe +t Cy eye, on) ae =x tye tr eT, 


x+ xe, + ye tr +r = xe + ye, tr +r 


which implies x € (e,,e,), ; infact, as ye, = yel, we see that, ye, + r, + r, can 
be expressed in the required form of Definition 2.4, this proves that, (e,,e,), is a k-ideal 
of S. 


Now the stage is set to define a direct k-summand and a complemented k-ideal of 
a semiring and to check their interrelation. 


Definition 2.6. A direct k-summand of a semiring S is a k-ideal A of S, for which 
there exists another k-ideal B of $, called k-cosummand of A, such that, each x e S can 
be expressed as, x + a+ b= a’ + b’, where, a,a’ € A and b,b’ € B ; and such an expression 
is unique in the sense that, if, 


x+a,+b,=a,+b, andx+a,+b, =a, + b, 

then, a, + b, = a, + a, and b, + b, = b, + b,, where, a e A,b e B for all i = 1,2,3,4. 

Definition 2.7. A k-ideal A in a semiring S is called complemented if there exists 
another k-ideal B such that, A ^ B = (0) and A+B = S, where, A+B is the k-closure 
of A + B. 

Lemma 2.8. In a semiring S, if a k-ideal J be complemented, then there exist some, 
ee, E S such that, (e,,e,) is a central complemented pair and J = (¢,,e,),. 

' Proof. As the k-ideal J is complemented, we have another k-ideal, say, K such that, 

JokK=(0) and J+K =S.As 1 e S,1,+¢,+f, =e, +f, for some ee, € J and 
fafa € K which implies, 


_ a 
e, + €e,+ éf =e + êj, 


ase ga 


as € fy €f, E JA K= (0) i.e., e f, = e, f, = (0). Proceeding in an essentially similar 
manner, we may show that the other required criteria are fulfilled, whence (e e,) is a 
complemented pair with (ff) as a complement. It is indeed a central complemented pair. 


DIRECT k-SUMMANDS IN SEMIRINGS 47 


Towards proving this, let us consider any y € S. As we have 1, + e, + f, =e, +f then 
on multiplying it by y, from the left and from the right respectively, we get, 

y + ye, + yf, = ye, + yf andy +eyt+fy=ey + fy 
where, ye ye, ey, ey € J and fy, fy, yf, yf, E K since J and K are ideals. Again 
l +e, +f, =e, +f also gives that, 

ey + eye, + eyf, = eye, + eyf 
whence by virtue of eyf, eyf, E J © K = (0) we get, 


ey + eye, = eyer sae (2.5) 
Similarly, we may show, 

ey + eye, = eye, sas (2.6) 

ye, + eye, = eye; and ax (27) 

ye, + eye, = eye, ... (2.8) 


so that, 
ey + eye, + eye, = ey + eye, + eye, [by (2.5) and (2.6) 
which implies, by (2.8) that, 
ey + eye, + eye, + (ye, + eye) = ey + eye, + eye, + eye, 
which implies, by (2.7) that, 
€,y + ye, + eye, + eye + eye, + eye, = ey + eye, + eye + eye, + (ye, + eye) 
Le., 
€,y + ye, + (eye, + eye + eye, + eye) = ey +t ye, + (e,ye, + eye + eye, + eye) 
1.€., 
ey + ye, + (€, + €,) y (e, te) = ey + ye, + (e, + €,) y (e, te) 
whence (é,¢,) is a central complemented pair. 


Now, let x e J ; then, x + xe, + xf, = xe, + xf, which implies x + xe, = xe,, as 
xf, xf, E J A K = (0) which indicates that, x e (e,e,),as 0 € S, whence J © (epe). 
Again, if x e (e,e,), then x + xe, + s = xe, + s, where s is as prescribed in Definition 
2.4. Now, as e „e, € J, and J is a k-ideal of S, hence x € J so that (e,,e,), S J. Consequently, 
J = (ee. 

Lemma 2.9. in a plain semiring S, if J = (e,e,), such that (e,e,) is a central 
complemented pair, then J is a complemented k-ideal of S. 
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Proof. Since (e,,e,) is a complemented pair, there exists its complement pair, say, 
(fafa) for some fafa € S. We claim that, 


(i) (ee), © Fofa, = (0) and, 


(ii) (ese) +44), = S. 
To prove our claim, let, x e (epe), O Ff» then, 
IOF xe, + S, = Xe, + S,, and, saat (29) 


x + xf, + 5, = af, + 5, | woe (2.10) 


where s,s, € S and are in accordance with Definition 2.4. Now, multiplying (2.10) 
by e, in the right, we get, 


xe, + xf,e, + s€, = af,e, +e, 
1.€., 

xe, + S,€, = Se 

and, multiplying (2.10) by e, in the right, we get, 

xe, + xfe, + 5,€, = Xf +5,€, 
Le., 

xe, + S,€, = S,e, [by Definition 2.1 ] 
whence we have, 


Xe, + XE, T S3 + 5,€, 


S€, + S36, 
= s€, + xe + se 
= xe, + xe, + se + se, [as s€, = xe, + se, 
From (2.9) we know, x + xe, + s, = xe, + s, which implies, on adding xe, + se, 
+ s,e, in both sides, 
x + xe, + xe, + 5, + 5,€, + Sse = Xe, + xe, + S, + S,e, + 5,e, 
Le., j 
X + Xe, + Xe, + SE, + S, +S = xe, + xe, + sE, + sets, 


i.e., 
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where, $ = xe, + xe, + S,€, + 5,€, + 5, Ee S whence x e Z(S) = {0} as S is >lain. 
This implies, x = 0. Consequently, 


(epe, N Gf), = ©). 


Now, to prove (ii), it will be sufficient to show, 


S S (21,22), +f dah 


Indeed, as (e,,e,) and (f,f,) are mutually complemented pairs, we have, 1, + e, + 
f,=e,+f,. lf x € S be arbitrary, then, x + xe, + xf, = xe, + xf Now, as (€,.2,) Is 
an idempotent pair [by Proposition 2.2], so e, + ee, = el and e, + e7 = ¢€,€, show that, 
e„e, € (epe), and since it is an ideal, so xe,, xe, € (¢,,e,), and a similar argument would 
show that, xf xf, € (fafa), so that, we have, 


re Gna), hb: 


Hence the lemma follows. 
Finally, we conclude this paper with the following theorem. 


Theorem 2.10. In a halfring S$, if a k-ideal J be complemented then it is c direct 
k-summand. 


Proof. As k-ideal J is complemented in S, by Lemma 2.8. we get, J = (e,,2,), and 
by Lemma 2.9. there must exist another k-ideal, (f,f,),= K (say) for some mutually 
complemented central complemented pairs (epe) and (fJ) such that, J ^ K = (C) and 
J+K = S. Now, suppose x €e S be some arbitrary element of S such that, x + a, + 
b, = a, + b, and x +a, +b, =a, + b, where ae J and be K for i = 1,2,3,4. Now, 
xe, + ae, + be, = ae, + be, and, xe, + ae, + be, = a, + b,e, which imp-y xe, 
+ ae, + be, + ae, + be, = xe, + ae, + be, + ae, + be, so that, xe, + ae, + ae, 
= xe, + ae, + ae, (since J ^A K = (0)). In a similar way, it can be shown that, xe, + 
a, + ae, = xe, + ae, + ape, Now,], + e, +f, =e +f, implies a, + ae, + af, = 
ae, +af ie, a,+ae,=ae, (asa eJ;f,f, e K and Jo K = (0)). Similarly, we 
can show that, 


lI 
Q 
® 


a, + ae, 


lI 
Q 
% 


a, + ae, 3 


a, + a,é, = ae 
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Now, we have, xe, + ae, + ae, = xe, + ae, + ae, Adding a, + a, in both sides 


we get, 


xe, + ae, + (ae, + a) + a, = xe, + a, + ae,+ (ae, +a) 


ie, xe, + ae, + ae ta = xe, + ae, 


i.e., xe + a, = xe, + a, 
Again, we have, xe, 


On adding a, + a, on both sides we get, 


xe, + ae, + (a, +t a,) + a, = xe, 


i.e., xe, + ae + a,e,+ a, = xe, + ae, 


Lẹ. XE, + a, = Xe, + a, 


Combining (i) and (ii) we get, 


+ aE + aE, = Xe, + aê, 


+ae +a, 
vee (i) 
+ ae, ; 
+ (ae, + a) + ap t a, 
+ ae,t+ a, 
. GD 


Xe, + xe + 4,+ a, = Xe, + xe + a, + a, 


whence, a, + a, = a, + a, 


In an essentially similar manner it can be shown that, b, + b, = b, + b,. Consequently, 
the required nature of uniqueness of representation of x, as prescribed in Definition 2.6. 
is attained. Hence, J = (e,,e,), is a direct k-summand, with K = (e,,e,), as a k-cosummand. 


Hence the theorem follows. 
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ON ENTIRE FONCTIONS OF BOUNDED INDEX 
IN SEVERAL COMPLEX VARIABLES 


B. C. CHAKRABORTY AND TAPAS KUMAR SAMANTA 


ABSTRACT : In this paper we have obtained a necessary and sufficient condition for an entire 
function in C” to be of bounded index and also we have proved that the set of all entire functions 
of bounded index in Z” is closed with respect to usual multiplication of functions. 
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1. INTRODUCTION 


In [5], Krishna and Shah introduced the concept of bounded index for analytic 


functions in several complex variables with respect to an arbitrary given point œ in C”. 
Thereafter Chakraborty and Mitra [2] introduced the concept of entire functions of bounded 


index in C” withou: any reference point. 

In the case of one complex variable, Fricke [3] obtained “a necessary and suffizient 
condition for an entire function to be of bounded index in C” 

Further, in [3] he proved “If f is of bounded index, then e(z) = Raz + b) is of 
bounded index for any a, b, ce C€”. 

Further, in [3] he proved “the class of all entire functions of bounded index in C 


is closed under multiplication”. 


Considering the concept of Chakraborty and Mitra [2], here we have generalised 
the above three results in the case of several complex variables. The results which we 
have obtained are as follows : 
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Theorem 1. An entire function f in C° is of bounded index iff for each (r,,r,) 2 
(0,0) 4 non-negative integers n, = n(r,,r,) and n, = n,(r,,r,) and constants M, = M(r,,r,) 


> 0, M, = M,r,,r,) > 0, such that for each z = (z,,z,) € € 3 integers | = Iiz), 
m = m(z,,z,) with 0 < I< n and 0 <m <n,and 


max 
Iš, -z |=", 
31,2 


Theorem 2. If f is of bounded index in g, then g(z,,z,) = az, +b, az, + b,) 
is of bounded index for any (a,,a,), (b b,) € t2. 


Theorem 3. If f(z,,z,) and g(z,,z,) are of bounded index, then A(z,,z,) = Jea ) g(Z,,z,) 
is of bounded index. 


a FG, ’ a ) 
Oz Oz; 


a F(z ’ Z3) 
I 
2 














lz MM, 


2. NOTATIONS 


We denote complex and real n-spaces by C” and R” respectively and the set of non- 
negative integers by Z. I} = {x/x e I", x > 0, i= 1,2, ..., n}. We indicate the points 
(Zene) (W,,...W,), etc. of C” or R" by their corresponding unsuffixed symbols z, w etc. 
For z, w e C" anda e C, we define az = (az,,..., OZ), Z+ w = (Z + Wp.. Z, + 
w) zw=zw +.. +zwlzl=(lz P+... + |z, 2. The positive hyperoctant 
R} in R" will be R] = {x/x e R", x 2 0, i= 1, ..., n}. 


For t e R}, we set || ¢ || = t, +... + t and forme F, m!'=m,, ..., m,!, 


=z. g forze C", (z = 1 even if z = 0). For any k e R, k = (k, ..., k). 
In particular, o and æ will respectively denote the n-tuples (o,...,0) and (c9,...,00). Also 
for xy e R", we say that (i) x < y iff x < y, (ii) x < y iff x < y but x # y 


(iii) x < < y iff x < y, i = 1,..„n. For an entire function f with domain C", f® will 


Iki 
denote the partial derivative see where k e P and f® = f. Also we denote = 
rA ! 
fP by f- 
§3. An entire function f in C” has a Taylor expansion about any point w e C” 
Ga (m) 
of the form : f(z) = by a (z — w)", where a = T on 
"A m m w! 


m=0 
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Definition 1. Let f be an entire function in C”. Then for each point w e €” there 
exists an n-tuple m(w) € F such that 


m eel ; on GER 
psm p! q! 


There may te several tuples m for which the above inequality holds. A minimal 
element of such tuples is called an index of f at the point w. 


Definition 2. An entire function f in C” is said to be of bound index iff there 


exists an m e F such that for all z e C”, 


(p) (q) 
max F(a) > Veo] Vq E€ P, oe (3.1) 
psm p! q! 


There may have several tuples satisfying (3.1). A minimal element of such tuples 
is called an index of f and is denoted by 7 (f). An entire function which is not of bounded 
index is said to b2 of unbounded index. 


$4. In this s2ction we prove theorems for an entire function in C? instead of C", 
p 


mR 


only to avoid complicated notations. However, the proofs of the theorems in ¢” are 
immediate. 


Proof of theorem 1. For r = (r,,r,) 2 (0,0) and z = (z,,z,) € C? and an entire function 
f, let us define 


a’ FCEE) 
Oc! ae” 








M,,Wf2r) = max | | jor l m = 01,2... 


AEA 
11,2 
Necessary condition. Let us assume that f is of bounded index and also iet (p,q) 
be an index of f. 
For (r,,r,) = (0,0), let us choose n, = n (r r,) = p and n, = n,r,r,) = q and 
M, = M\r,r,) = 2” pl and M, = Mjr,r,) = 2" g!, where h,, h, are positive integers 
such that 


re _! P <! 


t< an < 
h © 4(p+l) h,  4(q+1) 
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For 20 = (22,22) e C, let us choose / = (1(z?,z2) m=m (2?.z2)) to be an index 


of f at z. Then obviously / < p and m < q. Now by the Iemma [2, pp 10] we get 




















k 
ei klk! ëa lim! dzloz” 
td 
Now, M, fzo < p!lqlmax<—|—— A 
R (m)s(p.q) imi — dzjdz5' 
Ly 
1] ,2 
l 0 0 l+m 0 
< p! pohti 1 ISa) <MM G" fz) 
= piq: Tim! lem on ATS AES ox pa 
e è ] 2 l 2 











Since z® is arbitrary, the necessary condition follows. 


Sufficient condition. From the given conditions we may assume that for r = 
(2,2) 3 non-negative integers n, = n,(2,2), n, = n,(2,2) and constants M, = M (2,2) > 0, 
M, = M, (2,2) > O such that for each z = (z, z) € q’ J integers / = [(z,, z), m 
m(z,, z) with O < / < n and O < m < n, and 


a’ F(z,,29) 


ala" (4.1) 


Mmr) S MM, 








We propose to show that f is of bounded index. Now, 3 integers m,,m, > 0 such 
that 


n!M2™ <1 
... (4.2) 


n!M,2°™ <1 


Here we take m,, m, as the least positive integers for which (4.2) is satisfied. We 


of +m Fe, z®) 
kP ach 


F 





now estimate in the following three cases : 





Pi! p,! 
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Case (i) p, 2 m, + n, and p, 2 m, + n, 
Case (ii) p 2 m + n and p, <m, +n, 
Case (iii) p < m + n, and p, 2 m, + n, 
Case (i). For an arbitrary point 2® = e] e C? J integers | = L Cine 
m, = m a Zh with O <1, < n, and 0 < m, S n, such that 


atime f(2 20) 


. (4.3 
aah aah si 


(f 2, r) S MM, 








My stg 


Now, by Cauchy’s inequality for an entire function g of two variables, we have, 


ght : k, 
a < < eRe ne es, (abo 








lo tig 5 
for k,, k, = 0,1,2,... and any R, R, > 0. Then, substituting g(z,, z,) = o ee 
j OZ? 


and R, = 2 = R, in the above inequality, we obtain 














1 goth )+(mo tka ) f(%s%) a k ght" f(E, E) 
kik! | aage g-a || azaz" 
1,2 
= 22 M oa (GS 2) ve (4.4) 
Hence, 
1 gta FC 20, zi) 1 giorn Ly )+(itg +pz—Mg) F zo z) 
Pi! Ppa! dzi’ j pi! Pa! ozi oz’ 














(ig + py —fy {mgt p-m} 0) _(0 
ov Py —tg 4A ig tp Ho) F(z{0) 20) 


_ (=)! (py = Mp)! l 
OP ace 


pi! pa! (pi — 44) (py — mo)! 








1 


Z got ~ly )+mg +( pp —AMtg) F zo, z) 
(Pi — h )!(P2 — mp)! 


aP ak? 
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IA 


DP giem M amt) [By 4.4] 


b+ 0) {(0) 
ao" f(t" .z2") 
l 
de} dza" 


IA 


gP) 27m M M, [By 4.3] 








i, 0) _(0) 
geto omer ep 


Rlota 0) „(0 
Qe” ° f(z ) z! » 
ap 


dzi’ dz;” 


IA 


DP omP MM, < am M, g-m M, 














I 


nim! 


gormo FRO, 0) 


4.2 
ax ae [By ] 








i 
` h!m!! 


lo+ 0 0 
ge fezi”, ) 


Oz; dzz” 








Vp 2 n + m, i = 1,2. 





+ 0 0 
or Po F(zk Da )) 
Och ace 


Case (ii). 











P;! Pz! 


_ (Pı — h)! I 


_ gtr- )+ p Ta, z®) 
pi!  (Pi—h)!p! 


PzP oep 


1 
7 (Pi — ly)! p2! 








lo +Ca—ly + (0 (0 
porte’ Pee 2 ) 
Och och? 








Now keeping z, fixed in f so that f becomes a function of single variable z, and 
applying Cauchy’s inequality we get, 


1 
piip! 


+ 0 0 
gP tM IG. ao) 
ae ache 











ah f, z) 


1 f, 
< 2P- max 
eap 


Pi! |ë- 








| for all p, < m, + n, 
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la+ 0 0 
g” Pez, 9 £9 
ly LP 
Oz, 025” 








ti 


gP: ~ho) g” f 0) gP- 
io P2 Z 21S M 
pa! odz p2! 








a M, t 
pa! 


getm F z? , Z> 
Ppr 


0 0 
gtr F(z, 2. 
Oz, dz? 


Pe 
n! p! 


IA 


[By 4.2] 














l 
Uy! pa! 


rales (Coens 


AP Oc 





for all p 2 m, + n, and p, < m, + n, 








Case (iii). Proceeding as in the case (ii) we get, 

















+p- (0) 0) + (0) „(0) 
L jer! Fz | cs | IP F322)! eor all <m +n, mdp 
mi| arap |S pim! | Pa ill il tid: 
Pi: P+ 1 62 le oe 
2m, + n, 


Í 
© 
ph 
N 


Combining the cases (i), (ii) and (iii) we see that for k, k, = 



































k k 
1 g" + (0) „(0) 

< max o Si n) for 0 <1, <m +n and OS t, <n, +m), 

L Afa 1 aefa) 

l 34am | obom (for p, < m, + n,), 

1 Pla Mp (0) (0) 

Ta AES Wa) (for P, < m, + n,) 

Pimp! dzi" dza" 








= f is of bounded index at (z® a) and an index pair of f does not dep2nd on 


the point under consideration. Since (z®,z®) is arbitrary, f is of bounded index. 


Proof of Theorem 2. We know that g is an entire function for all (4,, a), 
(b, b), € C. 
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Case (i). The theorem is trivial if we take a, = a, = 0, because in this case g is 
a constant function and hence is of bounded index. 


Case (ii). We now suppose a, # 0 and a, + 0. 
Subcase (i). First we suppose b,.= b, = 0. 


Then g(z,, Z,).= Ra Zp 4,Z,). Since f is of bounded index, we have by theorem (1), 
for each (r, r,) 2 (0, 0) J non-negative integers nh, =n (rp r), n, =n,(7,, r,) and constants 
M, =M, (rp r) > 0, M, = M, (ro r,) > 0 such that for each z = (z, z,) € C? 3 integers 
l = Iz, z), m = m(z,, z,) with O < / < n, and O < m < n, and 





l+m 
M., (far) < MM,|2_~f@.22) . (4.5) 
Oe; Oz 
We now choose (z/”,z;”) such that z, = a zí” and r, = |a,|-7 where 7 = 
rae oe az, and r, = |a, |z” where ro = iz. Then, 


M ym (8z, ®) 7 lg Oro {| aia; f gi (a$, aol} 
11,2 


=]a la," max {lf (Y, Yl} [where y, = a, p i = 1,2] 


i (0)}_ 0 
q 5h 
a, 





31,2 


= I 
= |a | la, |” M, 


+m 


(far) < |a, | |a, |" mm faa [By (4.5)] 


02,02," 





= M M, |g" (21, 25)| 
Hence by theorem (1), g is of bounded index. 
Subcase (ii). We now suppose that (b,, b,) # (O, O). Let (p, q) be an index of 


aP*4 F(a,z +b,,a,z® + dy) 
Oz} dzi 


1 


fat (a,z®+ b, a,z+ b,). Then a 








sal. o" filaz +b, az +b) 


> for all L m = 0, 1, 2, ... 
lim! Oz, Oz" 
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p+q 7,9) _(0) +m (0) (0) 
Oe (be Ca ee CR CSS BZ 222) for all | m = 0, 1, 2, . 
pig! Oz) dz4 im Oz; 0z5' 














= g is of bounded index at 2. Since f is of bounded index, it follows tha g is 
of bounded index. 


Case (ili). We now suppose that only one of a, and a, is equal to zerc and 
without any loss of generality we assume that a, = 0 but a, # 0. Then g(z,. z,) = 
fla,z,+ 5,, b) for all (z, z) € C°. In this case g reduces to a function EE single vaciable 


z, only. So, g is of bounded index [3]. Hence the theorem. 


§5. Let Rz, z,), g(Z,, z) be of bounded index where M = (M, M,) is an .ndex 
of f and N = (N, N, is an index of g. Also let L = (L, L) = (M, +N, M, + N)). 


We define constants Ap A,,..., A), and By Bpen B,’ by A, = landA, = A AT 


for 0 <n < L, and B, = | and B, = zy G,,)? rO <a < L, 


l ot F(z, z,) 
kik! az 


Furthermore, let Sek (Zp 2) = 


We now prove the following lemma. 
Lemma. If h(z,, z) = Kz z) g(Z, z), then for each (z, z9) e €° 3 integers 


= k (zP) < Lp k, = k (2,2) < L, such that |h, E eo 2 = Ay B,, 


2 


i aa Sap i e where (i,,i,) is an index of f at (z®,z{”) and (j,j,) is an 


index of g at (zz), 


Proof. Let (k,,k,) be a minimal element of the set (n,, n,) € P for which 


a (0) 


0 
Fis, (Pe) Baten Br) 2 A, By z) g, CO) o.. 65.0) 











fg 


for some l, l, where 0 <1, < n and 0 < } < n, If we take n, = i, + j, n, = 


i +j, and 1, =i, L= i, we have 
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Ng (0) (0) „(0 
sZ? ) E; PECA TE y 











(0) _(0) (0) _(0) 
lf, 1, 42 <9 VS pppoe (Zi 4) )| 2 A, B, 


iiz 


Therefore such a (k,,k,) exists where k, < L, and k, < L, and, we have for this 


(kpk,), 


(0) (0) _@) (0) _(0) (0) (0) 
tg CO2) gu-re- CP > Ay, Be, [Fg CO 8,,,, ZY... 6D 


where 0 S/S k, and 0 < | < k,. Again we have 


0) „(0 0) „(0 
Lau (Zt Ze > ls rata ee y) 
(5.2) i 
(0) (0) (0) 
Wi (zi „Z2 ) > [giy-u, ky ly (zy 22 )| 
Therefore from (5.1) and (5.2) we obtain 
(0) (0) ©) 0 (0) „(0) (0) _(0) 
a tegen se Ve eG eter a aa 


(0) „(0) 0) „(0 
2 A, B, fi a7) (zi 522 ) 8; J2 (zi 23 ) 


and 





(0) „(0) (0) (0)) (0) (0) (0) 
lf, p (2 929 ) 8.5, (21 sey) 2 ia (Zz? a D Shi -n (2i TA) ) 


(0) _(0) (0) .,(0) 
2 A, B ky fi, ty oo) EP ace >22 ) 





Le. 
(0) „(0) (0) (0) „(0) (0) „(0) 
FA PECATS ) ET E s2 | = A, B, | Jin ie 320. BAe o ) 
and a (5.3) 


0) „(0 0) (0) 0) _(0 
Fit (2! zs Ney „zí | 2 o (0) 





(0) „(0 
TE ) En J (2i a. Y 








tsiz 
Again, clearly 


ek G AN #0 
and vee (5.4) 


leap (2025) # 0 


ON ENTIRE FUNCTIONS OF BOUNDED INDEX IN SEVERAL COMPLEX VARIABLES 63 


Therefore (5.3) and (5.4) implies that 


Lf, ly a, oN )| 2 Ar By, LF, 12 (za, zy ) 
and sae (5.5) 


(0) (0) 


(0) _(0) 
ewes (zi 523 ) 2 Ay B,, 


Bhi (z TS) ) 





Now, by our choice of (k,, k,) we must have, 


(0) (0) (0) (0) 
Su, sly (zi > <2 ) Sw, Wa (Z; ? Z2 )| < A, +W B, +W 








LE eae) 

(5.6) 
for all (u, u), (wp, w,), with (u, + w, u, + w) < < (kp k). 
In particular, for u, = 1, u, = L, we get 


(0) „(0) (0) (0) 
Jish (zi <2 FB rau 4 eo) ) < Ay aw, B, +w, 





(0) „(0) (0) „(0) 
Jai C1 22 ) Enn 22 )| 


(0) „(0) (0) _(0) 


< Åp B,- faa i ‚Z2 ) 8), jn (21 TE) )| for 0 < w < k, — L and 0 < w, < 





k,— l. and hence by (5.5) we have, 











A; B? 
An Bu 8mm ZP < Ayr Baai lep = E Era D) 
; LL, 
| ( (9) P) < A, By, | ( (0) Dy for 0 < k ] d0< 
Eww Z %37 4L L, Sioh Zi 949 or £ Wi < Th an = W, < 
k,— hes (3.7) 
Again in (5.6), putting w, = k, — L, and w, = k, — L, and then using (5.5), we obtain 
1 
Rr a o aL Ay, Bu, fou 0,20) for 0 < u, < L and 0 < u, < L ....(5.8) 


Let us now replace /, by 21, — l, and k, — L by 2v, + L — k, (where 0 < L, t, 
v, <S k,) in (5.1), and we obtain 


(0) „(0) (0) „(0) (0) _(0) (0) _(0 
a (2) 522°) Beh avyth—ky Zi 22 ) 2 A, Bp ia (zi 522) 8, 7) 


for O s/s k, and O < L, t, v, < k, and it implies 
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\ 


(0) „(0 0) „(0 
ann O = Ae, Bey [Fug COP) 


and a ... (5.9) 


(9) (0) (0) „(0 
et 12v +l ky (zi 23 | 2 Ár B, e, 2 (2; 123 >) 


In particular, putting 4, =v, 4, = k, — v, w, =k, —1, w, = 2v, + L — k, in (5.6), 
we get 





(0) „(0) (0) 3 (0) „(0) (0) _(0) 
fi, ky ia (zi ve) ) Sk, -h 2V9 tly ka (zi ? } < A, +k, ~h B,, +h Sa d3 (2; s27 ) E; J (z; s22 ) 





SA, _, By. Lf, ae ae) Bala > for 0 < v < I and 0 < y, 
< k,— l, and hence by (5.9) we obtain 


(0) (0) „(0) 


0) 0 
hear 2 Giclaa) = 


A,, Br, 





(0) (0) 
Í, ska Vy (zi ) Ek, ~t, s2¥5 +h- -k (a; 





for O < v, < l and 0 < v, < k,- L. 





(0) Y (0) (0) 
Aa Bia ee eee ee) 


This implies 


(0) _(0) (0) _(0) 
Ji sky -V7 (zi ? <2 j < A,, B, Fa sty (z; bd Za ) 





or iL 
for O < v, < L and 0 $ v, < k- L ....(5.10) 
Again in (5.6), putting u, = l, u, = 2t, — l, w, = t, w, = k, — t, 


(0) (0) (0) „(0) 
Ji n (21 22 ) 8; J ÈZ >22 ) 


we obtain 





(0) „(0) 
Lf, 2h -h (a 2. ) En rka wta (z; co) ) < A; +t B, +k -h 


T ve TERT Gigas for O < ż, < k, — l and 0 < t, < L, and 





< Åp B,- 


hence by (5.9),we obtain 








(0) „(0) (0) „(0) 
Ar B, ls, sky ty (zi 523 ) s Ay, B k=l Cae (2; ae) j| = Ay, Bi, 


Ej h2 


ii 
This implies 





Enska-n Gz ye Ar By, Bion (2h 2) forOSt,<k,-LandOsit,<l....6.1)) 


ii, 
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Again, replacing l, by 1, - 1 and k, — J, by k - 1,~ 1 and k, — L by 2s, + 
L — k, (where OS 7, < k and 0 < L, s, < k,) in (5.1), we get 


(0) „(0 (0) (0) (0) _(0) (0) „(0) 
lee 22 ) 8b 1,25) + —by (2 no } 2 Ay, B, AE s22 ) By, i (21 22 J| for 


Osi sk, andO <1, s, <k, This implies 
(0) (9) (0) _(0) 
ae (2i s22 )| 2 A, B,, ne (zi 23 )| 
and aa A 
(0) _(0) (0) _(0} 
; ARETE (zi 22 )| 2 A, B, Bp (z; <9 )| 


In particular, putting u, = l, u, = k,- 5s, w, =k -1, -1 and w, = 2s +L- 
k, in (5.6), and then using (5.12), we get, 


1 
4LL, 


Again in (5.6), putting u, = l, u, = 1,- 1, w, = k, — L and then using (5.12), 
we get, 








Frati as Ay, Br, [fn 8z) for 0 < s, < k, = by (5.13) 





1 
Bapa a N < Ay, Br, Bap (Oz) for 0 < w, < k, -= 1, ... (5.14) 


4LL, 


Further replacing /, by 2p, - l» L by l, — 1, and k, — 1, by k, — l — 1 (where 


Osp,1,sk, 0s 1, Sk) in (5.1), we get 


(0: (0) (0) _(0) (0) „(0) (0) ,(0) 
Simia CP) Betty COP) 2 Ae, Bes [Fig sz) Bip P] for 
Osp, fs k, and O <1, <k, This implies 
r (0) (0) (0) „(0) 
| ere ce Xo )| 2 Ár, B, a (Zi 52) )| 
¢ and ss 1515) 
(0) „(0) (0) „(0) 
| E PEN (Zi 52 )| 2 A, Be Basin >22 )| 


In particular, putting u, = l, w, = k, -l - 1, w, = k, — L, in (5.6) and then using 
(5.15), we get : 


1 
abl, 








P Eaa )| < A, B, i a) for 0 S u, < L. ... (5.16) 
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Again in (5.6), putting u, = 2p,-1, u, =1,- 1, w, =k, -pp w, = k - L, and 
then using (5.15), we get 


1 

















{0 (0 0 0 
ipl eee) Ay, By, |B, EOP forO <p, <2 —... (5.17) 
4LL, 

Now, 
pst) (2 F 5 o” dO" h(z,,2;) 

A ae 

2 I 

i ht zz) z ki k, 1 gf 1 gnn) g 

ktk! n=0 =| HI! datde? (ky —H)Mky n)! Oz, dz,” 

... (5.18) 
ky 
= hy ka (Z,, Z,) “= 2 ies E z,) Ekin ki-n (Z;, eles (A) 
ative 
k 
= h (2 z9) = y Š [s (z 20) (2 | 
ky ky 41 922 WO oe Ana 2 ) Sk-nb—n I 9% 
kh k | 

(0) _(0) (0 0) 0 0 0 

> [Fi eZ) Bihan GOR- ZL [Fay 2) Banan A] 
í (4 ACh) 
... (5,19) 
0 0 0 0 
2 Ar Br, Vi (zi #2) ’) Sin (zi 5 ) 
m R (0) „(0) (0) (0) 
-| EÈ [fia A Srana OD) By G.I (5.20) 
n=0n=0 
(Fi ACY) 
= AB | fi (2,2) (2), 20) F a f (2,2 (0) „(0) 
= Akk, Hin I 22 7 By 41 oT ana Pia Zi Z3 ) Ek -nka-n (922 ) 
a n 
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k, ky 


- 2 


i =h +l ry =h +l 


(0) (0) (0) _(0) 
faG me A O e) 





L k 
=D 


(0) „(0) (0) _(0) | 
430 =h +l fan (Zi 922) Ehon (At Z ) 





k h 
(0) (0) (0) „(0) 
5 > 2 [Snn (Zt 022) Sigs k-n (Zp 222 )| 


5 =h +1 n=0 





(9). gn (0) (0) 
fan PZ) Buorren ved) 





- 2 
j=0 
5 Eli. CO O A TETEE (5.21) 


(0) _.0) (0) 3 (0) ,,(0) 
ne (zi oz | 2 År Br, ia ig ) Enj 222 )| 








heihei 
(0) _(0) (0) „(0) 
B Z 2, fia a Rp ey oe } m 
í 
> (0) (0) (0) (0) 
. (0) (0) (0) (0) 
p 2 a Sr ata (zi <2 ) Shuts (zi 2 ) 7 
5 (0) „(0) (0) (0) 
R +l n= a (zi TE) VEiien kah (zi Z9 )| 
EA (0) YY (0) (0) 0) (0 
anaes 5 tn G ) Bk =n kyl (zi 2) x i ty (2; s23 ) Bin (a ) ( J 
. (5.22) 
1.€., 


(0 0 0 0 
2 A, B,, a fy (zı : >) Sasi (zi zy) i 





(0) „(0 0 0 
a2 (zi 22 ’) A vh (zi a 2) 


-% 2 
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get ei (0) _(0) (0) _(0) 
- È È [fin Gz) 8an GP) - 
n= = 
sha (0) _ (0) (0) _(0) 
x 2 Friday (zi >22 ) Eih (zi 22 )| 
{= 3 = 





ka =h, 1 
(0) „(0) (0) „{0) 
= £, lf, kant (Zi 272 ) Ehh (2; re) )| = 


n=0 
gle (0) _(0) (0) _(0) 
> > MF (Zi 22 ) Ba tpn (Sr 922 )| 
=O m=0 
ss (0) (0) (0) (0) 5 (0) (0) (0) (0) 
7 2 ts (27522) Brgy (Zt 923 )| a=, ian (27522) Bing Zi 922 )| 
c= (0) „(0) (0) _(0) | 
= x ie (2) 529 Bah (zt >z )| , we (5.23) 
pe 


Now using (5.8), (5,7), (5.12), (5.17), (5.13), (5.18), (5.23), (5.22), we obtain 
Ve i, ) 2 A,, B,, in (2,23) Sin (2,25) 


4LL, 
(k, — L) + Lk,- L) + (k, - L) + L +L) 


ie (21,22) Enh Cae {0,1, + (k, ~ L) (k, = L) + L (k, ii L) + 


= A, B, | 





kik, +k, +k, 
(0) „(0) (0) (0) a See 
i, ty (zi 22 Brun (2; a) ) hi- 4L L i 


(0) (0) (0) _(0) 
4 Jii (Z; 149 ) Bi, (zi s22 J 





This completes the proof. 


Proof of theorem 3. Theorem (2) implies that Raz, a,z,) and g(a,z,, a,z,) are of 
bounded index for all (a,, a) € C° and, in particular, for a, > 1 and a, > 1. 
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Let M = (M, M,) be an index of f and N = (N, N,) be an index of g. Also, let 
L= (L. L) = (M, + N, M, + N,). Let us now introduce the constants Pog Pgs. sexy A, 
and By Bp -> B, as defined in the previous lemma. Furthermore, let Ma = (Ma, Ma, ) 


be an index of u(z,. z) = fla,z,, a,z,) and Na = (Na,, Na,) be an index of w(z,, z) = 
g(a Z, 4,2,). Since 2, > 1, we have 


a," = O(n") for any non-negative integer m,. Therefore, 3 an integer n; 2 0 
such that 
(n, + Ia" <5 ABa; MO" For any n, 2 nį. n 62. 
Similarly, 
(n, + 1) a," <= AyBya Mo" for any n, 2 m. ... (5.25) 
70) 20) 
Let (fp £) be an index of u(z,, z) at | =—,— | and (s, s) be an index of 
a ay 
(0) 10) 
w(Z,, Z,) at Cars| , clearly, 
a A 
t < Ma, s, < Na, and © a (5.26) 
t S Ma, s, < Na, wa (3.27) 


a t t 
anne Uy it, (Zi Z) = a; aş lie (a,Z,,2,2,) 


(0) _(0) 

Z Z l ot (0) „(0 

= u | 2,2 |= a' a? fye (azo) 1. (5.28) 
a a, 


; tf 0 0 
at ag lh, P = he 








= a}! at Vict CE A. Vi, L) € P. 
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= | fan am) < alt gph | a (rz) and similarly ©... (5.29) 


0 0 ~ m- 
len.n (z! ) zí 2) < al a? h 





8,2, (O, Vi, L) € P. _.. (5.30) 


Thus, for n, 2 m,n, 2 n}, using the relation (A) we get 


(0) (0) 


wi (0) (0) 
Mig: (Zi Z3 )| i 


ñ m 
(0) (0) 
Ra Pa Í, PiP (zi rho ) En -pm -p (zi ao) ) 











nz 
h~ fa ~ 0 9 oe E 7 
< È È [ai “ap” ian (2,25 2) E ae i 





(0) _(0) 
Rae) 


[By using (5.29) and (5.30)] 





0 9 
Sale) 





Nh ny 
0) (0 -n +53- 
Baa oe 2 E a age) 
m=0 p:=0 


ti +S, -- By bh S4 
= (n, + Ian, + az 





0) (0 
fan Zi 0%) 








(0) _(0) 
Ess (Zi s23 )| 


[By (5.26) and (5.27)] 


IA 


Ma, + Na ~ Ma, + Na — 
(n, + Da i a (n, + Yay 





(0) (0) (0) „(0) 
Jon (Zi 22 )| lg. (2; "42, 








l 
SAD Bo fun COA] eas C.) [By (5.24) and (5.25) 








1 
< LA, Bfn 2 I on 2) E Ay By < 1 


ld 


; 
= for n, 2 n and n, 2 m 


1 
ham z] < J^ Bo a T a e oe a. (5.31) 





where (i,, i) is an index of f at (z®,z{”) and (j,, j,) is an index of g at (z®,z®). 


Again by the above lemma 4 integers k, S L, and k, < L, such that 


(0) (0) 1 (0) +(0) (0) (0) 
Ay ky (2,52 )| = 4 Ay, B, Tin (zi >22 ) Ean (zi >22 )| 


(L,, 
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j! 
gio B, 


iV 


(0) _(0) (0) _(0) 
ies (zi 222 JE (z; 342 } 


IV 


ham (2622) [By (5.31)] for all n, > nf and n, > m 
sJ ta 
ning! 


=> h is of bounded index and its indices do not exceed (max (L,, mj), (max 





a h(a zy 


de" Oz" 


Qo” +N (zh 2 


Oz; 02, 














} 


for all n 2 nj and n 


1 
nae {ts 
ksl, |k,!k,! 
kg L l k, 
12M 
n,)). This completes the proof. 
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UNIFICATION OF INTEGRAL TRANSFORMS 


J. Das (NEE CHAUDHURI) AND G. LAHA 


1. INTRODUCTION 


An integral transform is a linear operator T on a suitable function space f, defined 
with the help of an integral : 


(Tf) (u) = |, Kit, u) KO dt, Vie F s (1) 


where I is an interval, f : IR (the set of real numbers), and K : I x J > R, J being 
an interval; the function K is called the kernel of the transform T. By varying K, I, T 
we get all the known integral transforms, like Laplace, Fourier, Bessel, Hankel etc. What 
is to be noted here is that, in each case, the kernel K satisfies a second order linear 
homogeneous ordinary differential equation together with one initial condition. Our aim 
here is to exhibit a special ill-posed problem that generates an integral transform from 
which one can derive all the known integral transforms. Further it will be noted that the 
integral transforms so generated plays the vital role in the problem of the convergence 
of the eigen function expansion of an arbitrary function corresponding to the eigen value 
problem associated with the ill-posed problem. 


The ill-posed initial-value problem m, under concern is exhibited in §2. We then 
define a transform T on the space G of truncated functions in §3, and let H = {Tf : 
f e G}. §4 defines the Sturm-Liouville problem 7, on [0,b] and discusses some of its 


properties. This helps us to define an inner product in H as shown in §5. Let E denote 
the completion of H. We are now ready to define the transform T on L? [0,o°) [the set 


of all functions f : [0, =) — R such that f lf(t)I’dt <æ]. One can easily verify that the 
0 


wellknown transforms are only special cases of T (vide §7.). Finally in §8 it is shown 
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that the convergence of the eigen function expansion of arbitrary f € L? corresponding 
to the singular eigenvalue problem 7 on [0, °°) generated by the ill-posed problem 7, can 


be equivalently dealt with in H considering the corresponding expansion of Tf. 


2. THE INITIAL-VALUE PROBLEM 1, 


The initial-value problem 1, under concern consists of the differential equation 


l fy] = — (Py HD)? +q My O =A y t) io CAD 
and the initial condition 
p (0) y (0) cosa + y™ (0) sina = 0 wee (2.2) 


where (i) p,q: [0, =) > R, 


(ii) p is absolutely continuous on all compact subintervals of [0, ©), 
(ii1) q is continuous on [0, ©), 

(iv) p (t) > 0, t € [0, -), 

(VV) A=u+iy(C Hy € R) 

(vi) OS A<T 
(vii) OS t < © 


3. THE TRANSFORM TOF TRUNCATED FUNCTIONS 


For any b>0, we define the class G, as a subset of L? = L? [0, ©) : 
G, = {f € L: (a) f (tt) = 0 Vt>c 2b, for somece R, 
(b) p (0) £ (0) cosa + f (0) sina = 0, 
p (b) f (b) cosB + f” (b) sinp = 0, O < a, B < 2, 
(c) f =I [f] e L?) 
and G = U { G: be Rt} sa (3.2) 
Let o (., A) denote the solution of (2.1), that satisfies 


p (0) o (0, A) = sing, oo (0, A) = -cosa ie (3.2) 
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For any f e G, we define its transform 7f by stipulating 


(Tf) (u) = Jf (t) oO (t, w) dt, ue R. n (3.3) 
0 
We note that the integral on the right hand side of (3.3) is only a finite integral 


and that Tf is continuous. 


Let H = {Tf : f e G}. It is to be noted that H is a real linear space. 


4. THE BOUNDARY-VALUE PROBLEM 1, 


For any b>o, let x denote the boundary-value problem consisting of (2.1), (2.2) and 
the boundary condition 


p (b) y (b) cosB + y™ (b) sinB = O. ae (4.1) 
Let {À „}, denote the eigenvalues of the boundary—value porblem m. 
We know tkat the eigen function of 1, corresponding to the eigenvalue À „is a multiple 


of  (., Àp); let (14, 7 b (., Àp) be the corresponding normalised eigenfunction. 
For each b>0, we define a step function p, : (~œ, œ) — R by requiring 
(C) p,(.) is constant in (À p A)» ne IN, 
(1) P, 0) = 0, 
G) p, Aua) = ZIP, Awo) + P, Aath 
(iv) if A 


n-1b? 


ath St < Aw» < t < Nave? p, (t) — p(t) = Ti 
(1) — (4) will define p, uniquely. 


The following property of p, can be easily derived using Helly’s selectior. theorem 
and Helly-Bray theorem : 


Lemma 1. There exists a sequence {b,} of real numbers such that 
(1) bo as n— 0, 


(i) p, (a) = lim p, (u) exists for all u € R 


(i-i) for all finite u, u,, and for all continuous f : [u,, u,J->R, 


16 J DAS (NEE CHAUDHURI) AND G LAHA 


lim [f@dp,@= Jr@d po. 


Further, we have 
Theorem 1. For each f € G, 


b co 
(A) JDP dt = J {TAU} dp, 0), 


b co 
(B) fU OPd = J uT) dpo), 


This follows from the Parsevals relation connected with m,. We next prove the 
following; 


Theorem 2. For any f €e G, 


oo 


f(O} at = J (TDW, 42) 


0 
Tf being defined by (3.3). 


Proof. If f e G, then f e G, for some b. By (iii) of Lemma 1, we have, for each 
fixed U>0, and for each f e G, 


U U 
lim J (TOPPA p, 0) = Í {TAU} dp), (4.3) 


Also, by (B) of Theorem 1, 


1 DO 7 


~U oe 

[J + ITOO dp u) < He J TAW Pdp = z f UO Pat (4.4) 

Using (4.3) and (4.4), the required result can now be derived from (A) of 
Theorem-1. 





5. THE HILBERT SPACE Ê 


An innerproduct in H = {7f : f e G} is now defined by stipulating, for all Tf, 
Tg e H, 


<Tf, Tg> = A (Tf) (u) (Tg) (u) dp (u). AS) 
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That the integral on the right hand side of (5.1) exists follows from Schwarz’s 
inequality and (A) of Theorem—1. We next show that 


Theorem 3. H is an inner—product space. 


Proof. Let us define 
lzfl= + Ef TD wy dp wy = [< Tf, TE >} 
(5.1) will define an inner product on H if 


laf+c| < If] + Irel Y, ge G 6D 


It follows immediately on using (4.1), since L? is a normed linear space. 


6. THE TRANSFORM T ON [? 


Since G is dense in L? = L? [0, <), given any f e L?. We can find a sequence 
{f}, in G that converges to f in L’. If {f} {g,}, are two sequences in L?, that converge 
to f in L?, we shall first show that, for almost all u € R, 


lim (7f) (u) = lim (Zg,) (u) --- (6.1) 


Since |] £ -f |] = |Z, - ZF, || , any Cauchy sequence in L? generates a Cauchy sequence 


in H. Hence {Tf }, and {Tg}, are Cauchy sequences in H. If they converge to F and G 
respectively, we have. a 


|F-Gl< |F-Th + II -Tsl + Ts, -cl 


= F- + M-el + [FeO] > 0 asn > = 
Hence (6.1) follows. 
So, if H ime the completion of the innerproduct space H, we can define 
T : L? [0, =) +A by stipulating, 

(TA) (a) = lim(TF) (w 
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= lim | f (y)  (t, u) dt, 
næ Q 


where {f },is any sequence in G that converges to f in L? [ 0, <). The extension 
of Theorem 2 to all f e L? now follows immediately. 


7. SPECIAL CASES OF T 


The following table will indicate some of the known transforms as special cases 
of T: 


Differential equation Initial condition Transform 
y(t) + A?y (t) = 0 y (0) = 0 _ Fourier sine 
y(t) + Vy @) = 0 y»? (0) = 0 Fourier cosine 
y (t) — A?y (t) = 0 Ay (0) + y (1) = 0 Laplace 

— (C yP W+ à A-1) y ) = 0 (A-1) yG) - y® (1) = 0 Mellin 


21 


yoo- Hs 





y (Ð =À y (t) ' y (0) = 0 Hankel 


8. THE IMPACT OF THE TRANSFORMATION T 
ON THE EIGENFUNCTION EXPANSION 


Let x denote the eigenvalue problem consisting of (2.1) — (2.2) and some suitable 
boundary condition at infinity, so that the spectrum of m is discrete. Let {à}, denote the 
eigenvalues of z and y denote the normalised eigenfunction corresponding to the eigenvalue 
À . The eigenfunction expansion of any f e L? corrosponding to the eigenvalue problem 
T is 


EC, V, (0, where C, = Jf y,(O dt 
n= 0 


The advantage that is obtained from the transformation T is exhibited in the following 
theorem : : 


Theorem 4. 2C w, (t) converges in L? [0, œ) if and only if ÈC, (Ty ) u) 


A 


converges in H. 
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Proof . Let S, (ti = ÈC, WO T,@) = ÈC, (Typ 0), Yn e N 
Clearly T, (u)) = T (S, Cu), Vne N, 
Further || S,- S |/? = || T (S) -T (S |F, and the theorem follows. 
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ALMOST HYPERBOLIC KAHLERIAN MANIFOLDS OF 
POINT-WISE CONSTANT HOLOMORPHIC 
SECTIONAL CURVATURE 


RaAINnNA IVANOVA 


1. INTRODUCTION 


The sectional curvature of the manifolds of indefinite metric has been studied by 
many authors. R. Kulkarni [1] considered a Riemannian manifold of indefinite metric and 
proved that if the sectional curvature is bounded (from above or from below), then the 
manifold is of constant sectional curvature. In 1982 M. Barros and A. Romero [2] proved 
an analogous theorem in case of a Kahlerian manifold of indefinite metric. Some similar 
results are given in [3]. In [4] this problem is solved in the case of the hyperbolic Kahlerian 
manifold of indefinite metric. L. Graves [5] and M. Dajczer [6] studied the properties 
of the sectional curvature of the pseudo-Riemanian manifolds of indefinite metric in respect 
to the isotropic vectors and the isotropic planes. It was shown in [7] how the properties 
of the curvature of an n-dimensional isotropic tangent space (n = 1,2) determine the 
properties of the curvature of the hyperbolic Kahlerian manifold. A Borisov and O. Kassabov 
[8] studied the sectional curvatures (both the holomorphic and the antiholomorphic ones) 
of the almost Hermitian manifold of definite as well as of indefinite metric. 


In the present paper we consider the almost hyperbolic Kéhlerian manifolds of 
indefinite metric. We prove that if the holomorphic sectional curvature of an almost 
hyperbolic Kählerian manifold is bounded, then the manifold is of point-wise constant 
holomorphic sectional curvature. 


2. PRELIMINARIES 


Let us first of all give some definitions which are necessary for our further 
considerations. | 
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Definition 1. Let M be a pseudo-Riemannian manifold of indefinite metric g and 
almost product structure J, i.e. 


P = id, g(JX, JY) = — g(X%&Y¥) 


for the arbitrary vector fields X, Y and V J # 0. Then the triple (M,g,J) is called an almost 
hyperbolic Kahlerian manifold. 


The Dimension of any hyperbolic Kahlerian manifold is an even number. 


Let (M,g,J) be a 2m-dimensional almost hyperbolic Kahlerian manifold with a 
curvature tensor R and a Levi-Civita connection V. Let T (M) be the tangent space at 
an arbitrary point p € M. 


Definition 2. The pair {x,a} is called an orthonormal pair of vectors of signature 
(+,—) if > 
e(x%x) = 1, g(a,a) = — 1, e(x%a) = 0, 
where xa E€ TM). 


Analogously we can define an orthonormal pair of vectors of signature (+,+) or 
(—,—) as well as an orthonormal triple of vectors of signature (+,+,+), (——,—) etc. 


For the convenience’ sake we shall denote the unit vectors of signature (+) by x,y,z ; 
the unit vectors of signature (—) by a,b,c and the unit vectors of an arbitrary signature 
by X, YZ. 


Definition 3. The plane © 1s called holomorphic plane if o L Jo, (© + Jo). It 
means, that o is a holomorphic plane if and only if o has a basis (x, Jx). 


Definition 4. The plane o is called antiholomorphic if and only if it has a basis 
(x,y) so that 


guy) = gdy) = 0. 
Definition 5. The pair {x,y} is antiholomorphic of signature (+,—) if 
gx) > 0, gy) <0, gy) = gdy) = 0. 
We can define antiholomorphic pairs also of signature (+,+) or (—,—) in a similar 
way. 
Definition 6. A 2-plane is called nondegenerate if the restriction of the metric g 
on © is nondegenerate, i.e. it is of rank 2. 


Definition 7. The sectional curvature of a nondegenerate 2-plane © spanned by 
the vectors X,Y is given by the formula 
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R(X,Y,Y,X) 
g(X,Y)g(Y,Y)— 8(X, YY 
In case the basis (x,y) is orthonormal we have 

K(o) = R(x,y, yx). 


K(o) = 


Let us notice 
Ky) = Ko) 
when © is spanned by (x,y) and 
A(x) = KG,J/x) 
in case © is spanned by (x,Jx). The vector x is a unit vector, i.e. 
g(x%,x) = 1 or g(x) = —- 1. 


Definition 8. The manifold M is called a manifold of point-wise constant holomorphic 
sectional curvature if the curvature of an arbitrary nondegenerate holomorphic plane o 
of T (M) is constant, i.e. it does not depend on ©. 


Then the manifold M is a manifold of point-wise constant holomorphic sectional 
curvature if for any point p e M there exists a constant c(p) such that for any unit vector 
Xe T M) the holomorphic sectional curvature 


H(X) = KX,JX) 
does not depend on X, i.e. 


H(X) = c(p). 


We can define a manifold of point-wise constant antiholomorphic sectional curvature 
in a similar way. 


3. ON THE POINT-WISE CONSTANCY OF 
THE HOLOMORPHIC SECTIONAL CURVATURE ' 


Before the characterization of the holomorphic sectional curvature by a condition 
for its point-wise constancy we prove the following 


Lemma 3.1. Let M be a 2m-dimensional almost hyperbolic Kählerian manifold 
of indefinete metric. If for any antiholomorphic pair {x, a} the equation 


R(x, Jx, Jx, a) + R(x, Jx Ja, x) = 0 ... (1) 


holds, then M is a manifold of point-wise constant holomorphic sectional ccurvature. 
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Proof. Let {x,a} be an orthonormal antihclomorphic pair of vectors and |t| < 1. We 
consider the pair {x + ta, tx + a} which is also antiholomorphic. Using the equation (1), 
we get 


R(x + ta, Jx + tJa, Jx + tla, tx + a) + R(x + ta, Jx + tJa, tix + Jax + ta) = 0, 


The last equation gives us 


2H(x) + 2R(x, Jx, Ja, a) + 2R, Ja, Jx, a) + K(x, Ja) + Kx, a) = 0, oA) 
2H(a) + 2R(x, Jx Ja, a) + 2R(x, Ja, Jx, a) + K(x, Ja) + K(Jx, a) = Q0, .. (3) 
R(a, Ja, Ja, x) + Rta, Ja, Jx, a) = 0, we (A) 


for any ¢, |t| < 1. The equations (2) and (3) imply 
H(x) = H(a) 
and the proof is finished. 


Theorem 3.1. Let M be a 2m-dimensional almost hyperbolic Kahlerian manifold 
of indefinite metric and signature (2s, 2(m-s)), m > 1. If for any point p e M there 
exists a constant c(p), such that for any vector x € T, (M) the holomorphic sectional 
curvature satisfies the inequality 


| H(x)| S cp), silo) 
then M is a manifold of point-wise constant holomorphic sectional curvature. 


Proof. Let p € M, {x,a} be an arbitrary antiholomorphic orthonormal pair of tangent 
vectors at the point p and |t| < 1. Then from (6) we have 








1e. 

| H(x) + 2t{R(x, Jx, Jx, a) + R(x, Jx, Ja, x)} 
+ P{2R(x, Jx, Ja, a) + 2R(x, Ja, Jx, a)} + K(x, Ja) + K(Ja, x)... (6) 
+ 2f{R(a, Ja, Ja, x) + Ra, Ja, Jx, a)} + A H(a)| < clp) O — PY. 


Because ‘of the continuity of the function, we can take (tf = 1, t = —1) and transform 
(6) into the form 


|H(x) + PURG, Jx, Ja, a) + 2R(x, Ja, Jx, aà} + K(x, Ja) + 
Kx, a) + Ha | < cp) 0 - e$... (7) 


ALMOST HYPERBOLIC KAHLERIAN MANIFOLDS OF POINT-WISE CONSTANT HOLOMORPHIC SECTIONAL CURVATURE 85 


On the other hand, by the same reason (t = + 1), we get from (6) 


H(x) + 2t{R(x, Jx, Jx, a) + R(x, Jx, Ja, x)} 


+ P{2R(x, Jx, Ja, a) + 2R(x, Ja, Jx, a)} + K(x, Ja) + K(Jx, a) ... (8) 
+ 2P{R(a, Ja, Ja, x) + R(a, Ja, Jx, a)} + f H(a@) = 0 
We obtain two equations from (8) for t = 1 and t = — 1. Subtracting them, we 
get 
R(x, Jx, Jx, a)+ R(x, Jx, Ja, x) +R(a, Ja, Ja, x)+ R(a, Ja, Jx, a) = 0. ... (9) 


Then we apply (9) to (6) and obtain 
|H) + P{2R(x, Jx, Ja, a) + 2R(x, Ja, Jx, a)} + K(x, Ja) + K(Jx a) 
+ 241 — P){R@ Jx, Jx, a) + R(x, Jx, Ja, x)} ... (10) 
+ Aa) | < cp) (1 — PFY. 
Both inequalities (10) and (7) give us 
IH Rœ, Jx, Jx, a)+ R(x, Jx, Ja, x)}| < cp) (1 - ®) 


and due to Lemma 3.1., Theorem 3.1. is is proved. This theorem gives us a suificient 
condition for an almost hyperbolic Kählerian manifold of indefinite metric to be a manifold 
of point-wise constant holomorphic sectional curvature. 
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CHARACTERIZATION OF “NEAR-RING GROUPS 
WITH IRREDUCIBLE SUBSTRUCTURES” 


K. C. CHowpuury, B. De, H. K. SAIKIA 


ABSTRACT : Weakly a-injectivity and n-injectivity together with Beidleman’s condition on a near- 
ring group E exhibit some interesting phenomena in case of those E which are not simpie but 
its parts contain some irreducible substructures. In an m-simple weakly n-injective E, any maximal 
independent set of maximal strictly uniform ideals is complete in the sense that it contains an 
isomorphic copy of every maximal strictly uniform ideał of it. A quasi m-simple E is an essential 
extension of a direct sum of strictly uniform ideals and it is m-simple if and only if each s:rictly 
uniform ideal has a non-zero Socle 1. Moreover, coincidence of E with the n-injective hull of some 
of its uniform ideals is equivalent either to indecomposable or minimal n-injective charcer of 
E. Lastly, an n-injective E is with finite Goldie dimension if and only if it is a direct sum of 
finitely many non-zero strictly uniform n-injective ideals of it. 
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1. INTRODUCTION 


Oswald [6] and Chowdhury [2,3] have obtained some structure of near-ring with 
some sort of chain conditions. In this paper our attempt is on what may be termed as 
to study the near-ring groups satisfying the descending chain condition (DCC) on its ideals 
and with zero radical (Beidleman’s condition) and the near-ring groups which ere not 
necessarily simple but its substructures contain some irreducible substructures. How the 
n-injectivity and weakly n-injectivity character together with Beidleman’s condition exhibit 
some interesting phernomena in case of such type of near-ring groups is our prircipal 
motivation behind this search. 
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Definition and Notations : All basic concepts used in this paper are available in 
Pilz [8]. Throughout the paper N will mean a zero symmetric near-ring with unity 1 and 
E an N-group. If H,, H, are two N-subgroups of E such that H, c H, then H, is strictly 
essential (essential) in H, when any non-zero N-subgroup (ideal) C of E contained in H, 
has a nonzero intersection with H,. In such cases H, is a strictly essential (essential) 
extension of H,. If H, is strictly essential (essential) in E (when H, = E) then we say 
that H, is a strictly essential (essential) N-subgroup of E. Clearly a strictly essential N- 
subgroup is essential. It is easy to note that if A, B, C are three N-subgroups of E such 
that A œ B c C and A is strictly essential (essential) in C then B is strictly essential 
extension in E. An N-subgroup H of E is irreducible (simple) if it has no nonzero proper 
N-subgroup (ideal) of E.E. is Irreducible (simple) if it has no non-zero proper N-subgroups 
(ideal) of if [5]. An N-subgroup H of E is said to be strictly uniform (uniform) if for 
any two N-subgroups (ideals) A, B of E contained in H, A A^ B = (0) implies A = (0) 
or B = (0) [9]. An irreducible (simple) N-subgroup and essential extension of an irreducible 
(simple) N-subgroup of an N-group are strictly uniform (uniform). Clearly, strictly uniform 
N-subgroup of E is uniform. A complement ideal is defined to be an ideal which is maximal 
with respect to having zero intersection with some non-zero ideal [5]. An ideal C of E 
is indecomposable if C cannot be written as C = X ® Y(direct sum) for any nonzero 
ideals X,Y of E. E is said to be indecomposable if E is indecomposable as an ideal of 
it. E is a semi direct sum of its N-subgroups A and B, written as E = A +B if A is 
an ideal, E = A+ B and A A^ B = (0). In such cases B is called a semi-direct summand 
of E and A is called a complement of the semi-direct summand of E [5]. An N-subgroup 
H of E is said to have the strictly finitely Goldie dimension (finite Goldie dimension) written 
as strictly FGD (FGD) if H does not have any infinite independent family of nonzero 
N-subgroups (ideals) of E. Clearly, strictly uniform (uniform) N-group has the strictly FGD 
(FGD). Socle of E, denoted by Soc(E), is the sum of all minimal ideals of E([8]). In contrast 
with the definition of a Socle of E as in [8] we define Socle-] of an ideal H of E (denoted 
by Soc (H)) as follows : 


Soc (H) = Sum of all minimal ideals of E contained in H. Thus Soc, (E) = Soc(E). 
An ideal H of E is said to be semisimple provided Soc, (H) = H. E is semisimple provided 
Soc (E) = E. An ideal I of E is said to be m-simple if every nonzero ideal I’ of E contained 
in I contains an irreducible ideal C of E such that C ¢ I’ and hence E is an m-simple 
N-group if E is m-simple as an ideal of it. E is guasi-m-simple if every ideal I of E 
contains an ideal T of E with FGD. The radical J,(N) of N is defined to be the intersection 
of all the annihilators of irreducible N-groups and J(N) is the intersection of all the maximal 
left ideals of N which are also maximal as left N-subgroups [2,3,4]. If 1 e N, it is seen 
that J,(N) = JON) (=J) [6]. 
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E is with Beidleman’s condition if its radical is zero and satisfies the descending 
chain condition (DCC) on its ideals. In E with Beidleman’s condition every minimal ideal 
is irreducible [1]. Here we note that semisimple E with Beidleman’s condition is evidently 
m-simple. 

If A, B are ideals of E, then a homomorphism f : A — B is said to be a normal 
homomorphism if f(A) is an ideal of E contained in B. If E and E’ are two N-groups, 
then a homomorphism f : E —> E’ is said to be a normal homomorphism if f(E) is an 
ideal of E ({5]). 


E is injective (normal injective) if for every diagram 0 —-74 A > B 


of N-groups and N-group monomorphisms f and g in which f is normal there exists 
a homomorphism h : B — E such that hf = g. E is said to be weakly n-injective in case 
each normal homomorphism of an ideal N’ into E can be extended to a normal 
homomorphism of E into E. Simple N-group is an example of weakly n-injective N-group. 
Clearly, n-injective N-group is weakly n-injective. 


2. EXAMPLES ON m-SIMPLE, UNIFORM, STRICTLY 
UNIFORM AND n-INJECTIVE N-GROUPS 


In the near-ring (26) (0,5,4,0,2,1) as defined on Z, in p-341 [8] we see A = {0,3} 
and B = {0,2,4} are left N-subgroups of N. Here A = {0,3} is the only left ideal of N 
which is irreducible and hence N is m-simple. Also, since A © B = (0), N is not strictly 
uniform. In the near-ring (46) (0,1,2,3,4,5,6,7) as defined on Z, (= N) in p-343 [8], {0,4} 
and {0,2,4,6} are left N-subgroups of N. Moreover these are left ideals of N. Here both 
the ideals {0,4} and {0,2,4,6} contain the irreducible ideal {0,4} and hence N is m—simple. 
Also, since {0,4} © {0,2,4,6} # (0), the N-subgroup {0,2,4,6} is strictly uniform and N 
is an example of strictly uniform N-group. The ideal {0,2,4,6} is strictly essential in N 
and hence essential. 


The Dihedral group N(= D,) = {0,a,2a,3a,b,a+b,2a+b,3a+b} is a near-ring w.ri. the 
multiplication defined as in [8]. Here A = {0,b} and B = {0,2a,b,2a+b} are the only proper 
left N-subgroups of N with A ^ B # (0). Hence N is a strictly uniform N-group. Here, 
N-subgroup {0,2a,b,22+b} is strictly essential in N(= D,). The near-ring (13) (0,7,13,9) 
as defined on Klein’s four group N = {0,a,b,c} [8] is such that A = {0,a}, B = {0,b}, 
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C = {0,c} are only left N-subgroups of N and these are also left ideals of N with A+B+C 
= N and hence N is semisimple. Also, Soc (A) = A, Soc (B) =B and Soc (C) = C and 
so A,B,C are semisimple N-subgroups of N, that is, in N every N-group is semisimple 
and so every N-group is n-injective [5]. Here since AN B=BONC=CNOA= (0), 
N-group N is not strictly uniform. 


3. PRELIMINARIES 


In our discussion any essential left N-subgroup would be strictly essential as followed 
by [7]. 

Before proving the main results let us prove the following 

Lemma 3.1. If a nonzero ideal M of E has the FGD then it contains a uniform 
ideal of E. 

Proof. Suppose M contains no uniform ideal of E. Then M is not uniform and so 
there exists two nonzero ideals M, and M; of E such that M, A Mi = (0) and M, + 
M; c M. By our supposition M; is not uniform and this implies that there exists two 
non-zero ideals M,, M; of E such that M, ^ M; = (0) and M, + M, c Mi. If we 


continue this process we get two infinite sequences {M,};, {M‘}; of nonzero ideals of 


E contained in M such that M, 01M{=(0) and M; +M cM‘, for i 2 2. Now, MM} 
is an infinite independent family of nonzero ideals of contained in M — a contradiction. 
Hence M contains a uniform ideal of E. 


Here we note that : 


Note 1. If any essential N-subgroup is strictly essential then any nonzero ideal M 
of E with FGD contains a strictly uniform ideal of E ({9]) 


Using Zorn’s Lemma we see that 


Note 2. There exists a maximal independent set of maximal strictly uniform ideals 
of E 


Lemma 3.2. If E is with Beidleman’s condition and (E) „ is an independent family 
of ideals of E such that E = YE then Soc (E) = 5, Soc (E). 
tel iel 


Prool. W.l.o.g. Soc (E) # (0). It is sufficient to show that Soc (E) c È Soc (E) 
iel 


Let L be any minimal ideal of E. Then L is irreducible since E is with Beidleman’s 
condition and so L = Na, c E, a EL. Let (0 + ) a, =X, + X,+... +x, with O # x, €E, 
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(k = 1,2,....n). Consider the homomorphism $ : Na, —> Nx, given by $(na,) = nx, (nN). 
is clearly non-zero and onto and hence an isomorphism, since Na, is an irreducible ideal. 


n 4 
Now, Nx, g Soc, (Œ). Hence a, = È x,€ 2 Soc, (E,) cÈ Soc, (E). This proves 
k=l © ke i 


that L © ¥ Soc, (Œ) and hence Soc, (E) cÈ, Soc, (Œ). 
iel rel 


Lemma 3.3. In a distributively generated near-ring (d.g.n.r.) N if E is weakly n- 
injective and A is a closed ideal of E then any normal homomorphism from an ideal K 
of E into A can be extended to a normal homomorphism of E into A. 


Proof. By Zorn’s lemma we take K such that a normal homomorphism f from K 
into A cannot be exzended to a normal homomorphism from K, into A for any ideal K, 
of E which properly contains K. Since E is weakly n-injective, f can be extended to a 
normal homomorphism g : E —> E. Suppose gŒ) ¢ A and L be the complement of A 
in E. Since A is closed, A is the complement of L. Thus A ^ L = (0). Since g(E) + 
A D A, we see that (g(E) + A) ML (0). Let (04) x =at+be (gE +A) ALa 
€ g(E), be A. If a cA then x € A A L = (0), a contradiction. Therefore a ¢ A and a 
=x-beL®@A. Now, T = {y € E] gy) € L + A} is an ideal of E containing K, 
since if ye E is such that g(y) = a then ye T ; but y ¢ K as a ¢ A. Let h denote the 
normal homomorphism of L + A on A. Then hg is a normal homomorphism of T mn A 
and hg(y) = g(y) = f(y), V ye K. Thus hg is a proper extension of f - a contradiczion. 
Therefore g(E) œ a and g is the desired extension of. 


Lemma 3.4. If E, E’ are N-groups and A is an ideal of E’ with A — essential in 
E’ and f : A — E is a monomorphism where E is n-injective then f extend <o a 
homomorphism E —> E. 


Proof. Since E is n-injective, f must extend to a homomorphism f : E’ > E. Now, 
let x € A N Kerf’. Then x € A and x € Kerf’ which gives xe A and f (x) = 0. Thus x 
£A and f(x) = 0 and hence x £ Kerf = (0) and so x = 0. Thus, A ^ Kerf = Kerf = 
(0) and so Kerf’ = (0). Hence f is a monomorphism. 


Before proving the next lemma we note the following 


Note 3. If A is an N-subgroup of an n-injective E and A has no essential extension 
in E then A is n-injective [5]. 


Now, let A be an ideal of an n-injective E. Using Zorn’s lemma we may pick an 
N-subgroup E’ of E that is maximal among those N-subgroups of E which are strictly 
essential extensions of A. E’ is clearly a maximal essential extension of A. Now, any 
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essential extension of E’ in E is also an essential extension of A, but from the maximality 
of E’, it has no proper essential extension in E and hence F’ is n-injective (Note 3). 


Here if f : A — E” is a monomorphism where E” is n-injective then, since A is 
essential in E’, f extends to a monomorphism E’ — E” (Lemma 3.4). 


Hence E’ is the minimal n-injectiye extension and maximal essential extension in 
E and such E’ is called the n-injective hull of A in E. In the n-injective N-group (13) 
(0,7,13,9) as defined on Klein’s four group N = {0,a,b,c} [8], the only ideals are A = 
{0,a}, B={0,b}, C = {0,c}. Here maximal strictly essential extension of A in N is A 
itself and hence A is an n-injective hull of A in N-group N. Similarly, B and C are n- 
injective hulls of B and C respectively in N-group N. 


Lemma 3.5. If E’ and E” are both n-injective hulls of an ideal A of E then the 
monomorphism on A extends to an isomorphism E onto E’, 


Proof. By definition, the monomorphism A — E” extends to a monomorphism 
f: E > E” and hence A = f(A) c fŒ) œ E” and since A is essential in E”, E’ = 
f(E’) is essential in E”. But E’ has no proper essential extension and so f(E’) = E”. Thus 
f is an isomorphism. 


Note 4. In this sense n-injective hull of an ideal of an N-group is unique. 


Lemma 3.6. If M = A @ B and A, B are n-injective ideals of E then M is n- 


injective 
8 
Proof. A diagram 0 > X - Y 
fl 
M 
where g is 


normal can be extended in a diagram 


8 

0-~ xX ~~ Y 
fl 

« ¥ 
pviT h 
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where p and i are the homomorphisms associated with M = A + B. So, pi = I,. 
Since B is n-injectiv2 there exists a homomorphism h : Y —> B such that hg = pf and 
so ih = h: Y — M is the required homomorphism. 


Lemma 3.7. If an n-injective E is an essential extension of a direct sum of a family 
(A), of non-zero indecomposable n-injective ideals then any non-zero indecomposable 
n-injective ideals of E is isomorphic to some A, 


Proof. Let A be any non-zero indecomposable n-injective ideal of E. Since $ A, 
is essential in E, A ^ 2 A, # (0). Thus there exists (9+) a EA A 2 A, and a = a, + 


„+ a, where a, €A. ( k = 1,2,...n). Let AX = A N (A, +...A,) then A’ c A and A’ 
cA, +...+A,. Since C= A, +...A, is n-injective (Lemma 3.6), it contains an n-injective 
hull H(A’). If an n-injective hull H’(A’) g A then H(A’) = H’(A’). If H(A) = B then 
A = B + C for some ideal C’ of E ([5]) and since A is an ideal of E, B must be an 
ideal of E. Also, A being indecomposable, we get A = B. Thus C contains an isomorphic 
copy B of A and B is a direct summand of C. If T 1s a complement of B in C then 
T is a direct sum of indecomposable n-injective ideals of E. Since in any two decomposition 
of an n-injective N-zroup into a direct sum of indecomposable n-injective indeals the 
summands are isomorphic, B is isomorphic to some A, I sj <n).° 


MAIN RESULTS 


Now we prove our main results, the second and third being in some sense a 
characterization of N-groups with what termed as Beidleman’s contition. 


Theroem 4.1. If E is quasi-m-simple then E is an essential extension of a direct 
sum of strictly unifcrm ideals. 


Proof. The set A of all strictly uniform ideals of E is non-empty (Note 1). Let K 
be a chain in A. Then for nonzero N-subgroups A and B of UK=vU {K[KeE Kj 
with 0 # ae A, 0 + b € B ;; there exists K € K such that 0 + Na, Nb œ K and Na 
~ Nb g AAB and since Na N^ Nb # (0), A ^B # (0). Hence U Ke A and therefore 
A has a maximal member which is also a maximal strictly uniform ideal of E. The set 
of maximal strictly uniform ideals of E being non empty contains a maximal independent 


subset B (Note 2). To prove Y = oS X is essential in E, we assume the contrary. Then 


for some ideal A of E. AM Y = (0). Since E is quasi-m-simple, A contains a non-zero 
ideal A’ of E with FGD. Since Y ^ A’ = 0 and A’ contains a strictly uniform ideal C 
of E (Note 1), we have Y ^ C = (0). Using Zorn’s Lemma we get-an ideal D of E 
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that is maximal among those ideals of E which are strictly essential extensions of C. Again 
D is clearly mximal strictly uniform ideal of E. Now. YM DMC = Y ANAC = (0) and 
so Y ^D = (0). Hence D e Band Bw {D} is independent, contradicting the maximality 
of B. Thus Y is essential in E. 


Theorem 4.2. In £ the following statements are equivalent 
(1) E is m-simple 


(ii) E is quasi-m-simple such that each strictly uniform ideal has a nonzero 
Socle-1. 


(ii) Soc (E) is strictly essential in E. 


Proof. (i) > (ii) : E being m-simple each non-zero ideal I of E contains an irreducible 
ideal I of E with strictly FGD and hence I’ has the FGD and therefore E is quasi-m- 
simple. Moreover strictly uniform ideals being non-zero, have non-zero Socle — 1. 


(ii) > (iit) : E being with Beidleman’s condition, if X is a minimal ideal of E then 
X is irreducible. And if {A,}_, is a maximal independent family of strictly uniform ideals 
of E then 2, A, is essential in E (Theorem 4.1) which gives X ^ 2, A, # (0). Also, X 


N 2A, c X, 2A, give X A 2A, =K E 2A, (X being minimal). Hence X c Soc, 
(XA,) = 2 Soc, (A) (Lemma 3.2). Thus Soc, Œ) S 2 Soc, (A). Also 2 A, being an 
iel t I , i 


independent family of strictly uniform ideals of E, Soc, (2A,) © Soc, (E) and so Soc (E) 
rel 


= Soc, 5 A - Now, A, being strictly uniform, Soc (A) is strictly essential in A,i € I. Thus 
Soc(E) = Soc (E) = 2 Soc, (A) c LA, c E gives Soc (E) = Soc (E) is strictly essential 
in E [9]. 


(iii) = (1) : Let A be a non-zero ideal of E and Soc (E) = @E where E’s are 
1=] 


some minimal ideals of E. Since Soc (E) is strictly essential in E, A ^ Soc (E) # (0). 
Now, A 2 (0 4) AN Soc (E) D AME for some i, ad AME c E and E, being 
minimal A N E = E. Thus every ideal of E contains a minimal ideal which is irreducible 
as E is with Beidleman’ s condition. Thus E is m-simple. If A ^ E, = (0) the result is 
obvious. 


That the non-zero Socle — 1 charaacter of strictly uniform ideals plays an important 
role for the inheritance of m-simple character of an quasi m-simple E is evident from 
the well known Z-group Z. 
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Corollary 1. If E is a direct sum of a family (E) „ of m-simple ideals then Soc 


(E) is strictly essential in E. 


Proof. Here E = © E gives Soc (E) = 2. Soc, Œ) (Lemma 3.2). Since E's, iel, 


1] 


are m-simple ideals we get Soc, (Œ) is strictly essential in E, (Theorem 4.2) for each 
ie I and hence Soc (E) = 2 Soc, Œ) c >E, = E gives Soc (E) is strictly essential in 
E. [9]. 


Corollary 2. An m-simple E is strictly uniform if and only if Soc (E) is an irreducible 
ideal. 


Proof. Let E be strictly uniform. Then so is Soc (E) . Let Soc (E) = © A, where 
A’s, i€ I, are some minimal ideals of E. Since Soc (E) is strictly uniform. It contains 
only one minimal ideal and so Soc (E) = A, (for some i), which is minimal and hence 
Soc (E) is irreducible as E is with Beidleman’s condition. 


Conversely, let Soc (E) be an irreducible ideal. Then Soc (E) 1s strictly umtorm. 
Let B and B’ be any two non-zero N-subgroups of E. Since Soc (E) is strictly essential 
in E, Soc (Œ) ^ B # (0) and Soc (Œ) ^ B’ # (0). Now, Soc (ŒE) ^ B ¢ Soc (E) and 
Soc (E)  B’ œ Soc (E) and since Soc (E) is an irreducible ideal Soc (E) ^ B = Soc 
(Œ) = Soc (E) A B’. Thus (0 # ) Soc (E) = Soc (E) N B ^ B’ and so B ^ B’ # (0). 
Hence E is strictly uniform. 


Corollary 3. If (E) is a family of m-simple ideals of E with E = OE, then E 
is m-simple. 

Proof. If E = ®E, then Soc (E) = Soc, (E) (Lemma 3.2). Since Soc, (E) is 
strictly essential in E., for each i, and Soc (E) = 2 Soc, (Œ) S x E = E we get Soc 
(E) is strictly essential in E and hence E is m-simple. 


Before proving the next corollary let us note the following 

Note 5. If A and B are two ideals of E and A is essential in B then Soc, (A) 
= Soc, (B). 

Corollary 4. If E is m-simple and (A )„ is a maximal independent set of maximal 
strictly uniform ideals of E then Soc (E) = 2 Soc, (A) 


Proof. It is enough to show ZA, is essential in E. Assuming the contrary, we get 
t 


a non-zero ideal X of E with X A 2A, == (0). Since E is m-simple, X contains an irreducible 
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ideal of E and hence X contains a minimal ideal of E. Let Y be a minimal ideal of E 
contained in X. Then Y A 2 A, = (0). Let T be a maximal strictiy essential extension 
i 


of Y in E so that T is a maximal strictly uniform ideal of E with Soc, (T) = Y. Now, 
Soc, (TA 2 A,): S Soc, (T) A Soc, (2A,) = Soc, (T) A 2 Soc (A) = YO £ Soc (A) 
; iel t IE. 


cYn 2 A, = (0). Hence, Soc, (T A ZA) = (0). It follows that T A 2 A, = (0). Therefore, 
IE i t 
{T} U {A, | ie I} is independent contradicting the maximality of (A)... Hence, 2A, iS 


essential in E and so Soc, (ZA,) = Soc, (E) = Soc (E) (ncte 5). 
16] 


Corollary 5. Any two maximal independent sets of maximal strictly uniform ideals 
of m-simple E has the same cardinality. 


Proof. Lef A= {A, |i el} be a maximal independent set of maximal strictly uniform 
ideals of E. Then A, + A, SAN A, = (0) & Soc, (A) A Soc, (A) = (0) Soc, (A) 
# Soc, (A). Thus A and {Soc, (A) | i eI}have the same cardinality. Now, Soc (E) = Soc, 
(E) = 2 Soc, (A) (Lemma 3.2). Hence cardinality of A = Length of Soc (E) which is 


invariant. 
Corollary 6. An m-simple E has the FGD if and only if Soc (E) is of finite length. 


Proof. If E has the FGD then any maximal independent set of maximal strictly 
uniform ideals of E is of finite cardinality. Hence length of Soc (E) is finite. 


Conversely, let Soc (E) = & X, where (Xe ai is an independent family of non- 
zero minimal ideals of E. Let (Y )„ be an independent family of non-zero ideals of E. 
Since E is m-simple, every non-zero ideal contains an irreducible ideal and hence minimal. 
Now, for each i € I, pick a minimal ideal S of E contained in Y. Lef N’ = © S. Then 
length of N’ < length of Soc (E) = n. Hence I is of finite cardinality. Thus E has the 
FGD. 


Theorem 4.3. If E is m-simple weakly n-injective and B= {B | iel} is any maximal 
independent set of maximal strictly uniform ideals of E then B contains an isomorphic 
copy of every maximal strictly uniform ideal of E. 


Proof. Let A be any maximal strictly uniform ideal of E. Now, Soc (E) = 2 Soc, 
IÈ 


(B) (Corollary 4). Hence for some i € I, Soc, (A) = Soc, (B). Let f : Soc, (A) — Soc, 
(B) be the isomorphism. Since E is weakly n-injective and B, ¢ E is a closed ideal, 
the normal homomorphism f : Soc, (A) —> B, gets extended to a normal homomrphism 
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f : E — B, (Lemma 3.3). Let g be the restriction of f to A and assume (0 #) x € Ker 
g. Then Nx c Ker g and so Soc, (Nx) ¢ Soc, (Kerg). Now, since A is strictly uniform, 
Ker g is strictly uniform and so if L is any minimal ideal of E contained in Kerg, then 
Nx “1 L#0. Here Nx OL c Land since L is irreducible (as E with Beidleman’s condition) 
Nx 7 L=L ¢ Nx and hence Soc, kos Soc, (Nx). So Soc, (Nx) = Soc, (Ker g) 
and thus Soc, (Nx) = Soc, (Ker g) = Soc, (A) œ Kerg. It follows that Soc, (B) = f(s) 
= f (s) = g(s) = 0, s € Soc, (A), a contradiction. Hence g is one to one and A = g(A) 
& B together with the maximality of A as strictly uniform ideal implies g (A) = B. 
Hence g is an isomorphism. 


Theorem 4.4. For a non-zero E the following statements are equivalent 
(i) E is indecomposable n-injective 
(ii) E is minimal n—injective 
(iii) E is uniform and n-—injective 
(iv) E = H (A) for some uniform ideal A of E. 


Proof. (1) => (ii) : Let E be indecomposable n-injective and M c E be any non- 
zero n-injective ideal. Since an n-injective N-group is a direct summand of every N-group 
of which it is an ideal [5]. E = M @ M’ for some ideal M’ of E, which is a contradiction, 
since E is indecomposable. Therefore M = E and hence E is minimal n-injective. 


(ii) => (iii) : Let E be minimal n-injective. Suppose there exists non-zero ideals A, 
B of E with A ^A B = (0). Let E = H (A) in E. Since EAB NA = E M^ (0) we 
have E ^ B = (0) (as A is strictly essential in E^) and hence E c E, a contradiction. 
Hence E is uniform 


(iii) => (iv) : It is obvious since E = H (E). 
(iv) = (i) : It is also obvious, since E is an n-injective hull of A. 


Theorem 4.5. If E is non-zero n-injective then E has the FGD if and only if E 
is a direct sum of finitely many non-zero strictly uniform n-injective ideals of E. 


Proof. Necessary part of the proof is obvious. To prove the sufficient part, let E 
=H, ®E, ©... E, where E’s are non-zero strictly uniform n-injective ideals and hence 
indecomposable n-injective ideals. Thus for any two non-zero ideals A, B of E contained 
in E, AM B # 0. So, we do not get any independent family of non-zero ideals of E 
in E and hence E has the FGD. Thus every ideal of E contains an ideal of E with FGD 
and hence E is quasi m-simple. Consider any independent family (X)_, of non-zero ideals 
of E. Since E is quasi m-simple, each X, conatains an ideal Y, with FGD and so Yi contains 
a strictly uniform ideal (Note 1). Hence each X, contains a strictly uniform ideal. For 
each i pick one strictly uniform ideal A Cc X,. Let B be an N-subgroup of E which 
is maximal strictly essential extension of A in E. Then each B is strictly uniform n- 
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injective and E = B, + T for some ideal T of E ([5]) and hence B, is an ideal of E. 
Also the family (B )„ is independent. The form {Bi | i e I} can be extended to a maximal 
independent set {B | j e J}, where J 2 I, of strictly uniform n-injective ideals of E. 


Then 2 B, is essential in E (Theorem 4.1) and each E, is isomorphic to some Bk (k = 
J 


1,2,...,.n) [Lemma 3.7). 
Let f aE ua B, be the isomorphism. Define f : E ...... E by f(x = x, +x, 


+o. +x) =f(x) +... + f(x) where x € E,- Then f is clearly an automorphism 
of E ([9]). Thus E = fŒ) = 2 fŒ = Bj, +... + By. 


It follows that È B is essential in E = ZB and hence XB = £B and E being 
ja I =] P jel 3 =] J 


n-injective, cardinality of J is n. Hence I is a finite set. This completes the proof. 
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SOME RESULTS ON DIFFERENTIAL INEQUALITIES 
ASSOCIATED WITH 
ORDINARY DIFFERENTIAL EQUATION OF ORDER n 


JAYASRI SETT 


ABSTRACT : In Chapter 1 of the book entitled ‘Differential and Integral Inequalities’ (vol 1) 
by V. Lakshmikanthan and S. Leela, the authors have proved two fundamental results on differential 
inequalities (vide theorem 1.2.1 and theorem 1.2.3 of the above book) involving Dini derivatives, 
over and under functions and first order differential equations with initial conditions. In this paper, 
these notions are generalised and modified proofs of the above results are given involving ordinary 
differential equations of order n with initial conditions. 


Key words : Initial value problem, over function, under function. 


1. INTRODUCTION 


In Chapter 1 of [1] V. Lakshmikanthan and S. Leela have proved two funcamental 
results [1, Theorem 1.2.1 and Theorem 1.2.3.] involving Dini derivatives, over and under 
functions and first-order differential equations with initial conditions. In this paper, these 
notions are generalised and modified proofs of the above result are given involving ordinary 
differential equations of order n with initial conditions. 


The real n-dimensional Euclidean space of elements y 


i = (u, ..., u,) is denoted by R". The (n+1) tuple (t, u/, ..., u,) denoted by (t, 
iu) is an element of R"™!, Let E be an open (t, w) set in R™!. The class of continuous 
mapping from E into R" is denoted by C [ E, R”"]. 


The results proved by V. Lakshmikanthan and S. Leela are stated below : 
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Theorem 1’. Let E be an open (t, u) set in R? and g € C [E, R]. Assume that 
v,weC | [t,t + a), R] and (t, v (ft), (t, w (t)) £ E, te[t, t, + a). Suppose further 
that v (t) < w (t) and for t € (t, t, + a), the inequalities 


Dv (t) <g (t, v ©) 
D-w (t) > g (t, w (t)) hold, where D-[.]. denotes a Dini derivative. 
Then v (t) < w (t), t e [tẹ t, + a). 


The next theorem shows that any solution of the initial value problem, u’ = g (t, u), 
u (t,) = y .. (.1) 


can be bracketed between its under and over functions. For definitions of under and 
over functions sco [1, 1.2]. 


Theorem 2’. Let v (t), w (t) be under and over functions with respect to the initial 
value problem (1.1) on [tp t, +a). If u (t) is any solution of (1.1) existing on [ R 
a) such that v (t) = u, = w (t) then v (t) <u (t) <w (t), te [t t, + a). 


In § 2, an initial value problem of order n, a modified version of Dini derivative, 
an n-over functions and an n-under function are defined. 


The generalised theorem corresponding to theorem 1° is then stated and proved in 
§ 3. In § 4, the theorem corresponding to theorem 2’ is stated and proved. 


2. SOME DEFINITIONS 


Definition 1. The nth order differential equation with initial conditions is of the 
form 


usg (Gas ©); 
u (t,) = us 


sa AAT) 


L E E E SE E E P e o a e a 


d'u 
dt" 
g € C [ E, R], E is taken as an open (t, u, ..., u®) set in R™’. 
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Definition 2. A real-valued function u (t) on some t-interval I containing t, is 
considered as a solution of (2.1) if it 1s n-times differentiable function such that 


U (t,) = ug, ul (t,) = ug, ... um (t) = ufr?, 


g (t, u (t), ..., U“? (t)) £ E and u™ (t) = g (t, u (ft), ..., u™ (t)) se (2:2) 
forte I. 


Similar tọ Dini derivatives we 


give the following definitions of generalised Dini 
derivative. 


Definitions 3. 


Dt w (t) = Lim sup h [u® (t + h) — u® (6), 
> 
D, uw (t) = Lim inf h [ut (t + h) — u (0), 


D- u? (t) = Lim sup h! [u® (t + h) — u? (t)], 
> 


D wW (t) = Lim inf h! [ u® (t + h) — u? (9), 
where, we C [(t,, t, + a), R], j = 1, 2, ... 


When D* u® (t) = D, u® (t), then, the right derivative will be denoted by u (t). 
Similarly u ® (t) denotes the left derivative. 


Definition 4. Let E be an open (t, u, ...u®-®) set in R™' and g € C [E, R]. Consider 
the differential equation u® = g (t, u, ..., U™D), 


where, 


ze 23) 


LE EE IE EE E E E E E 


yD (t,) ee yr) 


suppose, Vv e C [[ t, + t, + a), R], v? (t) exist for t € te + a), j= 1, 
ETER , and (t, v (t), .. v © (t)) € E, and v9 (t) < ug? 


If v (t) satisfies the differential inequalities 
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vt) < g (t v(t), ..., VO), j = 1, 2, ..., n, telt, t +a), it is said to be 
an n-under function with respect to the initial value problem (2.1). On the other hand, 
if 

vw (> g(t, v(t) ..., VO WO), j = 1, 2, ..., 0, 


t € [tp t +a), v (t) is said to be an n-over function with respect to the initial value 
problem (2.1). 


3. PROOF OF THEOREM 1 


Theorem 1. Let E be an open (t, u, ...; u®®) set in R™! and let g £ C [E, R] satisfy 
the following conditions for each t € [t> ty +8), 


0) g (t p ©,- Pe? O) < g (6q O, o a ©) 
whenever p® (t) < or, = q(t) V i =0, 1, ..., n-1, .. (3.1) 
where p, q have continuous derivaative upto (n-1) th order and (t, p (t), ... pe”? 
(©), (t; q (©, ...q™” (O) € E. 

(i) Assume that v® (t), w® G) (0 € C [[t,, t, + a), R], 
i= 0, ..., n-l, and (t, v(t) ..., v(t) ; 
(t, w (t), .... wo? ()) € E, for te [ ty t, + a). 
(iii) Suppose further that | 
vO (t) < w® (t) for all i = 0, ..., n-i, (3.2) 
(iv) and for t € (tẹ t, + a), the inequalities 
Dv (t) <g (t, v (t), .. vO? ()) 
Dw? (t) > g (t, w(t), .... We? (0), 
hold. 
Then v® (t) < w® (t) for i = 0, ... n-1, (3.8) 
t e [t,, t +a). 
Proof. We consider the set 

Z=[te[ ty t, ta): w(t) <v © 

U[te[t,t, ta: w OS Vv o 

e U [te [t, t +a): we? © < vo! (t) 
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n-i 
Then Z = [J Z : Where Z =[ t € [tp t, + a): w® (t) < ve]. 
i=0 


If (3.4) is false, then the set Z is non-empty. 

Let, t = inf Z. 

We consider a sequence {t} in Z, (j = 0, 1, ... n-1), convenging to t, 
Then, w® (t) < ve (t), i = 1, 2. ...09, 


=> lim w® (t) < lim v” (t) 
[p00 


=> w (lim 4) < v® dim 4), since, w® and v are continuous. This implies that 
f—}oo I} oo 


limt, € Z. 
J~pee J 


Thus Z is closed, for all j = 0, 1, ... n-1. 


n=] 
Hence, Z =[/ Z is closed. 


j=0 
Hence, C2 Z. 


From (3.2), we get t, € Z. Hence t, < t,. Since, t, € Z, for some arbitrary but fixed 


j t € Z. Then we have w® (t) < v® (t) sa 3.5) 
Case 1. We assume that t, € Z for one j and t, € Z for i +j. 
Then we have, v (t) < w® (t) for i # j. ... (3.6) 
Also we have, 
vO (t) < w” (t) forte [ [t, t) i = 0, 1, ..., n-1] AD 
from (3.5), (3.6) and (3.7) 
vO (t) = w? (t) ... (3.8) 


Now for small h < 0, we get from (3.7) 
v® (t+ h) < w® (t, + h) 

=> V (t + h) — ve (t) 

<w (t,+ h) — w® (t) by (3.8) 


MG th -vP ) ~ WG +h Ww) 


= 7 7 ash < O 
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(J) R E, (J) — yl) 
i; lim” (t +h)—- v (t) > lim” (t, th)—w'’(t)) 
h>0 h h>0 h 


=> D_ W (t,) 2 D w (t,). 

- But 

D_ vw (t) < g (t, v (t) -~ vet) by (3.3) 
< g(t, w (t), .... w"” (t,)) by (3.6), (3.8) and (3.1) 

< D w(t) by (3.3). 

Thus we arrive at a contradiction. 


Case II. Let t € Z where j takes more than one value. Here, we also arrive at a 
contradiction. (the proof is similar to Case I). Thus Z, is empty for all i = 0, 1, ..., 
n-l. i 


Hence, v® (t) < w® (t), for i = 0,1, ..., n-1, t e [tp t, +a). 
This completes the proof of theorem. 


Remark. Theorem 1 also holds if the hypothesis (i) — (iii) of the theorem remain 
the same but (iv) is changed to 


(iv) D, Ve @® < g (t v ©, ..., VEP (t) 
D, w® (t) > g(t, w (t), .. WP (0) 


4. PROOF OF THEOREM 2 
Theorem 2. Let v (t), w (t) be n-under and n-over function respectively with respect 
to the initial value problem (2.1) on [t,, t, + a). 


We consider all those (t, u, ..., u®™®)} in E which satisfy 
t 

(i) Ju (t) dt + ut” (t) < g (t, u (t), ..., ue” (Q), k =1, ..., n ... (4.1) 
to 


-(ii) Also g satisfies the condition, 
g (t p ©, a P 0) Ss 2G 0 © s g 0O) 
whenever p® (t) < or, = q® (t) for j = 0, ..., n-1 i se (A2) 


(iii) Let u(t) be any solution of (2.1) existing on [ t, t, +a) 
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such that 
vD (t= ug? = w (t,), j = 0, ..., mel 1. (4.3) 
Then, ve (t) (t) < u® (t) < w® (ft), j = 0, 1, ..., ml ... (4.4) 


andte/[t,, t, + a). 


Proof. We shall prove the right half of the inequality (4.4). Similar reasoning can 
be used for the left half. 


Let w(t) be an n-over function and u(t) be a solution of (2.1). 

Let, m (t) = w? (t) — uw (t), j = 0, I, ..., nl. 

From (4.1), we get 

t 

Ju (t) dt + ult? (t) S$ g(t, u (t), ..., u” (t)) for j = 0, 1, ..., n-2 


to 

=> UÀ (t) Sg (t,, u (t,) ..., uP (t,)) for j = 0, ..., n-2. 
For, j} = n-1 we have, 

a (E) = u (6) = E by BCG)... W(t), 


Since u(t) is a solution of (2.1). 


Thus, mR (t,) 2 wE - g (ty u (t,) ..., ue (t,)) 


IV 


WEDE) — Blt, Ug, -s MQ) 

w(t) = g (ty W (ty) We? A) 
> 0, (since w(t) is an n-over function) 

for j = 0, ..., n-l 

Thus, it follows that for any j = 0, 1, ..., n-l 


m, , (t) is tay to the right of t, in a sufficiently small interval LSS Le 
which implies that, m, (t, + £) - m, E) >0 


=> wl? (t, + 6) — uP (t +e- w? -ui (t,) > 0 
Se 0) _ „0 0. si Q) g 
=> wy (t, + €) — uy (t, +£) > 0, since w (t) = uy’ (t,), by w. (4.3) 


=> W (t + €) > u® (t, + £), for j = 0, 1, ..., n-l. 
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Further more, from (4.1) 
f 

w(t) = f uM (t) dt + u C) 
fy 


< g (t, u(t), ..., u@ (t)) 

and w? (t) > g (t, w (t), ..., we? (t)) 

for j = 0, 1, ... n-l. 

Then by application of Theorem 1 (see statement after proof of theorem 1) 

u® (t) < w? (t), j = 0, 1, ..., n-1, for t e [tp t, +a). 

Corollary 1. Let E be an open (t, u, ... u”) — set in R*, g, g, € C [E, R] and 
e uan a By a (Bs r PY), 

Let u, (t) and u, (t) be two solutions of 

u = g (t, u, ..., U“) 

u® = g, (t, u, ..., wu) respectively existing on [ t,, t, + a) 


such that 

Bere yea AL). 

Then, uj" (t) < us" (W, te [t,, t +a). 

Proof. Let m (t) = us"? (@) -— uf? (0), t Lt, t +a) 
=> m! (t) = uy” (t) - y”) 


= g, (t, u, ..., uw), -g, (t, u, ... uw) > 0. 

Thus m (t) is strictly increasing function and it is given that 
m) = h a) = ul? (t,) > 0. 

From this we get, 

m (t) > 0,te[t, t, + a) 


=> us) () > ul? (, te Lt, t + a). 
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A NEW TOPOLOGY ON FUNCTION SPACE 


S. GANGULY AND KRISHNENDU DUTTA 


1. INTRODUCTION 


The object of the present paper is to introduce a type of set-set topology in Y“, 
where X and Y are topological spaces. Our special interest would be on D (X, Y) which 
denote the class of all 6 — continuous function from X to Y. The concept of 5 — continuity 
was introduced by T. Noiri [6] and he showed that the concept is independent of continuity. 


One of the original set-set topology is the compact—open topology C, which was 
introduced in 1945 by R. Fox [3] ; as expected from the name, for this topology, Q is 


the collection of all open sets in Y & C is the collection of all compact sets in X and 
a topology in F œ Y* is introduced via a sub-base § consisting of all sets {T(C,V) : 
Ce C, Ve Q} where T(C,V) = {fe F: O c V} 


The set-set topology to be discussed here shall utilize nearly — compact sets (NC 
sets in short) and open sets as the basic concepts. 


§ 1. 


Definition 1.1. [10]. A space (X, 7) is said to be nearly compact if for any open 
cover of X, there exists a finite subfamily, the interiors of the closures of which cover 
the space X. 


Observation 1.2(a). A subset A c (X, 7) is nearly compact if it is nearly compact 
with respect to its subspace topology. 

Definition 1.2(b). [2]. A subset A c (X, 7) is called an N-set in X if for any 
t-open cover of A there exists a finite sub-collection, the interiors of the closures of which 
cover A; interiors and closures are w.r.t.T. 
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Definition 1.3. Let X & Y be topological spaces and let T(C,U) = {fe Y* : (O) 
c U} ; let N denote the NC set in X and let R denote the class of regular open sets 
in Y ; then {T(C,U) : Ce N, & U e R} is a sub-base for some topology on ¥* ; we 
call this topology the N-R topology on Y*. 


Observations 1.4(a). If Y is regular we can compare the compact-open topology 
C, and the N-R topology N, in the perspective of C(X,Y) (the set of all continuous mappings 
from X to Y) in the following way : let f € T (C,V) where T(C,V) € C, (having the 
usual meaning) ; then, f being continuous, f(C) c V, Y being regular and f(C) being 


compact, there exists a closed neighbourhood V of f(C) such that (C) c V c V; now 
int, V is regular open in Y and C is an NC set in X and so, f e (C, int, V) c T(C,V); 
thus C, © N,- 


(b) In the same way as above it can be shown that if Y be regular and if P is 
the point-open topology on Z œ Y*, then P c Ny 


Definition 1.5(a). [6]. A function f : X — Y where X & Y are topological spaces 
is said to be -continuous if, for each open neighbourhood V of f(x) in Y there is an 
open neighbourhood U of x in X such that f(int.cl.U) c int. (cl.V.) 


Observations 1.5(b). It is obvious that if Y is regular then C(X,Y) = D(X,Y). 


Observations 1.5(c). It follows from 1.4 & 16 that N, and C, are comparable on 
D(X,Y) as well if Y is regular. 


Definition 1.6. [9]. A space (X, 7) is said to be almost regular if any regularly 
closed set A and any singleton set {x}, disjoint from A can be strongly separated. 


Lemma 1.7. [9] For a topological space (X, 7), the following conditions are 
equivalent : 


(D (X, 7) is almost regular. 


(OŒ) for each x e X and each regularly open set U containing x there exists 
a regular open set V such tht xe Vc Vic U. 


Lemma 1.8. [2]. A set is A an N-set in (X, 7) iff for any cover of A by regular 
open sets in (X, 7) there exists a finite subcover. 


Theorem 1.9, Let Z c Y* be endowed with N-R topology N_; then Z is regular 
if the members of Z are -continuous and Y is almost regular. 
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Proof. Let the members of Z be 6-continuos ; let Y be almost regular. It must be 
shown that any N,-neighbourhood of each member f of Z contains a closed Ny 
neighbourhood ; however it suffices to show that each open neighbourhood of f which 


belongs to a subbase for N, contains a closed N Neighbourhood of f. 


Suppose f e T(C,U) where C is an NC set in X and U is regularly open set in 
Y; since f is 5-continuous, f(C) is an N-set in Y [6] and since Y is almost regular, for 


any point y e f(C) d a regular open set 77 , such that ye Q c€ Ô, cU (lemma 1.7); 
y y 
thus { (7 : y e RC)} is a collection of regularly open sets in Y covering f (C) ; since 


f(C) is an N-set in Y, by theorem 1.8 there exists a finite subcollection U ypres Û, covering 


f(C) ; then C) c U U, c U ; hence J a regualr closed neighbourhood L of f(C) such 


that (C) c L œ U, obviously fC) c int. L (= W(say)) c L c U, where int. L is 
a regular open set. Hence f e 7(C,W) c 7(C,L). Thus T(C,L) is a neighbourhood of f 
contained in T(C,U). 


We demand that T(C,L) is a closed neighbourhood of f ; let g ¢ T(C,L) ; then 
g(C) ¢ Lie J a g(x) (for some x e C) such that g(x) ¢ Lie g(x) e Y\L; Y \ 
L is obviously regular open and as such g e T ({x}, Y\L) and T ({x}, Y\L) € N, having 
null intersection with T(C,L) ; then T(C,L) is closed in (Z, N,): 


Theorem 1.10. (Z, N,) is T, if Y is Urysohn and if Z c Y. 


Proof. Let f + g where f, g e Z. Then f(x), g(x) e Y and f(x) # g(x) for some 
xe X; since Y is Urysohn there exists open sets U and V in Y such that f(x) = U, 


g(x) ¢ Vand Um V = 6. 

Obviously f e T ({x}, int. U) = W, and g e T ({x}, int. V) = W, ; int. U and 
int. V being regular open, W, and W, are both members of N and W, ^ W, = 6 implying 
that (Z,N,) is T,. 


2. THE PROBLEM OF ADMISSIBILITY FOR N, ON D(X,Y) 


Arens [1] introduced the concept of admissibility for a topology T on F œ Y“ in 
the following manner :— A topology T’ on F œ ¥* is called an admissible topolozy for 
F provided the evaluation mapping P : (ET) x (X, D) —(Y, t) defined by P(f,x) = f(x) 
is continuous. In the light of the above definition we shall introduce some other admissibility 
based on the following concepts :— 
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Definition 2.1. [11]. A function f : (ET) — (Y, ©) is said to be almost continuous 
if for each x e X and each V € o containing f(x), there exists U e’ T-containing x such 
that (U) c int. cl.(V)). We denote by A(X,Y) the set of all almost continuous functions 
from X to Y. 


Definition 2.2. Let X,Y be spaces and Z c Y*. A topology for Z is said to be 
almost admissible (ð-admissible) iff the evaluation mapping P : Z x X —> Y defined by 
P(f,x) = f(x), where f e Z, x e X is almost continuous (6-continuous). 


Note 2.3. It is obvous that -continuity implies almost continuity ; thus 6-admissbility 
implies almost admissibility. 


Definition 2.4. [2] A space (X, 7 is called locally nearly compact (l.n.c in short), 
if for each point x € X there exists an open neighbourhood U of x such that cl, (U) 
is an N-set in X. 


Definition 2.5. [12]. A sub-set A of a space X is called an H-set iff every open 
cover of A admits a finite subcollection whose closures in X cover A. 


Observation 2.6. Obviously every N-set in a topological space is a H-set. 


Lemma 2.7. [13]. Let B bea regular closed subset of a T, space X. If A c X 
is an H-set and B c A then B 1s H-closed. 


Observations 2.8. Obviously if B is a regular closed set as well as an H-set then 
it is an H-closed set in X. 


Observation 2.9. It is easy to see that in an almost regular space an H-closed subset 
of a T, space X is a nearly compact subset of X. 


Lemman 2.10. [2]. The following conditions are equivalent in a T, space X: 
(1) X is locally nearly compact. 
(2) For each N-set C in X and for each regular open neighbourhood U 


of x there exist an open set V such that Vis an N-set and C c 
Ve Ve U. 


Observations 2.11. In 2.10 above V is an H-set as well since it is regular closed ; 


it is an H-closed set as well [2.9]. Further if X is almost regular also, then V is a nearly 
compact subspace. 


Theorem 2.12. Let X be a l.n.c T, and.almost regular space ; then N, 1s almost 
admissible for D(X,Y). 
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Proof. Let O be a regular open set in Y. Let (f,x) e P” (O); then f(x) e O. Since 
f is -continuous there exists some regular open set U in X such that x e U and f(U) 
c O. Since X is I.m.c T, there exists an open neighbourhood U, of x such that x € U, 


c U, c U with U, as a nearly compact subset of X [2.11]. Hence f e T (U,,0), which 
is a neighbourhood of f in (D(X,Y),N,). Then P(T(U,,0) x U) c O : infact, if g e 
T ( U,,0), 2((U,) cC O and thus P(g,t) = g(t) €e O if t e U,. Thus N, is almost admissible. 

Observations 2.13. The result 2.12 can be further sharpened if we take Y to be 
almost regular. Infact, in that case by theorem 1.9 (D(X,Y),N,) is regular; so, for any f 
€e T(U,,O), 3 a closed neighbourhood L of f contained in T(U,,O) ; but int. L is regular 
open and so is int. L x U,, since U, is regular open ; hence P(int. L x U) c O giving 
P to be 6-continuoas. 


Note 2.14. We now show by an example that theorem 2.12 need not hold rf X is 
not a l.n.c. For worxing out the details of the example we need the follwing concepts :—’ 


A point x e (X, 7) is called @—closure point of a subset S c X if S mel. U 
= @ for each open neighbourhood U of x. The set of all @-closure point of S is called 
the @closure of S and is denoted by ci, ($). A subset S is said to be @closed if cl, ($) 
= S. Then complement of a @closed set is called @-open set ; the collection of all 
G-open sets forms a topology for X and is denoted by t,. Obviously T, © T; further, 
if D c X is dense in X then (7,), = (Tp [4] ; further for an open set U c X, cl,U 


= U.If A c B c X, Ais @-closed in X and B is H-set in X, then A is H-set in X. 


Theorem 2.15(a). [9]. Every dense subspace of an almost regular space is almost 
regular. 


Theorem 2.15(b). [5]. For any subset A c (X,1), cl, A is @-closed if X is almost 
regular. 


Theorem 2.15(c). [8]. In an almost regular space X if A œ X is an H-sez, then 
it is an N-set. 


Example 2.10. Let A = {laren and let t, be the usual topology on R; 
n 


let T = {U\A ie T, Â € P(A)} ; then T is a topology on R and T > t, ; for any 
V = U\A obviously cl, (UA) = cl, (U) = U. 


Obviously Q (the set of all rational numbers) is dense in (X, 7,) and it is dense 
in (X, D as well. We demand that (Q, To) is not I.n.c ; if possible let q e Q have an 
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N-set neighbourhood L in Q ; and then L is an H-set and hence L is compact in (QT) f 
but Q being dense in (X, 7), (Tg = (To ; and thus L is compact in (To ; but t, = 
Tt, and then (Q, (7,) o) becomes locally compact which is a contradiction. 


7 We consider the evaluation mapping P : D(Q,D x Q > I. Let D(Q,D be endowed 
with (N-R) topology N, If possible let P be d-continuous (or almost continuous) ; then 
P is continuous as. well since I is regular ; obviously D(Q,D = C(Q,D = A(Q,D. Let f, 
: Q — I be the mapping such that f{Q) = 0 and let q, E€ Q be any point ; we prove 
P to be not continuous at (f, g,) by showing that this point has no neighbourhood mapping 


into W = {t : 1< 1}. Let U be any neighbourhood of q, in Q and let V = f T(A,V) 
t=] 


be any neighbourhood of f, in (D(Q,D, N,) ; since cl, U is not an N-set it cannot be an 
H-set in (Q, To) as well since (Q, 7,) is almost regular ; now cl,U is closed in (Q, To) : 


: - n os 
but each A, is an N-set and hence an H-set and thus J A is an H-set in Q ; so U ¢ 
l 
R 
UA ; otherwise cl U would be an H-set in Q which is a contradiction ; so there is a 
l 


g € WU A,. Now (1,), = (1), implies that (Q, (1,),) is completely regular since 
(Q, (%).) = (Q(4,),) is so. 
Hence there is a continuous function f : (Q,(4,) a — I such that f(@) = ] and 


AU A,) = 0 (UA, being an H-set is @-closed in Q and hence is closed in (Q(7)_) Le 
l ] 


LQ) We note that oe {|} V ; we conclude then T € V, q € U and yet P( f »q) 
i=] 
¢ W ; hence P is not continuous. 
Example 2.17. Example of a admissible topology on D(X,Y). 


Let Z be endowed with discrete topology. Then the discrete topology is 6-admissible 
where Z = D(X,Y). 


Proof. Let V be any regular open neighbourhood of f(x), f e Z, x e X. Since f 
is d-continuous, there exists open neighbourhood U of x such that f (int. cl. U) c int. 
cl. V = V. For such an open neighbourhood U of x, the subset T = {g € Z : g(int. cl.U) 
c V} is open and hence regular open since Z is endowed with discrete topology ; obviously 
fe T. f i 


p 
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Now T x U is an open neighbourhood of (f,x) in the product topology of Z x X 
and P(int.Cl.(T x U)) = P(int. cl.T x int. clU) c V : infact let y e, P (int. cl. T x int. 
cl. U). Then y = P “@, x,) where @ € int. cl. T = T as T is regular open and x, € int.cl. 
U. So y = ġ(x,) € @ (intclU) c V as ġ e T. Hence P is &continuous showing that 
the discrete topology is ®-admissible. 


Note 2.11. Instead of D(X,Y), if we take A (X,Y), the class of almost contmzous 
function from X to Y, then the discrete topology would be almost admissible. 


§ 3. 


Definition 3.1. A topology for a family Z œ Y* of functions is d-admissible (elmost 
admissible) on a subset A c X iff the mapping P restricted over Z x A is 6-continnous 
(almost continuous). 


Definition 3.2. A topology for a family Z œ Y* is éadmissible (almost admissible) 
over near compacta iff it is d6-admissible (almost admissible) over nearly compact sets in X. 


Theorem 3.3. if Z c Y* be endowed with 6-admissible (almost admissible) topology, 
then each member f e Z is 6-continuous (almost continuous). 


Proof. Let t be a 6-admissible topology on Z; if U be an open neighbourhood 
of f(x) in Y then there exists an open neighbourhood T x V of (f,x) in Z x X such that 
Pant. cl. (T x VÐ = Paint. cl. T x int. cl. V) ¢ int. cl. U. Now if (fx) e Tx Vic 
int. cl. (T x V} = int. cl. T x int. cl. V, we claim that f (int. cl. V} c int. cl. U : infact 
if y e int. cl. U then y = f(v) for some v e int. cl. V ie y = P (f,v) €e P(int.cl. T x 
int.cl.V) c int. cl. U, i.e f is dcontinuous. The proof of the other part is similar. 


Theorem 3.4. Let X, Y be spaces. Let Z c Y*. Each topology for Z which is 
d-admissible on near compacta is larger than the N-R topology N, on Z. 


Proof. Suppose that a topology o for Z is é-admissible on near compacta. Let U 
be a regular open subset ‘of Y and let K be an NC set in X. We show that T(K,U) is 
o-open. Let f e T(K.U)...(1). Now it is given that for K c X (as in (1)) which is an 
NC set, P: Z x K -» Y such that P(f,x) = f(x) is &continuous ; let (f,x) € Z x K where 


f is as in (1). By é-continuity of P there exist open sets Ve & V_o-open and open in 


K respectively such that P(int. cl. ve x int, cl, V) C int, cl, U (where U is a 
neighbourhood of f(x) as in (1))...(2). 
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Now {V_: x e K} is an open cover of K and K is an NC set in X ; hence there 


n n N 
exists V, : i = 1,2,....n such that K c_U int, ch V, ; also f € Ve. 


i=1 t=] 


n n n 
Now let ge NVf c N int. cl Vf ; for any x e K, xe U int. cl V, as 
i=l =] i 


ral 


n 
K c U int. cl. V, ; hence for any x e K, x e int, cl, V, for some ip 1 <i, <n. 
i=] i 9 


Since g € int. cl. y” and x € int, cl, Va ; from (2) P(g,x) = g(x) e int. cl. U. Thus 


g(K) c U and so g e T(K,U) for each g e€ A Ves For each f e T(K,U) then there 
i=l 


exist a G-open V = fN V? containing f such that f €e V c T(K,U) on Z ; thus T(K,U) 
i=l 
is O-open and so © is larger than N, on Z. 


Theorem 3.5. Let X be a almost regular T, space, Y be a topological space and 
let Z c Y. 


If each member of Z is -continuous on each N.C set in X, then N g iS almost 
admissible on near compacta. 


Proof. Let K be a nearly compact subset of X, f €e Z & x e K. Let U be any 
open neighnourhood of f(x) in Y and let P(f,x) = f(x) We have to show that P is almost 
continuous. . 


Since f is 6-continuous on K there exists an open neighbourhood of x in K say 
V such that f(int, cl, V) c int. cl.U ; now K being nearly compact T, is almost regular 
and so there exists a regular open neighbourhood M of x in K such that xe M c cl 
M c int, el, V. = 


K 


Thus f(cl, M) œ U and cl, M is a regular closed set in K. 


K is obviously H-closed T, and so, so is cl, M since cl, M is a regular closed in 
K. But K is almost regular as well and so cl, M is nearly compact. But if cl, M = L 
and int. cl. U = W then T(L, W) e N, and is a neighbourhood of f. 


Obviously P (T(L, W) x M) c W giving the almost continuity of P on Z x K. 
Thus N, is almost admissible on near compacta. 
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Note. The result can be further sharpened if we take Y to be almost regular. Infact 


in that case (Z, N,) is reguiar and there exists a regular open set S in Z such that f € 
Sc § c UL, W. Obviously S x M is a neighbourhood of (f,x) in Z x K and P (int. 
cl. (S x M)) = P (int. cl. S x int, cl, M) = P(S x M) c W. Thus P is 6-continuous 
on ZXK. 


Conclusion. The study of the N, topology on D(X, Y) is to be continued and many 


of its implications are to be exposed in future. 


10. 
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ABSTRACT : The purpose of the present paper is to introduce two new classes of functions called 
strongly o-preirresolute functions in topological spaces. Some properties and several characterizations 
of these classes of functions are obtained. We investigate the relationships between these types of 
functions and other classes of non-continuous functions. 
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1. INTRODUCTION 


It is well-known that four classes of functions called strongly B-irresoluteness [15], B- 
irresoluteness [11], strongly M-precontinuity [4] and preirresoluteness [18]. Recently, Beceren 
[7] introduced notions of a-preirresoluteness and B-preirresoluteness. 


The purpose of this paper is to introduce and investigate concepts of new classes of 
functions, namely strongly &-preirresolute functions and strongly B-preirresolute functions, and 
give several characterizations and their properties. Relations between these types of functions 
and other classes of functions are obtained. The new class of strongly &-preirresolute functions, 
which is stronger than o-preirresolute functions [7], is a generalization of strongly B-irresclute 

wafunctions [15]. The new class of strongly B-irresolute functions, which is stronger thaa B- 
murresolute functions [11], is a generalization of strongly o-preirresolute functions. 


2 PRELIMINARIES 


Throughout this note, spaces always mean topological spaces and f : X->Y derotes 
a function of a space X into a space Y. Let S be a subset of a space X. The closure and 
he interior of S are denoted by Cl(S) and Int(S), respectively. 


Definition 2.1. A subset S of a space X is said to be a-open [17] (resp. preopen [12], 
-open [1]) if ScInt(Cldnt(S))) (resp. S cInt(Ci(S)), S c Ci(int(Cl(s)))). 


The family of all &-open (resp. preopen, B-open) sets in a space X is denoted by 1°(nesp. 
>0(X), BOCX)). It is shown in [17] that t is a topology for X. Moreover; to t*C PO(X) 
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c:BO(X). The complement of an o-open (resp. preopen, B-open) set is said to be a-closed 
[14] (resp. preclosed [12], B-closed [1]). The intersection of all B-closed sets containing a 
subset S is called the B-closure [3] of S and is denoted by BCI(S) ; the union of all B-open 
sets contained in S is called the f-interior [3] of S and is denoted by BInt(S). 


Definition 2.2. A function f : (X, t) — (Y, v) is said to be strongly M-precontinuous 
[4] (resp.c-preirresolute [7], preirresolute [18], B-preirresolute [7]) if f (V) is open (resp. 
Q-open, preopen, B-open) in X for every preopen set V of Y. 


Definition 2.3. A function f : (X, t) > (Y, v) is said to be strongly f-irresolute [15] 
(resp. B-irresolute [11]) if f (V) is open (resp. B-open) in X for every B-open set V of Y. 


Definition 2.4. A function f (X, 1) — CY, v) is said to be strongly a-preirresolute 
(resp. strongly B-preirresolute) if f (V) is a-open (resp. preopen) in X for every B-open 
set V of Y. 


From the definitions, we obtain the following diagram : 


Strongly B-irresoluteness — strongly a-preirresoluteness — strongly B-preirresoluteness —> B-irresoluteness 


Strongly M-precontinuity —> o-preirresoluteness —> preirresoluteness —>B-preirresoluteness 


The following Remark enables us to realize that none of the above implications is 
reversible. 


Remark. We have the following relationships : 
(a) Strongly M-precontinuity does not imply B-irresoluteness ([5, Example 3.2]), 
(b) B-irresoluteness does not imply preirresoluteness ([6, Example 2.2]), 


(c) Strongly B-preirresoluteness does not imply o-preirresoluteness ([6, Example 
2.1)), : 


(d) Strongly o-preirresoluteness dose not imply strongly M-precontinuity ([7, 
Example 2.1]). 
3. STRONGLY o-PREIRRESOLUTE FUNCTIONS 
Theorem 3.1 : For a function f : (X, t) — (Y, v), the following are equivalent : 
(1) f is strongly a-preirresolute ; 
(2) f: (X, Œ) > (X, v) is strongly B-irresolute ; 


(3) For each x € X and each B-open set V of Y containing fx), there exists an 
&-open set U of X containing x such that KU) c V; 


(4) fv) c Int(Cl(Int(f!(V)))) for every B-open set V of Y; 
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(5) f(F ) is O-closed in X for every B-closed set F of Y; 
(6) Cl(Int(Cl(f (B)))) c f (BCI) for every subset B of Y ; 
(D fUint(Ci(Int(A)))) c BCIGf(A)) for every subset A of X. 
Proof. (1) = (2). Let x e X and let V be any fB-open set of Y containing f(x). By 
Definition 2.4, f (V) is &-open in X and contains x. Hence f : (X, ™) — (Y, v) is strcngly 
B-irresolute. 


(2) = (3). Let x e X and let V be any B-open set of Y containing f(x). U = f (V), 
then by (2), U is an G-open subset of X containing x and f (U) c V. 


(3) = (4). Let V be any B-open set of Y and x € f (V). By (3), there exisıs an 
&-open set U of X containing x such that (U) c V. Thus, we have x € U c Intf (CUY 
c Int(Cldint(f V) and hence f (V) c Int(Cldnt(f (V)))). 


(4) => (5). Let, F be any B- closed subset of Y. Set v= Y-F, then V is B- -open in Y. 
By (4), we obtain f (V ) cInt(Cidnt(f VY and hence f (F) = ped (Y-F) = XT (V) iS 
a-closed in X. 

(5) => (6). Let B be any subset of Y. Since BCI) is a B- closed subset of Y, then 


f (BCI) is a-closed in X and hence Cl(Int(Cl(f (BCI(B))))) cf (Bcl(B)). Therefore, we 
obtain Cl(Int(Cl(f (B))))cf (BC1(B)). 


(6) => (7). Let A be any subset of X. By (6), we have Ci(int(Cl(A))) c Cl(int(Cl 
(£ (KADE (BCICE(A))) and hence f(Cl(Int(Cl(A)))) c BCI(F(A)). 


(7) => (1). Let V be any B- -open subset of Y. Since f (Y-V) = X-f (V) is a beet 

of X and by (7), we obtain f(Cldnt(Cl¢ '(Y-V))))) <BCI(E(E (Y¥-V)) < BCI(Y-V) = = Y—B"nt(V) 

= Y-V and hence X~Int(Cl(Int(t (VY) = Clint(Cl(X-f (V)))) = ~Cidint(Cl(f (Y¥-V)c 

f '(CInt(CE (Y- Vy) cf (Y-V) = Xf '(V). Therefore, we have f (V) cInt(Cldint(? VY 
and hence f!(V) is &œ-open in X. Thus, f is strongly o-preirresolute. 

Lemma 3.1. (Chae et al. [8], El-Deeb et al. [9] and Abd El-Monsef et al. [2/). Let 


{X,: AeA} be a family of spaces and [J , be a nonempty subset of X, for eacn i=l, 


Daas , n. Then U = Il, X,x IIU, is a nonempty a-open [8] (resp. preopen [9], B- 
: =) =’ : 

open [2]) subset of YIX, if and only if U a, is a-open (resp. preopen, B-open) in ¥, for 

each i = Í, 2, m. sn 


Theorem 3.2. A function f : X — Y is strongly Q-preirresolute if the graph fenction 
g : X — X x Y defined by g(x) = (x, fx)) for each xEX, is strongly Q-preirresoute. 


Proof. Let xeX and V be any B-open set of Y containing f(x). Then, by Lemma 3.1, 
X x V is a B-open set of X x Y containing g(x). Since g is strongly o-preirresoluie, there 
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exists an O-open set U of X containing x such that g(U) c X x V and hence f(U)cV. 
Thus, f is strongly a-preirresolute. 

Theorem 3.3. If a function f : X — ITY, is strongly a-preirresolute, then P of : X 
— Y, is strongly a-preirresolute for each, Ac A, where P, is the projection of [TY onto Y, 

Proof. Let V, be any B-open set of Y,. Since P, is continuous and open, it is B-irresolute 
[1, Theorem 2.2], and hence Py" (V,) is B-open in ITY,. Since f is strongly o-preirresolute, 
then f (Py (v D) = (P,of) (V,) is &-open in X. Hence P,of is strongly o-preirresolute for 
each Ac A. 


Theorem 3.4. If the product function f : IIX, > ITY, is analy a-preirresolute, then 
f, : X, — Y, is strongly a-preirresolute for each AeA. 


Proof. Let A, € A be an arbitrary fixed index and V, be any B-open set of Y,- Then, 
IY, x V is B-open in ITY, by Lemma 3.1, where A, # y € A. Since f is strongly o- 
preirresolute, then f (yx V) = [IX yx ie (V) is œ-open in [[X, and hence, by Lemma 
3.1, fig (Va) is G@-open in X n’ This implies that fa is strongly œ&-preirresolute. 


Theorem 3.5. If f : (X, t) — (Y, v) is strongly O-preirresolute and A is a preopen 
subset of X, then the restriction f/A : A — Y is strongly Q-pretrresolute. 


Proof. Let V be any B-open set of Y. Since f is strongly &-preirresolute, then f (V) 
is &-open in X. Since A is preopen in X, (f/A) (V) = =Anf (V) is &-open in A [14, Lemma 
1.1]. Hence f/A is strongly o-preirresolute. 


Theorem 3.6. Let f : (x, 1) —> (Y, v) be a function and { A, : à € A} be a cover 
of X by a-open sets of (X, t). Then f is strongly a-preirresolute if f/A, : A, — Y is strongly 
a-preirresolute for each AEA. 


Proof : Let V be any B-open setof Y. Since f/A, is strongly &-preirresolute, 
(f/A,) (V) is &œ-open in A,. Since A, is a-open in X, then (AY '(V) 1S o-open in X for 
each Ae A (4, Lemma 12]. Therefore, f(V)=Xnf (V) = U{A aft (V) : AEA} 
=g {(f/A,) (V) : AEA} is o-open in X because the union of G-open sets is an o-open 
set. Hence f is strongly o-preirresolute. 


Theorem 3.7. Let f : X — Y and g : Y — Z be functions. Then the composition 
gof : X —> Z is strongly a-preirresolute if f is strongly a-preirresolute and g is B-irresolute. 


Proof. Let W be any B-open subset of Z. Since g is B-ir -irresolute, g (W) is B-open 
iin Y. Since f is strongly o-preirresolute, then (gof) (W) SA (g KWY is &-open in X and 
hence gof is strongly c-preirresolute. 
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4. STRONGLY $-PREIFRRESOLUTE FUNCTIONS 


The proofs of the following four theorems are similar to those in Section 3 and are 
thus omitted. 


Theorem 4.1. For a function f : (X, t) > (Y, v), the following are equivalent : 
(1) f is strongly B-preirresolute ; 


(2) For each x e X and each B-open set V of Y containing f(x), there exists a 
preopen set U of X containing x such that RU) c V; 


(3) f'(V)cInx(Clf (V))) for every B-open set V of Y; 

(4) f ‘( F) is preclosed in X for every B-closed set F of Y; 
(5) Cl(Int(f'(B))) © f (BCUB)) for every subset B of Y; 
(6) f(Cl(Int(A))) < BCKRA)) for every subset A of X. 


Theorem 4.2. A function f : X — Y is strongly B-preirresolute if the graph junction 
g : X > X x Y defined by g(x) = (x, fix)) for each x e X, is strongly B-preirresolute. 


Theorem 4.3. If a function f : X — ITY, is strongly B-preirresolute, then P of - XY, 
is strongly B-preirresolute for each AEA, where P, is the projection of ITY, onto Y. 


Theorem 4.4. If the product function f : IIX, — ITY is strongly B-preirresolute, then 
f: X, > Y, is strongly B-preirresolute for each A € A. 


Theorem 4.5. Iff: (X, t) > (Y, v) is strongly B-preirresolute and A is a semi open 
subset of X, then the restriction JA : A — Y is strongly B-preirresolute. 


Proof. Let V be any B-open set of Y. Since f is strongly p- -preirresolute, then f (V) 
is preopen in X. Since A is semi open in X, (f/A) (V) = Anf (V) is preopen ir A [13, 
Lemma 2.1]. Hence f/A is strongly B-preirresolute. 


Theorem 4.6. Let f : (X, T) —> (X, v) be a function and {A, : AeA} be a cover of 
X by preopen sets of (X, t). Then f is strongly B-preirresolute if f/A, : A, — Y is strongly 
B-preirresolute for each AEA. 


Proof. Let V be any B-open set of Y. Since f/A, is strongly B-preir-esolute, 
(f/A,) (V) is preopen in A,. Since A, is preopen in X, then (A) (V) is preopen in X for 
each À e€ A [13, Lemma 2.2]. Therefore, f (V) = Xnf (V) = U (A, N f (V) : AEA} 
= U{(f/A,) (V): Ae A} is preopen in X because the union of preopen sets is a precpen set. 
Hence f is strongly B-preirresolute. 


Theorem 4.7. Let f : X — Y and g : Y > Z be functions. Then the composition 
gof : X > Z is strongly B-preirresolute if f is strongly B-preirresolute and g is B-ir-esolute. 


YUSUF BECEREN AND TAKASHI NOIRI 


Proof. The proof is similar to that of Theorem 3.7 and is thus omitted. 


We recall that a space X is said to be submaximal if every dense subset of X is open 


in X and extremally disconnected if the closure of each open subset of X is open in X. 


Theorem 4.8. Let (X, t) be a submaximal and extremally disconnected space. Then 


the following are equivalent for a function f : (X, 2 —> (Y, v): 


(1) f is strongly B-irresolute ; 
(2) f is strongly a-preirresolute ; 
(3) f is strongly B-preirresolute ; 
(4) f is B-irresolute ; 


Proof. This follows from the fact that if (X, T) is a submaximal and extremally 


disconnected space, then t = t = PO(X) = BO(X) (Janković [10] and Nasef et al. [16]). 


“1, 
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E-LMC COMPACTIFICATION OF A SEMIGROUP 
MANGALAMBAL N. R. 


ABSTRACT : The two different concepts, the concept of E-compactness for a topological space E 
and the concept Semigroup compactification are combined to introduce the notion E-LMC Compactification 
of a topologized semigroup X. We show that any Hausdorff semitopological semigroup * (i.e. one 
which is both left and right topological) has an E-compactification (e, 6,X) for a topological space 
E maximal with respect to the property that it is right topological and the requirement that A „ be 
continuous for each x € X. 


1. INTRODUCTION 


The notions of E-completely regular space and E-compact space for a topological space 
E originated in the 1958 paper by Engelking and Mréwka. The definitions generalize the 
characterization of a Tychonoff space as one that is homeomorphic to a subspace and a closed 
subspace respectively of a product of unit intervals. 


It was shown in [1] that any Hausdorff semi-topological semigroup (i.e. one which 
is both left and right topological) has a compactification (e, 5X) maximal with respect to 
the property that it is right topological and the requirement that À „ be continuous for each 
xE X. 


The above two ideas are properly combined to prove the existence of the E- 
_ Compactification (e, 5.X) of a semitopological semigroup X and a properly chosen topological 
space E, maximal with respect to the above mentioned properties in Section 3. 


2. PRELIMINARY CONCEPTS 


2.1 Definition [3]. (1) A space X is E-completely regular for a topological space E, 
if X is homeomorphic to a subspace of a product of copies of E and X is called E-compact 
if X is homeomorphic to a closed subspace of product of copies of E. 


(2) A subset U of X is called E-open if it is of the form f!(V), where V is an open 
subset of some finite power E and f e C(X, E^. A subset F of X is E-closed if and only 
if its complement is E-open. 


The author greatefully acknowledges support received from National Board of Higher Mathematics 
vis grants 48/3/98-R.D-II/806. 
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2.2 Theorem [3]. Let X and E be spaces. The following are equivalent. 
(1) X is E-completely regular. 


(2) For each closed subset A of X and each p €e X\A, there is a positive integer n 
and f € C(X, E) such that f(p) ¢ oh f(A), ien CX) = UC, E) : ne N} separates 


points and closed sets of X. 


(3) E-open subsets of X form a base for the open subsets of X. In general we cannot 
replace U{C(X, E) : n e N} by X, E). 


We have the theory of compact right topological semigroups. It is known that any 
Hausdorff Semitoplogical Semigroup S (i.e., one which is both left and right topological) 
has a compactification (e, X) maximal with respect to the property that it is right topological 
and the requirement that Aas be continuous for each s e S. (Here À (Y) = xy). 


Combining the above two concepts we show that any Hausdorff semitopological 
semigroup has an E-compactification (e, ô X) maximal with respect to the property that it 
is right topological and the requirement that Navn) be continuous for each x € X. 


We can study similar results with respect to the strong almost periodic and weak almost 
periodic E-compactifications of a topological semigroup S, for properly chosen space E. 


3. THE E-LMC COMPACTIFICATION 


Let X represent a Hausdorff semitopological semigroup. Let K represent the disjoint 

union set [JE = U(E x {n}. 
neN 

Definition. If X is a topological semigroup, then an E-Bohr compactification of X 1s 
a pair (B, B) such that B is an E-compact semigroup. B, : X — B is a continuous 
homomorphism and if g : X — T is a continuous homomorphism of X into an E-compact 
semigroup T, then there exists a unique continuous homomorphism f : B —> T such that f. B, 
eae g. 


3.1 Result. Let X be a topological semigroup. Then there exists a collection {(f,, X,): 
a e A} such that X, is an E-compact semigroup and f, : X —> X, is a dense continuous 
homomorphism for each a € A and if g : X — T is a dense continuous homomorphism 
of X into an E-compact semigroup T, then there exists 6 e A and a topological isomorphism 
f: X — T such that f.f; = g. 


x è “ a 
Proof. Let A= {(K, m, G);k ¢ 2” }, where K is an E-compact space, m is a continuous 
associative multiplication on K and o : X — K is dense homomorphism. Here A #@ , since 
each singleton gives a member of a. 
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Suppose that g : X — T is a dense continuous homomorphism of X into an E-compact 
semigroup T. [Suppose that T is a topological semigroup and f : T —> K is a bijection of 
T onto K. We can give K the quotient topology t induced by f. We can give K the multiplication 


m defined to be tke composition K x K LLT x T —— T —> K, where p is 
the multiplication on T. With the topology t and multiplication m, K becomes a topological 
semigroup and f : T —> K is a topological isomorphism. We call m the multiplication on 


K induced by f]. Since g(X) is a dense subset of the Hausdorff space T, Card T < yaad 


(The function f : T > 27" defined by f(x): {U : U = V A g(X) for some neigh>ourhood 
V of x in T} is an injection). 


So there exists K c 2" and a bijection k : T — K. Let t be the quotient. topology 
on K induced by k. Define o : X — K by o = k.g. Then (K, m, ©) €e ^and k! : K > 
T is a topological isomorphism such that k'.o = g. 


3.2. Result. If X is an E-completely regular semigroup, then there exists en E-Bohr 
compactification (B., B) of X. 
Proof. Let = ={(f,, X,) :& € A} be the collection as above, X, = E for all a. Define 
a:x—- II X_ 50 that o(x)(%) = 6 (x) for each œ e A and x e S. Then o is a continuous 
QEA 


homomorphism. Let B = o(X) and define B. : X —> B so that B.(x) = o(x) for each x 
€ X. Then (B, B) is E-Bohr compactification. Suppose g : X —> T is a continuous 
homomorphism o7 X into an E-compact semigroup T. We can assume that g is dense. Then 
by the above result there exists 6 e A and a topological isomorphism h : X — T such that 
h.o = g. Define f : B — T by f = h.x,. Then f-B. = g and f is a continuous homomorphism. 
The uniqueness of f is a consequence of the fact that B, : X — B is dense. 


Remark. Let (B, B) be an E-Bohr compactification of X. Then B, is a hom2omorphism 
of X into B if and only if for every closed subset A of X an each x €e X\A, there exists 
f e E such that f(A) = O and f(x) = O. 


3.3. Definition. Let C,(X)" denote the topological dual, i.e. all continuous functions 
from C,(X) to E, n e N and let o(C,(X), C,(X)") denote the weak topology -nduced on 
CX) by C(x)”. 


3.4. Definition. The function feC.(X) is defined to be in E-LMC if, 
(1) {fA : xeX} c CX) 
(2) o(=,(X), GA- closure of {f.p : x € X} c CX). 
(3) Fcr each y e X, o(C,(X), (C,(X)’) — closure of { f. À P :ixe X} c (GCA). 
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Put A, = p, = i, the identify map. Then f e E-LMC if for each y € X U {1}, o(C,(X), 
C.(X)") — closure of {f-A, +P, > x @ XU {1}} ccX). 


3.5 Result [4]. The following conditions are equivalent. Let X be E-completely regular. 
Then, 


(a) X is E-Compact. 

(b) Each E-Z-Ultrafilter in X converges. 
(c) Each E-Z-Ultranet converges. 

(d) Each E-Z-Filter has a cluster point. 
(e) Each E-Z-Net has a cluster point. 


(f) Each family of E-closed subsets of X with finite intersection property has non- 
empty intersection. 


(g) Each E-Open cover of X has a finite subcover. 


3.6. Result. Let T be an E-compact Hausdorff right topological semigroup and ọọ : X 
— T be a continuous homomorphism such that Aeon is continuous for each x €e X. If f é 
C.(T), then f-6 e E-LMC(X%). 


Proof. Let teX U {1} and g e€a(C,(X), C,CX)") -closure of {(f-$)-A,. P, : xeX 
U {1}}. It suffices to show that there is some a e T such that for each x € X, f. NC) 


= g(x), for then, if t =1, g =f-A,,. = f-p,-@ and if t e X, g =f. A,,-p,-¢. In either case, 


g is the composition of continuous functions. 


Let (x,) 
E-Z subnet if necessary, we may assume (6(x,)) 
each te X, a € I, 


E ry OK) = IT (-o.A, . p, ) 
f- Ay (a) = g(t) 


converges to g. By taking an 


ae l ane I 


be an E-Z-net such that (f--A,- p, ) 


ae 1 converges to some a €e T. Then for 


f: Ke ye) = g(t) as required. 


3.7. Definition. (1) Define e : X > [[£,. where E, = E for every f e E-LMC, 
feE-LMC 


where e(x)(f) = f(x). 
(2) òX = cl e[X] 
Then 6.X is E-compact and Hausdorff and e[X] is dense in 6X. 
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3.8. Result. Let f e E-LMC, x e X. Then f.A.e E-LMC. 

Proof. Let te X U {1}. Then 

(EANA P, y E XU {1}} = {f cP: ye XU {1}}. 

3.9. Definition. For f e E-LMC, v e ôx, define 

h: X > K by h, xX) = (fA) 

By the above result, v is defined at f.A,. 

3.10. Result. Let f e E-LMC, v e 6.X. Then h Pi- E-LMC. 

Proof. Let te X u {1}. We show that for each x e X u {1}, 

hy AP, € cl{f-A-p.: se XU {1}} so that 

cl{h, Ap: xe XU {1}} e {el fA-po:se Xup e CM 

Let xe X U {1}, F a finite subset of X, for each y e F, U, be a neighbourhood 
of h, pA pO) in K*. 


Then, U = N m; (U,) is a basic neighbourhood of 


yeF 


h, ,A,-P, (Here, H, map K* to K). Let 


V= AIF Ag Uy). 
ye 
(Here ITA, luc B K, where E, = E for every g e E-LMC). 


Given ye F, h, pA p(y) = h, (tyx) = v(f-A,,) so that V is a neighbourktood of 
v. Pick s e X such that e(s) e V. Then given y e F, 

f-A,-p.(y) = f(tyxs) = f hy AS) = e(s) E-A € U, 

Thus f.à.p_ € U as required. 

3.11. Definition. For u, v e 6.X, define yv e KEME by pa(F) = uh, p- 

3.12. Result. With the operation just ‘defined, 6_X is a right topological semigroup and 
for each s € X, A, is continuous. 

Proof. We first show that for u,v e òX, pv e 6X. 

Let F be a finite subset of E-LMC and for each f e F, let U, be a neighbourhood 
of olf). Then — 


U = ol m;'(U,) is a basic neighbourhood of pw. 
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uh ) = pv(f) € U, so that fi II; (U) is a neighbourhood of p. Pick s e X such 


that e(sje N I7! (U). Then given f € F, 
fEF 


a 
v(f-A) = h (s) = e(s) (h,,) € U, so that a Ma (U) is a neighbourhood of v. Pick 
i ! feF ; 


te X such that e(t) € a Hy (U). Then, given fe F, e(st)(f) = f(st) = (£A NŒ) = e(ty(f.A) 
e U, so that e(st) € ü as required. 
To see that the operation is associative, let u, v, nN € 6X and f e E-LMC. Then, 
MONA = (Oh, ) =U) and ONNA = wh,,, 


so it suffices to show A,, = Br 


Let se X. Then Aya, (s) = (h, ,-A,) and 

h (8) = vonc(f-A,) = v(h nt Me) so it suffices to show that ha, = hh, sa- So, let t € 
X. Then, 

(nga) = B t) = NEA) = NENA) = gpa, XO. 

To see that 6.X is right topological, let v e 6.X, f e E-LMC and U open in K. Then 
II; (U) ^ X is a subbasic open set in 8X. 


-] 
TT! (U) 9 X = fF) 9 8X]. 


Let s e X. Let f e E-LMC and U open in K. Then, 
A IF (U) O X] = TF, (U) o 8X. 
Thus 4... is continuous. 


e(s) 
3.13 Result. The function e : X — ô X is a continuous homomorphism. 


Proof. Let f e E-LMC and U be open in K. Then, e"(IT;'(U) ^ 8X) = f'(U). So 
e is continuous. 
Let s, te X and f e E-LMC. Then, 


e(s) e(t)(f) = e(s) (ho) = hol) = ett) (EA) = RY = etH. 


E-LMC COMPACTIFICATION OF A SEMIGROUP 15 


3.14. Definition. Let (e, 5,X) be the E-compactification maximal with respect to the 
properties that 5,X is right topological and À „is continuous for each x € X. The functions, 
from X to E”, n e N are called E-LMC-functions and 6.x is called the E-LMC-compactification 
of X. 


3.15. Theorem. Let f : X — K. Then f extends continuously to òX (ie., there exists 
g e C,(6,X) with g-e = f) if and only if f e E-LMC. 


Proof. For the sufficiency, define 

g : X > K by g(v) = v(f), given x € X, 
g(e(x)) = e(x)(f) = f(x). Given U open in K, 
gU) = I7 (U) a §X. 

Necessity follows from result 3.6. 
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ON o-S-CLOSED CRISP SUBSETS OF A FUZZY . 
TOPOLOGICAL SPACE > 


ANJANA BHATTACHARYYA AND M. N. MUKHERJEE 


ABSTRACT : The present paper deals with a type of covering property viz. &-S-closedness of subsets 
of a space X, where & is endowed with a fuzzy toplogy. Basically, several characterizations of the 
c-S-closedness of such crisp subsets of a fuzzy space X are obtained, where among other things, ardinary 
nets and power-set filterbases are employed as supporting appliances. 


1. INTRODUCTION 


It is seen from. literature that S-closedness for topological spaces, first introduced by 
Thompson [9], has so far got considerable attention from topologists. The generalizations of 
the concept to fuzzy sets and fuzzy space have also been carried out by many (e.g. see [5,7]). 
Gantner et al. [3] prescribed the notion of o-shading, which has paved a new direction towards 
the study of differen- covering properties for fuzzy spaces. Mashhour et et. [6] utilized the 
notion of a-shading to initiate the study of a-S-closed fuzzy topological spaces (henzeforth 
abbreviated as fts). l 


In this paper, cur aim is to study &œ-S-closedness of crisp subsets (i.e., ordinary subsets) 
of an fts. We obtain different characterizations of an a-S-closed crisp subset A of an fts, 
which also serve for the corresponding formulations of the a-S-closedness of X if one puts 
A = X. In the next section such characterizations are incorporated, while in the last section 
we search for the suitable class of crisp, sets which inherit o-S-closedness of the whole space. 
A type of functions. keeping a-S-closedness invariant, is also investigated there. 


In what follows, by (X, Tt) or simply by X we mean an fts in the sense of Chang 
[2]. For a fuzzy set [10] A, the closure and interior of A in X will be denoted by clA and 
intA respectively. A fuzzy set A in X is called fuzzy regular open (semiopen) if A = int 
clA (resp. U < A < clA, for some fuzzy open set U) [1]. The complement (1—A) of a fuzzy 
regular open (semiopen) set A in X is called fuzzy regular closed (resp. semiclosed). The 
semiclosure of a fuzzy set A in X, to be denoted by scl A, is the union of all those fuzzy 
points x, (where x i the singleton support and t the value of the fuzzy point x, 0 < t < 
1) such that for any fuzzy semiopen set U with U(x) + t > 1, there exists y e X wih U(y) 
+ A(y) > 1 [4]. The semi-interior of a fuzzy set A, Written as sintA, is defined by sintA 

\ 


1 
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= |~scl(1-A) [4]. It is known [4] that a fuzzy set A in X is fuzzy semiclosed (semiopen) 
iff A = sclA (resp. A = sintA). 


2. a-S-CLOSEDNESS : CHARACTERIZATIONS 


Definition 2.1 [3]. Let A be a crisp subset of an fts X. A collection U of fuzzy sets 
in X is called an o-shading (where 0 < œ < 1) of A if for each x e A, there is some U, 
€e U such that U (x) > a. If, in addition, the members are fuzzy open (semiopen) then U 
is called a fuzzy open (resp. semiopen) o-shading of A. 


Definition 2.2. Let X be an fts and A be a crisp subset of X. A is said to bes 
a-closed if for every semiopen o-shading (0 < a <1) U of A, there is a finite proximate 
o-subshading of A, i.e., there is a finite subcollection U, of U such that {clU : Ue U} is 
again an o-shading of A. If A = X in addition, then X is called an a-S-closed space, as 
proposed by Mashhour et al. [6]. 


Mashhour et al. [6] defined a fuzzy set A in an fts X to be fuzzy regular semiopen 
if there is a fuzzy regular open set U such that U < A < clU, and they proved that a fuzzy 
regular semiopen set is fuzzy semiopen but not conversely. The following result is a 
generalization of Theorem 5.7 of [6]. 


Theorem 2.3. A subset A of X is o-S-closed iff every o-shading of A by fuzzy regular 
semiopen sets in X has a finite proximate o-subshading. 


Proof. The proof is immediate from the definition of a-S-closedness and the fact that 
whenever {U : ie A} is a fuzzy semiopen o-shading of A, then {(int clV) O V :i €A} 
is an O-shading of A by fuzzy regular semiopen sets. 

Theorem 2.4. Let X be an fts. A crisp subset A of X is a-S-closed iff every family 


of fuzzy semiopen sets, the semi-interiors of whose closures form an a-shading of A, contains 
a finite subfamily, the closures of whose members form an o-shading of A. 


Proof. It is sufficient to observe that for a fuzzy semiopen set U, U < sint(clU) < 
cl(sint(clU)) = clU. 


Theorem 2.5. A crisp subset A of an fts X is a-S-closed iff for every collection {F : 
i €A } of fuzzy open sets with the property that for each finite subset A, of A, there is 


xe A such that inf F(x) 2 1-a, one has inf (sclF Xy) 2 1-a, for some yeA. 
Proof. Let A be a-S-closed, and if possible, let for a collection {F, : ie A} of fuzzy 
open sets in X with the stated property, (A scl F)(x) <l-a, for each xe A. Then & < (1 
re 
_ A scl F)(x) = [Uv (1-sclF)](x), for each xe A, so that {1-sclF : i€ A} is a semiopen o- 
IE ie 


shading of A. By o-S-closedness of A, there is a finite subset A, of A such that {cl(1- 
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sclF) : i€ A,} is an o-shading of A. Hence a < [ A (1-int sclF){(x) = [1- A int scl ](x), 
f 0 Elig 
for each xe A. Then ( ^ F)(x) < [ A int sclF](x) < 1-0, for each xe A, which contradicts 
cA, * 1€Ap 


the stated property of the collection {F : ie A}. 

Conversely, let under the given hypothesis, A be not o-S-closed. Then there is a sermiopen 
o-shading U ={U : ie A} of A such that for every finite subcollection A, of A, {21U, : 
ie A,} is not an O-shading of A, i.e., there exists xeA such that sup(clU)(x) S œ i.e., 


tE o 


1 — sup(clU)(x) 2 1-œ. Hence {1 — clU  : i€^ } is a family of fuzzy open sets wich the 


téAg 
stated property. Consequently, there is some ye A such that inf [scl(1 — clU)](y) 2 1-a. Then 
supU (y) < sup(sint clU Xy) = 1 - inf (1 — sint clU)(y) = 1 - inf [ scl(1 — clU) Iy < a. 
I&A IEA rE Fe 
This shows that {U, : ie A } fails to be an o-shading of A, a contradiction. 


Let us now introduce the following definition : 


Definition 2.6. Let {S| : ne(D, 2)} (where (D, 2 ) is a directed set) be an ordinary 
net in X and Tbe a power-set filterbase on X, and xeX be any crisp point in X. Then 
x is called a semi-0,-adherent point of 


(a) the net {S|} if for each fuzzy semiopen set U in X with U(x) > @ and for each 
m e D, there exists k e D such that k 2 m in D and (clU)(S,) > œQ, 


(b) the filterbase Tif for each fuzzy semiopen set U with U(x) > & and for each Fe T, 
there exists a crisp point x, in F such that (clU)(x,) > a. 


Theorem 2.7. A crisp subset A of an fts X is a-S-closed iff.every net in A has a 
semi- -adherent point in A. 


Proof. Suppose A be o-S-closed, but there is a net {S : ne(D, 2)} in A (1D, 2) 
being a directed set, as usual) having no semi-0 -adherent point in A. Then for each x € 
A, there is a fuzzy semiopen set U, with U(x) > @, and there is an mEeD such that 
(clU)(S,) < a, for all n 2 m, (neD). Now, U = {1- clU, : xeX} is a collection of fuzzy 
open sets such that for any finite subcollection {1 - clU,, .... 1 - clU,, } (say) of TL there 


k 
exists me D with m 2 Mm, , = m, in D such that (UclU, XS) < a, for all n 2 m (neD), 
L.e., int (1 — cl U, XS) 2 1-a, for all n 2 m. Hence by Theorem 2.5, there exists some 


ye A such that inf [ scl(1 —clU_)(y)] 2 1-a, i.e., ( A Udy) sl v sint(clU_)](y) = 1-[1X DA sint 
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clU ity) = 1 - inf [ scl(1 — clU,) (y) < 1-1 + œ = a. We have, in particular, Um < a, 
ce 
going against the definition of U,. Hence the result is proved. 


Conversely, let every net in A have semi-0 -adherent point in A and suppose {F : 1 
€A} be an arbitrary collection of fuzzy open sets in X. Let A, denote the collection of all 
subsets of A, then (A, 2) is a directed set, where for u, AE A phe À iff u > A. For each 


H EA, put F, = N{F, : ieu}. Let for each pE ^, there be a point x €A such that inf F(x.) 
IEH 
2 1-O ete 
Then by Theorem 2.5 it is enough to show that inf (scl F(z) 2 1-0 for some zeA. 
ie 


If possible, let inf (scl F)(z) < 1-a, for each ze A Pre (2) 
ig 


Now, S = {x, : He(A, 2)} is clearly a net of points in A. By hypothesis, there is a semi- 
0 -adherent point z in A of this net. By (2), inf (scl F)(z) < 1-0 = there exists ie A such 


that (scl Æ )(z) < 1-0, i.e., 1 — scl F(z) > Q. Since z is a semi 8 -adherent point of S, 
for the index {i,}E A p there is HEA, with H 2 {i} (ie. i€) such that ci(l-scl F X Xy) 
> Q, i.e., int scl F (Xu) < 1-&. Since iE, inf F Xm) S F (x,,) < int scl Fo CXu) <1- 
a, which contradicts (1). This completes the proof. 


Theorem 2.8. A crisp subset A of an fts X is o-S-closed iff every filterbase G on 
A has a semi-8 -adherent point in A. 


Proof. Let A be a-S-closed and let there exist, if possible, a filterbase F on A having 
no semi-8 -adherent point in A. Then for each x e A, there exists a fuzzy semiopen set 
U, with U(x) > @, and an Fe F such that (clU)(y) < a, for each yeF. Then U = {U : 
xéA} is a fuzzy semiopen o-shading of A. Thus there exist finitely many points x,, X, ..., 
x, in A such that F< K O.. A F. Then (clU, )(y) < a, for all yeF and for i = 1, 


2, ..., n. Thus U, fails to be an &-shading of A, a contradiction. 


Conversely, let the condition hold and suppose, if possible, {y, : ne (D, 2)} be a net 
in A having no semi-0 -adherent point in A. Then for xe A, there are a fuzzy semiopen set 
U, with U(x) > œ and an m €D such that (clU,)(y,) < œ, for all n 2 m, (neD). Thus B 
= {F : xeA}, where F = {y, : n 2 m} generates a filterbase F on A. By hypothesis, F 
has a semi-0,-adherent point z (say) in A. But there are a fuzzy semiopen set U, with U (z) 
> a and an meD such that (clU)(y,) < œ, for all n 2 m, i.e., for all peF, (€ A, (c1U X(p) 
< œ. Hence z cannot be a semi-0 -adherent point of the filterbase F, a contradiction. Hence 
by Theorem 2.7, A is a-S-closed. 
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The next theorem gives slight variations of the results in the last two theorers. For 
this we need to introduce the following definition. 
Definition 2.9. A crisp point x in an fts X is called an o-RC-adherent point of 


(a) a net {x, : ne(D, 2)} of points in X if for each fuzzy regular closed set U with 
U(x) > a and for each neD, there exists meD with m 2 n such that U(x) > @ ; 


(b) a power-set filterbase F on X if for each fuzzy regular closed set U in X with 
U(x) > @ and for each Fe ¥ there exists x „eF such that U@Z,) > @. 


Proceeding sirnilarly as in the proofs of Theorems 2.7 and 2.8, we can establish the 
theorem below : 


Theorem 2.10. For any crisp subset A of an fts X, the following are equivalent : 
(a) A is o-S-closed. 
(b) Each net in A has an o-RC-adherent point in A. 
(c) Each tilterbase on A has an o-RC-adherent point in A. 


Definition 2.11. A family {F : ie A} of fuzzy sets is an fts X is said to have o-interiorly 
finite intersection property or simply o-IFIP (a-finite intersection property or simply o-FIP) 
in a subset A of X, it for each finite subset A, of A, there exists xe A such that ne F )](x) 


2 1-—a (resp. [ A F](x) 2 1 -a). 


Theorem 2.12. A crisp subset A of an fts X is a-S-closed iff for every family F = 
[F : ie A} of fuzzy semiclosed sets in X with o-IFIP in A, there exists xe A such that -nf F(x) 
2 l-a. 

Proof. Assum:ng A( œ X) to be a-S-clsoed, let F= {F : ic A } be a family cf fuzzy 
semiclosed sets with o-IFIP in A. If possible, let for each xe A, inf F(x) <1-©, i.e., (A (F)(x) 


<l- œ and hence [Y (1 - F)I(x)>%. Thus U = {1 — F : i€^ } is a fuzzy semiopen a- 


shading of A. By o-S-closedness of A, there is a finite subset A, of A such that [ U cl(1- 
LEAg 
F )i(x) > &, i.e., 1- ( A intF)(x) > O, Le., (int A F)(x) < 1-a, for each xe A, which shows 
that F does not have œ-IFIP in A, a contradiction. 
Conversely, let U = {U, : ie A} be a fuzzy semiopen o-shading of A. Then F= {1- 


U : ie A} is a family of fuzzy semiclosed sets with inf (1 — U)(x) < 1-a, for each xe A, 
te 


I 


so that F cannot have a@-IFIP. Hence for some finite subset A, of A, we have for each xe A, 
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[int A (1 — UN) < 1-a = 1-[ cl U U)I(x) < 1-0, for each xeA => [cl VU UJ) = 
1EAp ico icho 

[ U clU](x) > a = A is a-S-closed. 


Theorem 2.13. For a crisp subset A of an fts X, the following are equivalent : 
(a) A is G@-S-closed. 


(b) Every o-shading of A by fuzzy regular closed sets in X has a finite &-subshading 
for A. 


(c) For every family F= {F, : ie A} of fuzzy regular open sets in X with o-FIP 
in A, there exists xe A such that inf F(x) 2 1-a. 


Proof. (a) <> (b) : Follows from the facts that fuzzy regular closed sets are fuzzy 
semiopen as well as fuzzy closed, and for any fuzzy semiopen set A in X, clA is a fuzzy 
regular closed set. 


(a) = (c) : We only note that a fuzzy regular open set in X is fuzzy semiclosed. The 
rest follows from Theorem 2.12. 


(c) = (a) : If possible, let U = {U, : ie A} be a fuzzy semiopen a-shading of A having 
no finite proximate o-subshading. Then {1-clU, : ie A} is a family of fuzzy regular open 
sets possessing O-FIP. In fact, for any finite subcollection A, of A, VW (clU (x) < œ => A (1- 

tEAg tGAy 


clU Xx) 21-0 R pi int(1-U X(x) 2 1-a =A. N a > 1-a. Consequently by (c), there 
is x€A such that inf {(1-U))(x)} > inf {1—clU,)(x)} > 1—a > i Y Ux) 2 1—0 > 
CY U)(x) < @, contradicting our assumption that U is an O-shading of A. 

Note 2.14. The equivalence of (a) and (b) for A =.X was proved by Mashhour et 
al. in [6]. 


It is known [8] that the collection of all fuzzy regular closed sets in an fts (X, T) is 
same as that in its semiregularization space (X, T), where t is the fuzzy semiregularization 
topology on X generated by the class of all fuzzy regular open sets in (X, T) as an open 
basis [8]. It then follows from Theorem 2.13 ((a) < (b)) that 


Theorem 2.15. A crisp subset A is o-S-closed in an fts (X, 7) iff it is so in (X, T). 


Putting A = X in the characterization theorems so far, of a-S-closed ee subset A, 
we obtain as follows. 


Theorem. 2.16. For an fts (X, T) the following are equivalent : 


(a) X is a-S-closed. 


(b) 


(c) 


(d) 


(e) 
(f) 
(g) 
(h) 
(1) 


Q) 
(k) 


(I) 
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Every a-shading of X by fuzzy regular semiopen sets has a finite proximate 
a-subshading. 


Every family of fuzzy semiopen sets, the semi-interiors of whose closures form 
an oi-shading of X, contains a finite subfamily, the closures of whose members 
form an c-shading of X. 


For every collection {F : i€ A} of fuzzy open sets with the property that for 
each finite subset A, of A, there is xe X such that inf F(x) 2 1-a, one has 


inf (scIF )(y) 2 1-a, for some yeX. 

Every net in X has a semi-0 adherent point in X. 

Every filterbase on X has a semi-0 -adherent point in X. 

Every net in X has an O-RC-adherent point in X. 

Each filterbase on X has an &-RC-adherent point in X. 

For every family F= {F : i¢A} of fuzzy semiclosed sets in X with o-IFIP 
in X, there exists xe X such that inf F(x) 2 1-a. 

Every o-shading of X by fuzzy regular closed sets has a finite a-sutshading. 
For every family F= {F : i€ A} of fuzzy regular open sets in X with o-FIP, 
there exists xe X such that inf F(x) 2 1-a. 


(X, T) is a-S-closed. 


3. 8°-CLOSED SET, 90°-CONTINUITY AND a-S-CLOSEDNESS 


In this section, our intention is to define a class of crisp subsets of an fts X such that 
a-S-closedness of X is inherited by each member of the class, and to find a class of fts’s 
where the above crisp subsets form precisely the class of those subsets which irherit the 
a-S-closedness. We also investigate for a kind of functions under which a-S-closedness remains 


invariant. 


Definition 3.1. Let (X, t) be an fts and ACX. A point xeX is said to be a 07-limit 
point of A if for every fuzzy semiopen set U in X with U(x) > a, there exists ye A \ {x} 


such that (clU)(y) > œ. The set of all @{'-limit points of A will be denoted by [A]”. 


The 6%-closure of A, to be denoted by O%-clA, is defined by O%-cIA =A U [A]?. 
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Definition 3.2. A crisp subset A of an fts X is said to be 6°-closed if it contains 


all its @%-limit points. Any subset B of X is called 0ʻ-open if X\B is @¥'-closed. 


Remark 3.3. For any ACX it is clear that AC 0%-clA, and O%-clA = A iff [A]” CA. 
Then in view of Definition 3.1, it follows that A is 0%-closed iff @7-cl A = A. It is also 
clear that ACBCX => [A]; c[BI. 


Theorem 3.4. A 07-closed subset A of an a-S-closed space X is o-S-closed. 


Proof. Let A (CX) be 6%-closed in X. Then for any x¢ A, there is a fuzzy semiopen 
set U, such that U(x)>a , and (clU )(y) < œ for every ye A. Consider the collection U = 
{U, : x € A}. Now to prove that A is o-S-closed, consider a fuzzy semiopen o-shading 
V of A. Clearly UU Vis a fuzzy semiopen a-shading of X. Since X is o-S-closed, there 
exists a finite subcollection { V,, .... V,} of U, U V such that for every te X. there exists 
V (1 <i Sn) with clV(t) > a. For every member U of U, clU (y) S Q for every yeA. 
So if this subcollection contains any member of U, we omit it and hence we get the result. 


Definition 3.5. An fts (X, T) is said to be a-Urysohn if for any two distinct points 
x, y of X, there exist U, Vet with U(x) > a, Vy) > a and min (clU(z), clV(z)) < @ for 
each ze X. 


Theorem 3.6. An o-S-closed set in an o-Urysohn space X is 6% -closed. 


Proof. Let x e X\A. For each ye A, we have x # y and hence by a-Urysohn property 
of X, there exist fuzzy open sets U, and N such that U x) >Q, VO) > @ and min( (clU)(z), 
(clV )(z)) < a, for all zeX Sea 


Then U = {V, : ye A} is a fuzzy open and hence fuzzy semiopen o-shading of A. 
By a-S-closedness of A, there are finitely many points y,, ..., y, in A such that U, = {cl V, 
s =- CLY, } is again an o-shading of A. Now, U = UM... NU, is a fuzzy open set and 
hence a fuzzy semiopen set such that U(x) > œ . In order to show A to be 0%-closed, it 


now suffices to show that (clU)(y) < œ for each ye A. In fact, if for some ze A, we assume 
(clU)(z) > @ then as ze A, we have (cl V, (2) > & for some k (1 < k < n). Also, (cl L )(z) 


> o Hence min[(cl U, Xz), (cl V, 2] > &, contradicting (1). 


Corollary 3.7. In an &-S-closed, a-Urysohn space X, a subset A of X is a-S-closed 
. iff it is 87-closed. 


Theorem 3.8. In an o-S-closed space X, every cover of X by 0°%-open sets has a finite 
subcover. 
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Proof. Let U = {U, : i€ A} be a cover of X by 6-open sets. Then for each xe X, 


there exists U e U such that xe U . Now, as X\ U, is 0; -closed, there exists a fuzzy semiopen 
set V_ in X such that VX) > a, and (clV Xy) < @ for each yeX\ U, wee (d: 


Then {V, : xe X} forms a fuzzy semiopen o-shading of the o-S-closed space X. Thus 
for a finite subset {x,, ..., x,} of X, {clV, :1= 1, 2, ..., n.} is an a-shading of X... 


(2) 


We claim that {U,, ..., U, } is a finite subcover of U. If not, then there exists y 
e X\ Y U, = AKU, ). Then by (1), cl V. (y) < a for i = 1, 2, ..., n. Therefore, (Vel V, (y) 
iz (= . ‘ = i 
< Q, contradicting (2). 


Theorem 3.9. Let (X, t) be an fts. If X is a-S-closed then every collection of 07- 
closed sets in X with finite intersection property has nonempty intersection. 

Proof. Follows immediately from Theorem 3.8. 

Let us now introduce a class of functions as follows. 

Definition 3.10. Let X, Y be fts’s. A function f : X — Y is said to be fuzzy 0f- 


continuous if for each point xe X and each fuzzy semiopen set V in Y with V(f{x))>qa, there 
is a fuzzy semiopen set U in X with U(x) > œ such that clU < f'(clV). 


Theorem 3.11. If f : X — Y is fuzzy 0; -continuous (where X, Y are, as usual, fts’s), 
then the following are true : 


(a) AAJ e [FA], for every ACX. 


O) [FTA] CFX[AT?), for every ACY. 
(c) For each @%-closed set A in Y, f'(A) is 0%-closed in X. 
(d) For each @%-open set A in Y, f(A) in 0%-open in X. 


Proof. (a) Let xe [A] and U be any fuzzy semiopen set in Y such that U(f{x)) > a. 
Then there exists a fuzzy semiopen set V in X such that V(x) > œ and (cIV) < f'(cl U). 


Now, x e [A]; and V is fuzzy semiopen in X with V(x) > œ = clV(x,) > a for some 
xEA\{x} => a < (cIV)(x,) < (F'(clU))(x,) = (cIU)(Kx,)), where SxefRaA)\ (fQ)} => 
fide [KA]. Thus [A] c [FA]. 
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a 
S 


(b) By (a), FAE) sl star => [Fal c f(A). 


(c) We have, [A] = A. By ©), [FA] erdan = FA) = [A] 
FA) => f(A) is @%-closed in X. 


(d) Follows from (c). 


a 
S 


Theorem 3.12. Let X, Y be fts’s and f : X — Y be fuzzy 6%-continuous. If A (g 
X) is &-S-closed then so is RA) in Y. 


Proof. Let V = {V, : ic A} be a fuzzy semiopen a-shading of KA), where A is Q- 
S-closed in X. For each xe A, Rx)egA) and hence there exists V e V such that V (f(x)) > 


a. By fuzzy 0% -continuity of f, there exists a fuzzy semiopen set U, in X such that U (x) 
> a and f(clU,) < clV Then {U, : xeX} is a fuzzy semiopen &-shading of A. By a-S- 
closedness of A, there exist finitely many points a, ..., a, in A such that {clU, : i= 1, 
2, ..., n} is again an a-shading of A. We claim that {cl A : i =1,2, ..., n} is an o-shading 
of f(A). In fact, yeA) = there exists xeA such that y = fx). Now, there is a U, (for 
some j, 1 < j < n) such that (cl Ua (X) > a and hence cl Vi (y) 2 [fel UY) > cl Uq, 


(x) > Q. 
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ON QUASI EINSTEIN PSEUDO RICCI SYMMETRIC MANIFOLDS 


M. C. Cuakı AND P. K. GHOSHAL 


1. INTRODUCTION 


- The notion of a Pseudo Ricci Symmetric Manifold was introduced by the firs: author 
(Chaki) in 1988 [1]. According to him a non-flat Riemannian Manifold (M’, g) (n>2) ss called 
Pseudo Ricci Symmetric if its Ricci tensor S of type (0, 2) is not identically zero and satisfies 
the condition 


(1) (V,S)(¥%,Z) = 2ACK)SCY,Z) + ACY)S(X,Z) + A(Z)S(Y,X) 
where A is a non-zero 1-form such that 


(2) g(X,U) = A(X) for all vector fields X and V denotes the operator of covariant 
differentiation with respect to the metric tensor g. 


In such a case A is called the associated 1-form and U is called the basi vector 
field corresponding to the 1-form A. An n-dimensional manifold of this kind 
was denoted by the symbol (PRS). 


The object of this paper is to study a type of (PRS), which is Quasi Einstein. The 
notion of a quasi Einstein manifold was introduced in a recent paper [2] by the first author 
and R. K. Maity who defined such a manifold as follows : 


A non-flat Riemannian manifold (M", g)(n>2) is said to be quasi Einstein if ts Ricci 
tensor S of type (0,2) is not identically zero and satisfies the condition. 


(3) S(X,Y) = ag(X,Y) + bB(X)B(Y) where a, b are scalars of which b + O and 
B is a non-zero 1-form such that 


(4) XV = BCX) VX 
V being a unit vector field. 
In such a case, a, b are called the associated scalars, B is called the associated 1- 


form and V is called the generator of the manifold. A Riemannian manifold (M’, g) 


Mathematics subject classification number, 1991 Primary 53c25. Keywords and phrases, Pseudo 
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(n > 2) satisfying (1), (2), (3) and (4) shall be called a Quasi Einstein Pseudo Ricci symmetric 
manifold and such an n-dimensional manifold shall be denoted by the symbol x(PRS).. Thus 
in a X(PRS), there are two associated scalars a, b, two associated 1-forms A, B and two 
vector fields U and V. In such a case, a, b shall be called the associated scalars, A and 
B shall be called the main and auxiliary 1-forms and U, V shall be called the basic vector 
field and the generator respectively. | 


In this paper it is shown that in case of a x¥(PRS)_, the sum of the associated scalars 
is zero, the auxiliary 1-form is a scalar multiple of the main 1-form and the generator is 
a scalar multiple of the basic vector field. Since the sum of the associated scalars is zero, 
only one of them, say a deserves consideration. It is to be noted that a cannot be zero because 
b + 0. Also a cannot be a non-zero constant for otherwise the scalar curvature will be zero 
and therefore a will be zero. The significance of a is pointed out by showing that a is an 
eigenvalue of the Ricci tensor S having multiplicity n—1. The nature of the generator is 
determined by showing that it is a proper concircular vector field [3]. A Riemannian manifold 
is said to be conformally conservative [4] if the divergence of its conformal curvature tensor 
C is zero. An interesting property of a %(PRS)_ is obtained by showing that a x(PRS) is 
conformally conservative. Finally, the meaningfulness of the study of (PRS), is pointed out 
by proving that a conformally flat (PRS) is a x(PRS).. 


Thus the results of a (PRS), hold in a conformally flat (PRS), but the converse is 
not, in general, true. For example, it is known [5] that the relation R(X,Y), S = 0 holds 
in a conformally flat (PRS), , but this relation does not, in general hold in a y(PRS).. 

1. PRELIMINARIES 


Let a, b be the associated scalars, A, B be the main and auxiliary 1-forms and U, 
V be the basic vector field and the generator respectively of a %(PRS), (n>3). Then (1), (2), 
(3) and (4) will hold. 


Contracting (3) over X and Y we get. 
(11) r=na+bd[ © g(V,V) = 1] 


il 


where r is the scalar curvature. 

Next, contracting (1) over Y and Z we get 

(1.2) dr(X) = 2rA(X) + 4S(X,U) 

Again from (1) we have 

(1.3) = (V,S)(¥,Z) - (V SXY,X) = ACX)S(Y,Z) — A(Z)S(Y,X) 
Now, contracting (1.3) over Y and Z we get 

(1.4) dr(X) = 2rA(X) — 2S(X%,U) 
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From (1.2) and (1.4) it follows that 
(1.5) S(X,U) = 0 

Therefore from (1.4) we get 

(1.6) dr(X) = 2rA(X) 

Since ddr = Q, it follows from (1.6) that 
(1.7) rdA(X,Y) = 0 


These formulas will be used in the sequel. 


2. RELATIONS BETWEEN THE ASSOCIATED SCALARS, BETWEEN 
THE MAIN AND AUXILIARY 1-FORMS AND BETWEEN THE BASIC 
VECTOR FIELD AND THE GENERATOR OF A ¥(PRS) . 


From (3) it follows that 

a g(X, U) + b B(X BU) = S(X,D) 

or a A(X) + b B(X)B(U) = 0 

Hence B(U) + 0, because A(X) # 0, a #0 


Therefore, 
A(X) 
2. per _ a MA) cae 
(2.1) B(X) b BU) b # 0, BU) # 0] 
_ 42 AW) 

From (2.1) we get B(V) = b BU) 

a AW) >... 7 
or, (2.2) 5 BU) [° BCV) =1] 


But BCU) = g(U,V) = ACV) 
Hence from (2.2) we get a = | 


Therefore, 
(2.3) a+b=0 
In virtue of (2.3) it follows from (2.1) that 


l 
(2.4) B(X) = Any 


3] 
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We can express (2.4) as follows 


g(X,V) = e(ainux|v X 


A(V) 
Hence 
1 
(2.5) = AV) 


In virtue of (2.3), it follows from (1.1) that 
(2.6) r = (n-l)a. 


If a is a non-zero constant, then from (2.6) it follows that r is a non-zero constant. 
Hence from (1.6) it follows that r = 0. Therefore from (2.6) we get a = 0 which is inadmissible. 
Therefore a can neither be zero nor can be a non-zero constant. 


Summing up we can state as follows :— 


Theorem 1. In a ¥(PRS), the sum of the associated scalars is zero, the auxiliary 1- 
form is a scalar multiple of the main 1-form and the generator is a scalar multiple of the 
basic vector field. Further, none of the associated scalars can be zero or a non-zero constant. 

3. SIGNIFICANCE OF THE ASSOCIATED SCALARS 

From (3) we get 

S(X,V) = a 8(X,V) + b B(X)B(V) 

a B(X) + b BCX) [V BCV) = 1] 
(a+b) B(X) 


li 


Hence 
(3.1) S(X,V) = 0 [= atb = 0] 


From (3.1) it follows that 0 is an eigenvalue of the Ricci tensor S and V is an eigenvector 
corresponding to this eigenvalue. 


Let W be any other vector orthogonal to V 
Then 2(W,V) = 0 

or 

(3.2) B(W) = 0 

From (3) we get 

S(X,W) = a g(X,W) + b BCX)B(W) 


ON QUASI EINSTEIN PSEUDO RICCI SYMMETRIC MANIFOLDS 33 


. Hence 
(3.3) S(X,W) = a 2(X,W) [by (3.2) ] 


From (3.3) it follows that a is an eigenvalue of the Ricci tensor and W is an eigen~ector 
corresponding to this eigenvalue. Since a # 0 the eigenvalues O and a of the Ricci tensor 
are different. In virtue of the fact that the manifold under consideration is n-dimensional and 
W is any vector orthogonal to V, it follows from a well known result of linear algeb-a [6] 
that the eigenvalue a is of multiplicity n-1. Hence the multiplicity of the etgenvalue 0 must 
be 1. This leads to the following theorem : 


Theorem 2. In a x(PRS) the Ricci tensor S has only two distinct eigenvalues, namely 
a and O of which the former is of multiplicity n—1 and the latter is simple. 


4, PROPERTIES OF THE GENERATOR OF A x(PRS)_ 
From (3) we get 
(4.1)  (V,S)C¥Y,Z) = da(X) [g(¥,Z) - BCY)B(Z)] — a[(V,B)(Y) B(Z) + (V,B)(Z) 3(Y)) 
Again from (1) we get in virtue of (3) and (2.4) 


(4.2)  (V,S)(Y%Z) = 2a ACV) BCX) [ 8(¥,Z) - BCY)B(Z)] + aA(V)B(Y) [g(X,Z) - 
B(X) B(Z)] + a@A(V)B(Z) [8(¥,X) - B(Y)B(X) ] 


From (4.1) and (4.2) it follows that 


(4.3)  2a@A(V)B(X) [ g(%Z) — BCY) B(Z)] + aA(V)B(Y) [g(XZ) — BC)B(Z)] 
+ aA(V) BZ) [8(¥.X) — BCY) BCX) ] 


= da(X) [ g(¥,Z) - BCY)B(Z)] — al (V,B)(Y)B(Z) + (V,B)(Z)B(Y) J 
Putting Z = V in (4.3) we get , 

(4.4) (V BY). = -ACV)gQ Y) + ACOB(Y) [by 04] | 
We can express (4.4) as follows : 

a(V VY) = g [-A(V)X + A(X), Y] 

Hence 

(4.5) V,V = -A(V)X + A(X)V 


Since r # Q it follows from (1.7) that the 1-form A is closed. Also A(V) # 0. Hence 
irom (4.5) we conclude that the vector field V is a proper. concircular vector field. From 
4.4) we get. 


(4.6) = (V,B)(Y) = (VB)(X) 
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We can write (4.6) as follows : 

(47  — @(V,V.Y) = 3(V,V,.X) 

Putting Y = V in (4.7) we get 

g(V,V.V) = g(V\V.X)'V X 

Hence | 

(4.8) g(VV,X) = 0 YX [= 9(V,V,V) = 0] 

From (4.8) it follows that 

(4.9) VV = 0 

This implies that the integral curves of V are geodesics. 

Summing up we can state the following properties of the generator. 

Theorem 3. In a x(PRS)_ the gonorar is a proper concircular vector field whose integral 
curves are geodesics. 

5. NATURE OF THE CONFORMAL CURVATURE TENSOR IN A XPRS), 

From (2.6) we get | 

(5.1) dr(X) = (n—1)da(X) 

Hence 2rA(X) = (n—1)da(X) [ by (1.6) ] 


Therefore 

(5.2) 2aACX) = da(X) [by (2.6) ] 

Let 

(5.3)  H(X,Y,Z) = (V,S)(Y,Z) ~ (V_S)(Y,X) - Fy dt s(V,Z) E EEA 


E 1) 


It is known [7] that in a Riemannian manifold (M',g)(n>3) the conformal curvature 
tensor C is conformally conservative i.e. C is of zero divergence if and only if 
H(X,Y,Z) = 0 


From (4.2) we have . 
(5.4) (V,S)(¥,Z) — (V,S)(¥,X) = a[ ACX)a(¥,.Z) — A(Z)g(Y,X) } [by 2.4] 
Again 
(55) ~~ dr(X)g(ViZ) ~ dr(Z)g(WX ] 
(n—1) 


= af A(X)g(¥%Z) — A(Z)g(Y.X)] [by (5.2)] 
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From (5.4) and (5.5) we get 
(5.6) H(X%Y,2,) = 0 
This leads to the following theorem :— 


Theorem 4. A y(PRS), (n>3) is conformally conservative. 


6. CONFORMALLY FLAT (PRS), (n>3) AS (PRS), (n>3) 
In this section it is shown that a conformally flat (PRS), may be regarded as a XPRS). 


Let A and U be the associated 1-form and the basic vector field of a conformally flat 
(PRS), (n>3). Then it is known [1] that its curvature tensor ’R of type (0.4) is of the following 
Worm : 


(6.1) ’RCXY,Z,W) = ea [ g(¥,Z)gCX,W) - 9(XZ)g(¥,W) + TCX)T(Z)e(¥,W) 
- T(Y)T(Z)g(X,W) + TCY)T(W)g(X,Z) -TCK)TCW)(Y,Z) ] 
where 
A(X) 


4 ACU) 


(6.2) T(X) = 


Let 
(6.3) (XP = TX) V X 


Then g(X,P) = e(a" x] 


Hence (6.4) Fo = : U 


~ JAU) 


Therefore g(P,P) = g(———= 





A 
aa! aR? A oY = 1 


Hence P isa unit vector field. 
Now contracting (6.1) over X and W we get 
(6.5) S(Y,Z) = c g(Y,Z) + d TCY)T(Z) 


where 


(6.6) c= —, d = -— , TX = (XP) 
n— n 
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P being a unit vector field. 

From (6.5) and (6.6) it follows that the manifold under consideration is quasi Einstein. 
We can therefore state the following theorem : 

Theorem 5. A conformally flat (PRS), (n>3) is a Quasi Einstein (PRS). 


This theorem shows that a result holding in a (PRS), holds also in a conformally 
flat (PRS), but the converse is not, in general true. For example the relation R(X,Y)eS = 
O holds in a conformally flat (PRS), [5] but this relation does not, in general, hold in a 
X(PRS),. 


In conclusion, we state that the theorem 5 shows why the study of Quasi Einstein (PRS), 
is meaningful. 
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ON REGULAR BANDS* 


ZHANG RONGHUA AND WANG ZHENGPAN 


1. INTRODUCTION 


Zhang L., Shum K. P. and Zhang R. H. introduced refined semilattice and described 
regular bands by using it (see [4]). Is refined semilattice decomposition of a regular band 
unique? We give an affirmative answer to this problem in this paper. Also, the homomorzhism 
problem is investigated. As a special case, we point out when two regular bands are isomerphic. 
This leads to a way of producing all regular bands, up to isomorphism, with some fixed 
family of pairwise disjoint rectangular bands indexed by a semilattice. We illustrate by an 
example how to find, up to isomorphism, all regular bands based on certain family of 
rectangular bands. 


1. PRELIMINARIES 


In what follows, we use notations and terminologies of [1,2]. We begin by recalling 
some concepts. 


Let $ be a semigroup. If © is a congruence on $, then We call the partition induced 
by © a congruence partition on’ S, denoted by {S 3l d e D}, or S,, where each S, is a o- 
class and D is an index set. Combining the definition of refined semilattice in [5], we rewrite 
the definition of it in [4] as follows. 


Let {S.| a €e Y} be a family of pairwise disjoint semigroups of type T indexed by 
a semilattice Y and $ = J Se For each pair a, B e Y with «œ 2 B, let D(a, B) be an index 


set and {S,,, |d(a@,8) € D (a,B)} a congruence partition on S, Let {S,., 1B € Z a2 
B} be a family of congruence partitions such that for all a, B, y e Y with a@ = B 2 y and 
any d(a, y) € D(a, ¥, there exists d(B,y) e D(B,y) satisfying S dan = apy Moreover, for 
any dap) e D (œB), let Ø Wap PE a homomorphism of S, into S ags Suppose that the 


following conditions are satisfied : 


* Theproject is jointly supported by the NNSF (10071068) of China and the foundation 
(97A012R) of EC of Yunnan Province. 
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(a) Prag is the identity mapping of S, for each œ e Y, where d(q, P) is the unique 


element of D(a,f). 


(b) For all d(a,B) e D(a,B) and all dB,» € D(B,}, there exists d(a,p~) € D(a% 


such that Pip Pign = Puan Wd SuapPagy SSaay 


(c) For each d(aB,y) e D(aB, y) and each a, € S_, there exists d(B,y € DB,» 


such that {a | da,” Ee DiaY} A Saby n S589)" 


(d) For any d(a,B),d’(a,P)eD(a,f), a €S, and b; ES, 


a kay 


(A, Prap og ES ap = (aP yap) bg = (aa Prap 
and bha Prap) ESuap > 94g? aa,p)) = 264eP rap): 
For any a, € $, and b; e S, pick d(a,a@B) e D(a,aB) and d(B,aB) e D(B,aB), and define 


a,o b,= (a aP aap) Ë Dagan” 


Where aB inap € Si, Bc) and bD Bes) © Si e,ap)" With respect to the multiplication “o”, 


S is a semigroup (see [4]). This semigroup is said to be a refined semilattice of S „ Written 
as 
(Y;S_; DP), S kap Pkap l 
It is well known that every band is a semilattice of rectangular bands. A band B is 
called a regular band if for all e, f, g e B, we always have efge = efege. Zhang L. Shum 
K. P. and Zhang R. H. concretely described regular bands by applying refined semilattice 
(see [4]) as follows. 


Lemma 1.1. A semigroup B is a regular band if and only if B is a refined semilattice 
of rectangular bands. c 


We refer to a band B as a normal band if efg € B implies that efge = egfe. We 
quote an alternative description for normal bands from [1]. 


Lemma 1.2. A semigroup B is a normal band if and only if it is a strong semilattice 
of rectangular bands. c 


Just as every normal band is also a regular one, strong semilattice is a special case 
of refined semilattice in which each D(a,f) is singleton. 
2. THE UNIQUENESS PROBLEM OF REFINED SEMILATTICE DECOMPOSITION 


In this section, we show that every regular band has a unique refined semilattice 
decomposition. This also leads to the fact that all normal bands have unique strong semilattice 
decomposition. First we rewrite some results in [4] as follows. 
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Let /= ù I, be a regular band, where Y is a semilattice and 1A a@ € Y} is a family 
acy 


of rectangular bands. For any a, B e Y with œ 2 p, some fixed i, € I, and jE I let 
Kisjð =(iel,| igi, = i,j}, then we have 
Lemma 2.1. {Ki; Jy) | ie I,} is a congruence partition on I,. g 


Denote the above congruence partition by {Zap | d(a,B) € D(a,B)}for any a, B e Y 
with œ > B, where D(a,f) is an index set. Define Pag :L>I PE by i D ap” id ecb 
Thus with these hypotheses, we obtain 


Lemma 2.2. @ is a homomorphism of 1 into I 


do) diab) o 
Lemma 2.3. [Y;1; D(a,B), I nap P kapl is a refined semilattice decomposition 

of I. g 
Using the above lemmas, we have 


Theorem 2.4. A regular band can be uniquely expressed as a refined semilattice of 
rectangular bands. 


Proof. LetI=[ Y; ; D(&ß), I re p? 1028) ]. To prove the uniqueness of the decomposition, 
we need to show the refined semilattice of J coincides with that described in Lemma 2.3. 


That is to show. 


(1) The congruence partitions coincide with that described in Lemma 2.1. Thai is, for 
any dop) E D(a), there exist some iE Į and I€ L such that 7 dap = {i é Ul igi, = 
i, jg 4+ In fact, if 4° lrag then for any iE Lyp ligia = i Prag = bgligR yagi M other 
words, ¿e {ie I, i fi = bt Prag igh Furthermore, if i, € {i é I, | ili = iKi Prapiat 


then we have 
ida = idda = ii Puag) 204 iy iddio = GoPuapdip 
Also, if i, € liap? then Lda = is (i D 0,8) and tlg= (i, Priam dig so that idda 
= (dolig) =i ®@ d'(a,B) which yields d’(a,B) = d(a,B). Thus, from the multiplication defined 
on a refined semilattice we know that i, e I iab 
(2) For any d(œß) e D(&,ß), the homomorphism © 5% of J into I eas 
that in Lemma 2.2. Indeed, for any i € J, and 7 e I apy WE have 
i Piog = (Prag igighy ap) = idg a 


So that i P ap “idxapia This implies the uniqueness as required. Oo 


The result below can be immediately obtained from Lemma 1.2 and Theorem 2.2. 


agrees with 


Corollary 2.5. A normal band can be uniquely expressed as a strong semilattice of 
rectangular bands. a 
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3. HOMOMORPHISMS BETWEEN REGULAR BANDS 


Hall solved the isomorphism problem for orthodox semigroups in [3]. In this section, 
the same problem for regular bands is investigated as a special case of homomorphism problem. 
This also leads to another way to describe homomorphisms between a special type of orthodox 
semigroups. The solution of this problem is again based on the refined semilattice of a regular 
band. Throughout the section, we fix two regular bands 


[= [ Y; 1; D(a), lrag Paap] 


and 
J= Y ; Jy 3 Ela’, p), TA BYW aep l. 
Definition 3.1. Let ¢: Y > Y’ and ¢, : l, > Ja for any @ € Y be homomorphisms 
and W g : D(a,B) > E(ag, Bd) for any a,8 e Y with a@ = B a mapping such that for any 
d(a,B) e D(& P), 


Liapsp am J inanga and DrapSp = GeV awas.pey 
where dyad, Po) stands for (d(a,f))y,,. Then we call (9; {6,} 3 {W agh) an rh-system 
for J and J. For any i e J, define a mapping € = € (@ {E}; {Wag} by 
i = i if iel; 
Particularly, if both D(a,f) and E (&',ß’) are singleton for J and J, J and J turn to 


be normal bands. Denote such / and’ J respectively by I, = {Y; Iy ®,, } and J, = {¥’; 
LE, a}. 
a’? ~ of B 


Definition 3.2. Let ọ : Y -» Y’ and p: l, > J,,for any œ e Y be homomorphisms 
such that ® ps = ogo for any a B e Y with œ 2 B. Then we call (@; {€}) an nh- 
system for I, an J, Define a mapping = (@;{¢,}) of I, by 


iC = ic, if ie I, 
Now we proceed to present our results, first we point out that each corollary below 
is immediate as we have Lemma 1.2. 


Theorem 3.3. E= &(@; {&,}; {Wag is a homomorphism of I into J for any rh-system 
(@; {E}; (Wagt) for I and J. Conversely, if § is a homomorphism of I into J, then there 
exists a unique rh-system (¢ġ; {6}; {Wagh such that E = & ¢; {6}; (Wagh) 

Proof. (1) Direct part. Suppose that (@; (G2) ;{¥, PD, is an rh-system for J and J. 


For any i€ I, and i,€ lp, if i,®ioap € liegap > then Ee © Jiypstapy SO that 


ida Vaan = Typoapo Similarly ts Pyp og, E 1 7¢qqg)implies that igp Wapap € J dy (ad,(aB)9)" 


Then by applying (c) in the definition of refined semilattice, for any i E l and iE l, 
we have 
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N- 


(i P d(a,ap) 7 Papap) Sep 
= Pia. 0p) ap ig Pi¢p,a8) Sap) 


(i Sar dyla, apo Sp F dy (Bd, (apy) 
= (iaip 
= (iGO, 


so that € is a homomorphism. 


(2) Converse. Take any homomorphism €: I —> J. Define @ by œ’ = ad if and only 
if j, = i6 for any a e Y and i € 7, To see that ọ is a mapping of Y into Y’, we need 


to show that @ is independent on the choice of i,. Suppose that i, € J, and ij¢= jg, then 
Jæ = is = (iiaia) ó = (i OLENS) = Jae IprJa! 
so that a’ < B’. By symmetry we deduce that B’ < a’, so œ’ = B’. Furthermore, 
if i6 = jy andi = jẹ for some i,e l, and i,eJ,, then i,j, € I,,and (i,i,)6 = (i,6)(i,6) 
= jy jg € Jorg So we have (a@f)¢ = (a@)(B¢), in other words, ¢ is an homomorphism. 


Put € = £| I. Combining the above argument we can see that € is an homomorphism 
of J into J... 


From Lemma 2.1-—2 and the proof of Theorem 2.4 we know that for any (œp) e€ 
D(0,B), Lap = ÜE [gl iii, = i, Prag) for any i€ I, and that {j € Jy] GDF, = 1, Ppag5) 


a da, 
is a congruence paon block of J,,, written as J. dagga Tt 18 abvons that Wg: : D(a,B) > 


E(œġ, Po) defined by e(a¢,Bd) = dla, P) Wag? is a — and we denote (d(a,f))y,, by 


dy(.ad,Bd). It is also evident that I Line = tapes & J ixan 


To complete the proof of this part, we also need to show that for any d(a,B) € D(a,f), 


n Piragss = CF wapa 0 fact, we can see this from the following argument. For each 
LE and J, € Irap 
D aasa IA) = iE ANSANS = Ea Faan 
Also, D rapSn and E Y, ore) have the same domain so that ® q noe = eee 
In addition, from the above, we can see that @, {¢} and {wy xp} are uniquely determined 
by ¢. o 


Corollary 3.4. If ($; {6,}) is an nh-system for I, and J,, then Ẹ = ((@; {€,}) isa 
homomorphism of Iņ into Jy. Conversely, if ¢ is homomorphism of 1, into J,, then there exists 
a unique nh-system (@;{¢,}) such that E = ((; {€,}). o 
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Theorem 3.5. The homomorphism € = €(@; {6}; (Wagh of I into J is injective if 
and only if so are $, €, for any a@ e Y and D5 for any a, B EY with a > B. 


Proof. (1) Necessity. Suppose that E= €(@; {E} ; { y,,,}) is monomorphism of 7 into 


J. Then for any œ e Y, 4 1, 18 injective, that is, ¢, is injective. 


Pick a, B, e Y and assume that ad = Bd. If a + P, then both œ and B are not equal 
to æß. Without loss of generality, suppose that œ +» af, then for any i, e Z and i, € I p 
we have (iii) = (GLE, = i, since i,¢, i € Jay = Jay However, iii, € I,, and 
i e i sO that i, #i i ġ, which yields that maps at least two distinct elements to i,¢. This 
: a eontradicdant It follows that œ = B, so @ is also injective. 


For any a, B, e Y with a 2 P, and d(a,B),d’(a,B)e D(a,8), ~~ that d(a,B) + 
d’(o,B). Thus, for any i, € 1, and i, € [1.9 we have idd, = 1,Pi44 £ i,Pyq,g) SO that 


i ONEEN, S) = "n ape Z ie Parta p6 Since ¢ is injective. It follows from the proof of Theorem 
3.3 that Jiwan 7 Teas so we obtain that dyag, Be) + d yag, Bo). Therefore, each 
W,., is injective. 


(2) Sufficiency. That ¢ is injective follows directly from the fact that €_ is injective 
for each œ € Y. g 


Corollary 3.6. The homomorphism ¢ = ((@; {¢,}) of 1, into J, is injective if and only 
if so are @ and ¢, for any œ e Y. 


Theorem 3.7. If the homomorphism ¢ = &l¢ ; {6}; {W,,}) is surjective, then so is 
g. However, ¢, with œ € Y and Wp for o,B e Y with a 2 B are not necessarily surjective. 


Proof. For any a@’e Y’, andj e Jy» there exists i € I, for some œ e Y such that 


i€ = j. It follows from the proof of Theorem 3.3 that a@ = a’. Therefore, @ is surjective. 
The last assertion of the result can be seen from the following example. o 


Example 1. Let J, = {a, b, c, d} and J, = {e, f g} are two disjoint semigroups with 
multiplications defined respectively by the following Cayley tables. 
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Then one can see that both J, and 7, are regular bands. Let /, = {a}, I, = {b} and 
I= {c,d} with a 2 P = y, then from the table we see that J, U lU [is the semilattice 


decomposition of 7,. Similarly, let J,, = {e} and I, = {fg} with a’ > p’, we obtain that 


IT, is the semilattice decomposition of /,. Define a surjection ¢ of I, into J, by 


arPeebwbfichH gdb f. 


We can see by routine calculation that € is a homomorphism. However, € lg is not 
a surjection of J,into lẹ. Moreover, for the refined semilattice decomposition o? /, and I, 
We can obtain that Wp described as in Definition 3.1 and Theorem 3.3 is not surjective. 


Corollary 3.8. [f the homomorphism Č = ¢ (¢ ; {6,}) is surjective, then so is ġ . However, 
E, with œe Y is not necessarily surjective. o 


To this corollary, we only verify the last assertion by the following example. 


Example 2. Let J, = {a,b,c} be a semigroup with the multiplication defined by the 
Cayley table as follows. 





Then it is easily seen that /, is a normal band. Let J, = {a} and 1, = {b,c} with @ 
> B, then Z UJ, is the semilattice decompositon of I. Let I, = {d,e} be a left zero semigroup 
such that 7 ^ I, = 6. Define a mapping ¢ of J, into Z, by 


a |e d,b >e eche d. 


It is obvious that ¢ is a homomorphism. However, al is not a surjection of /, into Z. 


Theorem 3.9. The homomorphism € = € (9; {6}; {y,,}) of I into J is bijective if 
and only if so are $, , for any œ €e Y and 9,, for any &B e Y with a 2 B, 


Proof. (1) Necessity. To complete the proof of this part, we only need to show that 


„With ae Y and w,,for @&B © Y with æ > $ are surjective. It suffices to show zhat 1, es 
= J neaogo) fOr any d(a,B) =e D(a,f). 


| Suppose that je J axagpg then there exists i e I, such that iĝ = j. So (1,4)(ig)G,9) 
= 1, Pigg, that is, (idi )E = i Prags. This implies that idi =i,®, ap) Since ¢ is injective. 


Therefore we have obtained that i € I,,. and j = i¢ = ip so that J 


oS. d(a,B) dxagpo = yap op kt 
follows from Definition 3.1 that J E I apse * 
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(2) Sufficiency. This is obvious. o 
Corollary 3.10. The homomorphism ¢ = 4 (9;{6,}) of I, into J, is bijective if and 
only if so are @ and ¢, for any aeyY. o 


4. A CONSTRUCTED EXAMPLE 


In general, we have not been able to obtain a universal way to find, up to isomorphism, 
all regular bands with a family of pairwise disjoint rectangular bands indexed by a semilattice. 
Here, we just illustrate by an example about this problem. 

Let Y = {af} with œ 2 B be a semilattice. J, = {a,b} and I,= {c, d, e} are two 
disjoint left zero semigroups. We know that every mapping of a left semigroup into another 
is a homomorphism, and it is easy to see that all partitions on a left zero semigroup are 
congruence partition. Also, since Y is a 2-element semilattice, it is evident that for any 
partition {Za | d(a,B) € D(a,B)} and any corresponding homomorphism family {( D, 


(ap) ` 
l> Lap) 14048) € D(a,B)}, we can always establish a refined semilattice of {1 $). 


Now we proceed to find all distinct regular bands, up to isomorphism, established on 
Ze 1g} 

Case 1. D(œ,ß) = {d,(a,P), d,(a,B), d (œ ß)}. Without loss of generality, suppose that 
laap = ich laap = fd} and Liep = {e}. Then we have the following unique 
homomorphism family : 


Diap anec bhecc; 
Prap: 2 > d, b > d; 
Daab) camne bhee 


Thus we obtain a regular band with Cayley table as follows : 





It is the unique regular band (in fact, left regular band) in this case. 


Case 2. D(a,B) = {d (œb), d,(a,B)}. If liap = {c,d}, and liap = {e}, we also 
have two cases. 
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(1) The homomorphism of J, into (4,4) is not onto. Define the homomorphism family 


as follows : ' 


Pia: aee br Cc; 
Da (a,B) :a mn ebree 


Then we get a regular band with the following Cayley table : 





Suppose that the homomorphism family is as follows : 
Yaap :a |œ d, b e d; 
Prap: P eb hee. 

We know that the following mapping of J, into itself is an automorphism of J; : 
@:che> dde cer e. 


Moreover, we have ®, (4 p)Pg = Watap for i=1,2.So[Y;1,;D(a,p), I an ee 
is isomorphic to [Y; 1; D(a,B), I daf Fiap] by Theorem 3.9. Therefore, we can only find 


one regular band in this case up to isomorphism. 


(2) The homomorphism of J, into 1, (4,g) is onto. We also can show that there is only 
one regular band up to isomorphism in this case which has the following Cayley table : 
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By applying Theorem 3.9, we can similarly deduce that there exist precisely the above 
two regular bands up to isomorphism in Case 2. 


Case 3. D(a,B) = {d(a,B)}. This is the strong semilattice case. Here we omit the details 
while we find all distinct normal bands with the following Cayley tables : 





Thus we have found all distinct regular bands, up to isomorphism, based on {J,,/;}. 
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ON REARRANGEMENTS OF DOUBLE SERIES 


D. K. GANGULY AND CHANDANA DUTTA 


ABSTRACT : Some properties of the rearrangements of double series are studied from point of view 
of the topology in the X of all P NONS of the set of all positive integers endowed with the Frechet 
metric. 


AMS Classifications (1991) : 6A05 


Key words : Rearrangement, Residual G, set, First category. 


1. INTRODUCTION 
Let X denote the set of all permutations of the set of positive integers endowed with 


1 Ix, — y,| 


the Frechet metric p(x,y) = ) -r 
fmt 2* 1 +1x, —y, | 


where x = {x,}, and y = {y,}_, are points 


in X. (X,p) is a metric space of second category. But the space is not complete. The convergence 
in this space is pointwise convergence. 


Several papers [1], [3], [4] are devoted to study on the rearrangement of single series 


of real terms. Let us consider a double series aes: We now determine the position of 


m mn=] 


a term a_ in the double series Ya 


m,n=] 


‘accordingly to the following plan. 


mn 


We write the double series like a single series as 


ae ta Pg. Fao Focs n Oe ee ET + A iy T See es eee 


If a, occupies the r-th position in this single series then the position of the term in 
the double series will also be counted as r-th position. So a „(r) denotes the term in r-th 


position. To each x = {x, Fa € X there corresponds a rearrangemnet Yann (x,) of the series 
k=l 
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(I), that is, a rearrangement of the double series Yann We denote this rearrangement 


m,a 


X ann (x) corresponding to the element x = {x}, € X by X Gian): 


k=l m,n 


Thus to each point x = ENIE € X there corresponds a rearrangement Yan (x). 


mA 
Therefore to each x e X there exists a rearrangement of the above form and also for each 
rearrangement of the double series there exists a point x € X corresponding to it. 


is said to be of type (0) if the series formed by its non-negative 


nih 


A double series Şa 


m,n 


terms and the series formed by the absolute value of the negative terms of the double series 


Dl both separately diverges at +o. 


Theorem 1. If Şa 


„n be a double series of real numbers of type (œ) such that a, 


m,n 


N 
-» 0 as m — œ, n — o then the set of all those x = E7 ha € X for which lim sup X Ann (X) 
E N >00 


m,n=1 


N 
= +, liminf X ap,(x) = -o 
N—y00 


nin=] 


is a residual G, set. 


Proof. For each x = EA he E X, let S = Y Gin (X) be the partial square sums of 


m,n=l 


the rearrangement Sain (X). Suppose À, = max{S,, S,. o Sp) and py = min {S, S,, 


Sy}. Then clearly the sequence {A,,} is monotonic increasing and {{1,} is monotonic decreasing. 
Therefore lim Åy and lim y both exist. 
N ->00 N-30% 


Le A = {xe X: lim A, > n}, where n = 1,2, .... We first show that A, is open 


for each n. Let {x, i= E A. Let £> 0 and / be the smallest positive integer for which 2 <E. 


t=1+1 


ON REARRANGEMENTS OF DOUBLE SERIES 49 
Consider an open sphere S(x,€) and y = ty} E S(x,€) ; then x = y, i = 1,2, ..., l. Therefore 


Saos SaO and so y € A. Hence S(,€) c A, This shows that A, is open. 


m.n=] mn=l 


Therefore A = OA, is a G, set in X. Clearly A is the set of all those points x € X for 


n=] 


which lim 1 sup Şap (x) = 


m.n=ł 


Now we shall show that A is dense in X. Let z = ame € X and £ > 0. Lez m be 


the smallest positive integer for which 22 < £. We take a point x = {x,} € X Such 
1=m+] 

that * = Zad =1,2, .... m. Let B= {ke N: a (Œ < 0}. So BMZ., AET A {q,, 

q,, ...} where q, < 7, < .... Since the series is of type (Œ) it is possible to determine a 

x x all d fferent 


m2? tto ey 


positive integer m, and pairwise distinct positive integers xX, 


form x (i = 1,2, .... m) in such a way that 


mtn, 


{x ee cc a -1 and X a,5(%,) >1- a. (q,) 


ral 


mim +1 
Le; X an) > 1 where Xmyma = qr 


i=] 


- 


Similarly, we can find a positive integer m, > m, +1 and positive distinct positive integers 


x ail different from x(i=1,2,...,.m+m,+1) such that 


m+m +2? 0°99 X mem, 


mtm m+m 


{x ae = c {i -a and Ş as(2,) + > 4.4) > 2 — a.(q,) -a,(9,) 


t=] m+n, +2 


MAN, +1 
Le, X a„(x,) > 2 where Xmm = Qo 


(=j 


If this process is continued, we obtain a point x e X such that > 4,5 (x) diverges to 


r,s 


+œ and hence x e A. But p(x,z) < € and sox e S(Ze). Hence A N^ S(z,€) # 6. Therefore, 
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N 
A is dense in X. Thus A is a residual G, set. Similarly C = EX: lim inf X apn (x)= ~} 
ma OO 


m,n=l 


N 
is also a residual G, set. Hence A A C, the set of all those x € X for which lim sup Yin (X) 


mnel 


N 
= +o, lim inf X Ginn (X) = —oo is a residual G, set. 
N=% 


minal 


Corollary. Let X apn be a double series of type (œ) with a, — 0. Then the set of 


mn=l 


all x e X for which the series X Fin (X) is convergent is a set of first category. 


mn=] 


is absolutely 


FER 


Theorem 2. Let > apn be a double series with a, — 0. Then Şa 


m,n m,n 


convergent if and only if there exists a second categorey set $ C X such that X ann (x) 
{ mn 


is convergent for each x € S. 


$ 


r 


Proof. Suppose Lam! is absolutely convergent ; then De (x) is convergent for 


mia 


all x e X and X is a second category set. 
Conversely, let there xe a second category set $ e X such that dan (x) < +% 


for each x €e S. If Sia u i not absolutely convergent then the set of all those x e S c 


N | N 
X for which lim sup Y Gin (X) = +00 ; lim inf S amn(*) = —æ is a residual G, set. Therefore 


atn=l mn=! 


the set of all those points for which SY amn (x) is convergent is of first category, a contradiction. 
m,n 
Hence the theorem. 
Theorem 3. Let Dann be a double series of type (a) and iM apn =0. If for each 
x € X except those belonging to a set of first category, the sequence {s „(x)} is compact 
then the set of all limit points of the sequence is precisely the interval (—ee,c0). 
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The proof of the theorem is same as the Theorem 3 of paper. [2]. 
| 
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ENTIRE FUNCTIONS OF L-BOUNDED INDEX 


B. C. CHAKRABORTY AND T. K., SAMANTA 


ABSTRACT : In this paper we have established a necessary and sufficient condition for an entire 
function to be of L-bounded index. We have also proved that if an entire function Rz) is of L-bounded 
index, then Raz + b) is also of L-bounded index for a, b e C. Finally, we have shown that the product 
of two functions of L-bounded index is again a function of L-bounded index. 


1. INTRODUCTION 


The concept of ‘entire functions of bounded index’ was first introduced by Lepsor. [1]. 
According to him : 


Definition 1. An entire function f is said to be of bounded index if there exis:s an 
integer N, independent of Z, such that 





(n) GN 
Z Zj 
KOP wal for all z e C and n => 0. 


n! OSJSN j! 

At present the theory of entire functions of bounded index is well-developed mainly 

«due to the efforts of the mathematicians like F. Gross, S. M. Shah, G. H. Fricke etc. Later 

-on T. V. Lakshminarasimhan [5] introduced the concept of entire functions of L-bounded index. 

In this paper we present a few properties of entire functions of L-bounded index. Throughout 

shis paper the set of all entire functions of L-bounded index will be denoted by LBL We 
«first consider the following. 


Definition 2. [4] A positive continuous function L(r) is said to be a ‘slowly changing 
munction’ if for any € > O there exists an 7,(€) = r, > 0 such that for all r > fo 
TF < Lkr) 
ke Lr) 


It is known that [4] if L(r) is differentiable, then the condition (1.1) is equivalent to 
the condition : 


<k? holds uniformly for k 2 1. 


(1.1) 





1.2 li =0. 
(1.2) im 7 
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-In this paper Singh and Barker proved the following theorem. 
Theorem 1.1. Let L(r) be a slowly changing function. Then 


(i) Lkr) ~ L(r) as r > œ uniformaly for O0 <a<k<sb < © 


(ii) for every B( > 0) and r 2 7,(f), L(*)r* is strictly increasing and limr’L(r) = 


(iii) for every £ (> 0) and r 2 r (p), r*L(r)r’ is strictly decreasing and lim rFror)=0 
r—poo 


Definition 3. Let L(r) be a slowly changing function. An entire function f is said to 
be of L-bounded index at a point z, € C if there exits a non-negative integer N, such that 


coe 


(7) (i) 
(1.3) ujia ols m x fuo ey an) oh io or j= 0, 1, 2, 


The least integer N, for which (1.3) holds is called the L-index of f at the point z,. 


Definition 4. [5] Let f be an entire function and N, be the L-index of f at the point 
z. Let A = {N, : z © C}. Then f is said to be of L-bounded index if the set A is bounded 
and the least upper bound of A is called the L-index of f and is denoted by N,. It follows 
that f will be of L-bounded index with index N, if and only if 


Wa )| w (zo) )| 
(1.4) L(j +2) —— < ma L(i+2)——— > for all j 2 0 and for all z e C. 


We observe that when L(r) = 1, the L-index of f becomes the index of f in the sense 
of Lepson. So, the class of entire functions of bounded index is a subclass of LBI. 


§ 2. Let L(r) be a slowly changing function. Also, let r.> O and z, e C and h be 
a positive integer. For an entire function f and n = 0, 1, ..., h, we define R (rh,z ) and Mifzr) 
by 


it al 
(2.1) ewe = Max isnt Z — Zol z and l = 0, 1, 2, ... } 





22)  M(fzr) = me poeh 
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We now prove the following lemma. 


Lemma 2.1. If f is an entire function of L-bounded index with index N, and ¥ r, h 
are such that 
og Tae ei i 
h AN, +1)(N, +3) 


(i) R(gh,z,) < 2R,,(¢hz,) for all z € C and 1 < ¢ < h, and 


(i) (D 
(ii) max efaa A ll erga (a 2 


bones 
Proof. (i) If possible, suppose there exists an integer t with 1 <$ t Sh and z € C 
such that 
(2.4) RG@Az,) > 2R_,GA,z,). 
Since f is of L-bounded index with index N,, there is an integer | with 0 si < N, 
such that 


as, i p) 


tr 


(2.5) Rh, z) = LA, + 2)---——— for some z, € C with lz, - -z= = 


t—1 
We choose z= Zo t= lza- 2). Then rz] =~ De 
Hence 


(L) 
TR) 








S R,,GA,z,) 


From (2.5) and (2.6) it follows that 


(L) 


(L) 
: F) 

















(L) (L) 
TRIS =) f a )- 
(2.7) Lil, +2) i 2 Lil, +2) i 
2 R(Gh,z.) — R42) 


By Lagrange’s mean value theorem there exists a point €=z/+k(z,—z/) for mme k 


Pe-e 


# 


e (0,1), such that | FEE) = 
Z,~ 2 
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(i) is 
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EPO O uaa p VEe- 


This implies, L(I, +3 - 
Se RON E 1! 








aa 1 FP @)- FPR 
(+3), +1) jz -z i! 





> G+2L0,+2) 1 FPFE 
(+3), +1) JA Di 


; ; ane , r 
[since rZ(r) is a monotonic increasing function and lz, —z/| =—] 
h 


I +R (r,h, : ’ 
> Tr ee ia ae 2 2R (rh,z,) (using (2.3)) ; that IS, 
ro) 


(2.8) LL +3) TES 


> 2R(rh,zZ,) 


Now, 





=|z; +k(z, — z/)— Zol 


‘ F r r tr r : ; ; 
< |z -zo| +kļz =z] = GD +k = (Ik) which implies 


tr 
(2.9) |E-za|<—. 
h 
From (2.8) and (2.9) we arrive at a contradiction to the choice of R(@h,z,). Hence, 
proved. 
(ii) From (i) we have, 
R,h,z,) S 2R,_(6h,z,) S 2°R,_(6h,z,) S ... S PR hz) 


that is, 


(j) g) 
(2.10) Sek w info el < 2' max (ae ee 


ISN, 
A 


Putting h = 1 in (2.10) we get the desired result. 


ENTIRE FUNCTIONS OF L-BOUNDED INDEX 57 


Theorem 2.1. An entire function f is of L-bounded index if and only if for each 
r > 0 there exist an integer N = N(r) and a constant M = M(r) > O such that for each 


z € C there exists an integer 7 = Kz) with O < 1 < N and M(fzr) < ML(I+2)|7?(2). 


Proof. First we assume that f is of L-bounded index with index N,. For r > 0 we 


hN,! 
choose N = Mr) = N, and M = M(r) = a where h is a positive integer such 
that ae eee For z, € C we choose | = [(z,) to be the L-index o? f at z, 


h AN, +1)(N, +3) 
Obviously, / < N, = N. From (2.10) of lemma (2.1) we have, 


G1) (G) (n) 
(2.11) max (unaa i A < 2" max (a a = TRS URL 
JSN, ISN), j! I! 


zm eg [=r 
a )| 
{a +2) =—— eel 





Now, M (fzr) = ae A ch = 





iD eats 
(f) (D 
< _MU+2) y uak e] < NUN*2 474.9) o IF (zo) 
(1+ 2)L( +2) jes 21(2) I 


(Using (2.11) and the fact that rL(r) is monotone increasing) 
Hence, M(fizyr) S ML(I+2)|f (zp). 


Since z, is arbitrary, the result follows. 


To prove the converse part we choose r = 2. Then there exist an integer A = N(2) 
and a constant M = M(2) > 0 such that for each z, e C there exists an integer J. = 1,(z,) 
< N satisfying 


(2.12) M, (f:zo,2) £ ML(y + 2)/f (zo) 


Let m be the least positive integer such that 
(2.3) NIL(2Q)M24™") < 1 


Also we can find a positive integer N, such that 


pan ł 
(2.14) nh) o l for al n > N 
n! n+2 


1° 
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Let N, = max{m +N, N,}. By Cauchy’s inequality we have for any entire function g, 
! 
(2.15) beos max le(6)| for k = 0, 1, 2, ... and any R > 0. 


Taking g(z) = E and R = 2 in (2.15) we obtain, 


(h+k) 
(2.16) eea] o < 2* max | coo = 2*M, (fz,2). 


k! [E-z|=2 


Now, for n 2 N, 





L(n+2) PEY 
0)! 


(n) 
f (a) _ a-h)! ch) Line 
n 








gitA) 2M, (fz02) [using (2.14) and (2.16)] 
n+2- 

< <2 2°" M, a f.2%.2), since Lola is monotone decreasing 

r 

< HD MUDE] by 212) 

< ao 2" ML(I, +2) | F(z, ) 
Llp +2) +2) T o) 

< ATE pz) [using (2.13)] < LU,+2)-—— 


l! 


Hence f is of L-bounded index at z, and its L-index at z, does not exceed N, which 


is independent of z,. Since z, is arbitrary, f is of L-bounded index. 


Theorem 2.2. If f e LBI, then g e LBI, where g(z) = flazt+b), for any a, b e C. 


Proof. If a = 0, then g becomes a constant function and hence g e LBI. So we assume 


that a # 0. 


Case (i) : Suppose b = 0. Then g(z) = Kaz). Since f e LBI, by the theorem (2.1) 


we have, for each r > 0 there exist an integer N = N(r) and a constant M = M(r) > 0 such 
that for each ze C there exists an integer / = (z) with O < / < N and 


(217) = M(fzr) < ML(+2)|fO@) 
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Let z = az, and r = |al|z)| = |a|r,. Then, 
Mg, % 1%) = Foe ie} = Riss ile’ f(aé)|} 


= a"| max. l fa}, where @ = ač 


el 





sa} = | max { 


la-zl=r 





ans li m a) 


la'|M (far) < ja'|ML(+2)|f()| = MLD |g” o) 


Since z, is arbitrary, by theorem (2.1), we have g(z) = az) e LBI for any a e€ C. 


Case (ii) : Let b # 0. We observe that the L-index of f(z + b) at the point z, is equal 
to the L-index of fz) at the point z, + b. Hence Raz + b) e LBI for any a, be C. 


§3 : Let f, g e LBI with L-indices M, and N, “— Let P= M, + N, and 


we define the constants A,, A,, .... A, by A, = ] and A,= (A wee for 0 < n < P. Also, 


(k) 
let A=. 


Lemma 3.1L Let f, g e LBI and A(z) = fiz)g(z). Then for each z, € C, there exists 
an integer k = k(z,) < P such that 


L(k+2)|h, (z 





> M’A,L(i+2)LG+2)] fi (zo)8;(z0)| 


where i, j are respective L~indices of f and g at z, and M’ is a suitable constant. 


Proof. Let x be the smallest integer n for which 


(3.1) L(4+2)L(n-142)|fi(20)8,-1(Zo)| = A,LC+2)G+2)/F (208, Zo) 
for some / where 0 S$ / < 4. 


If we take 1 = i + j and l = i we see that the inequality (3.1) is satisfied. Hence 
such a k exists amd clearly k < P. For this k we have, 


(3.2) L(4+2)L(K-1+2)|fi(Zo)8,-1(%o)] > A-LG+2)LG+2)|F (zo) j (29) 


for some / where 0 < 1 < k. 
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Also from the detnitions of i and j we have 
(3.3) LEDIA] 2 KEDI 
(3.4)  LG+2)/g,(z,)] = LED |g) 


From (3.2) and (3.4), we have 





L(4+2)LG4+2)| fy(2o)8,(20)] 2 ALHDLG+2)|Slz)8;zo)]. That is, 
(3.5) LEDS) 2 ALG+2) f(z) 

Similarly, 

(3.6) L(k-1+2)|g,_s(zo)| = ALGED ico 

Now, by our choice of k, we must have, 

(3.7) L(w+2)L(v+2)|f,(zo)8,(Z0)| < An LDL f(z 8, (20) 


for all u, y with u + v < k. 


In particular, taking u = / in (3.7) we get for any v with O < v < k-l 
L(14+2)L(v+2)| fy(Zo)8, (Zo) < Ap L+2)LG+2)|F (zo), o)l 
< A, Li+2)LG+2)|f (zo)8, (Zo) 


E TOREN 
= SARL(+2)LG+2)] f (208, (20) 


Using (3.5) we obtain 

| ae 
A LA+2)L(V+2)| ff (20)8,Zo)] < 55 Ae LG+2)LG+2)|fi(20)8, (20) 
for O < v < k — L. That is, 


(3.8) L(v+2)|g,(z)| < 5 Al+2))e, (ca) for O<v<k-—l. 


Similarly, we have 


lA 


(3.9) L(ut2)|f,(z)| < rae) flo for O su <1. 
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Now, 


L(k+2)|hy(Zy)| = L(k+2) 








k 
> F(z 80) 
r=0 





| 


B L(k—r+2 
Ae ees aa (2) 84-1 (Zp E | oo s: (Zo o e A i 


k 
> L{k+2) l FlZo)8r- (Z0) - S S- (2o)8x-+(Zo) 
r=] 














Lkt2) LE +2)L(k -1+2) L(r+2) L({k—r+2) 
= > Z , 
A L(r+2) L(k-r+2) 
2 | L(r+2) Mi (Zo ) L(k—r+2) lr- (80 | 
A, L(i+2)L(j +2) of L(rt2) L(j +2) 
> gan) Lt DUET?) Aos) a ees OT red 2, (20) 
z T k=l] 
7 L(i+2) L(r+2) 
2 tae red OT 2) a) 
A, Li +2)L(j +2) ef ALG+2) Lj + 
L(+ 2)L(k-1+2) fos, (20) aes feo) L(k—r+2) le (ah 
> L(k+2) 


AS" USD A,L(j +2) | 
7 2 ake ol purig hi) 


= AL(i+2)L(j+2)|fi(z9)8, o) x 


a ee E e e e E e a e 


L(k +2) L(k +2) 1 L(k+2) RE 1 
LUL+2)L(k-1+2) 2P L(r+2)L(k-r+2) 2P 4 Lir+2)L(k-r+2) 


r=0 
= M’A,L(i+2)L(+2)] f (29)8;(20) 


where M’ is the constant represented by the expression within the bracket. 


_ Theorem 3.1. Let f, g e LBI. If Raz), g(az) are entire functions of L-bounded index 
for some a with |a| > 1, then A(z) = f{z)g(z) is of L-bounded index. 
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Proof. Without loss of generality we may assume that a is real and a > 1. Let M, 


and N, be the L-indices of f and g respectively. Let P = M, + N, the constants A,, A,, ..., 
A, are defined as before. Also, let M, and N, be the respective L-indices of u(z) = Kaz) 
and v(z) = g(az). Since a >1, we have a" = O(n”) for any non-negative integer m. Thereore 
there exists an interger N, > O such that. 


Then 


(3.10) (iy Eeoa- t)!(n-— -142a =" <M'Aa™:". for any n > > N. 
Again we can find an integer N, such that 
61) + <—— for all n 2N, 





+2 
Let n, = max{N,,N,} 


Again let r and s be the L-indices of u(z) = Raz) and v(z) = g(az) at za respectively. 
clearly 


(3.12) 4r< Mand s.SQN. 


Now, u(z) = faz) = u(z) = df(az) > u (2) =a f (Z,) 


r 

















a 
> 142)|u{ o) for 1 = 0, 1, 2, 
a 
= a'L(14+2)|fi(zo)| 
Hence, 


(3.13) MEDIS) < a™Lr+2)| f(z) for J = 0, 1, 2, . 
Similarly v(z) = g(az) implies that 


(3.14) — L(1+2)|g,(zp)| < a™'Z(s+2)|g,(zy)| for l 


Il 
p 
sm 
=~ 


Thus, for n 2 Ny» 


ln” oe Lii+2)< 


A) ne) 2 


mig a zoe" (z)) [by (3.11) ] 
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IA 


LS] f(z) g"(z9)| [= a is monotone decreasing] 
r= 








FO aat) 
t! |= (t+2)L(t+2) 


|u +2) 


D 
TÈ Ig" (2) (n—t)l(n-t+2) | 


ra- ~-t +2) 
(n-i)! (n-t+2)L(n—t+2) 


< Pig LLD- ERE t)\(n-t+2)| 


lA 


TPG a’ L(r+2)f, (zola LCs + Dg, (zole +2)(n - t)l(n— -t+ 2)| 


[by using (3.13) and (3.14) ] 


= a'*L(r+2)L(s+2)| f(z) TE aa. $+ 2n- t)\(n—t+2)] 


< gMatNe eL +2)LG +2)|A Cole o so TOP. $ e+- t)\(n —1+2)] 


< M’A,L(i+2)LG+2)/F (zo; )Z)| [by using (3.10) ] 


where i and j are the respective L-indices of f and g at z, respectively. 
Thus we have 


L(n+2)|h, (29)| $M’ AgLAi+2)LG+2)| f (Zp)g, o Yn = ny 
Again by lemma 3.1, we observe that there exists an integer k < P such that. 
L(k+2) |y (zq)| 2 M’ A,LG+2)LG+2)|f C0); Zo) 

> M'A LGDLG+2)|f;C20)8, 20) 


> L(n+2)|h,(zo)| for all n > n, 
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Thus we see that the L-index of h does not exceed max {P, n,}. This completes 
the proof. 


Corollary 3.1. If f, g e LBI, then A e LBI, where A(z) = f{z)g(z). 


Proof. It can be immediately proved by combining theorems (2.2) and (3.1). 
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ON SOME PROPERTIES OF HILL’S EQUATION 
WITH THREE TERMS 


Jayvaseit SETT AND A. K. Biswas 


ABSTRACT : One of the main sources of periodic differential equations is the type of problem 
in which we have to find a solution of a partial differential equation (for example the wave ecuation) 
where the solution has to be such as to satisfy given boundary conditions at certain special sarfaces, 
in particular spheroids or ellipsoids. This involves introduction of new coordinates ard then 
separation of the partial differential equation into two or three ordinary differential equations in 
the new variable. 


In this paper, we transform the three dimensional wave equation 


62 w bey 82w 


= —%?°w by paraboloidal coordinates into 





—a +t — t 

Z g 

2 ee 

ERLE EE TE A cos 4z) w = 0, 
dz” 


which is a form of Hill’s equation with three terms. 


This equation has many properties in common with Mathieu’s equation which is of tae form 


2 
-7 + (a — 2q cos 2z) w = 0. This paper discusses these properties. The question naturelby arises 
Z 
whether the above special form of Hill’s equation with three terms which has so many properties in 
common with Mathieu’s equation has also the feature that two basically-periodic solutions cannot co- 
exist. It has been shown in this paper that co-existence does not occur also with the above form of 
Hill’s equation with three terms as in Mathieu’s equation. An orthogonality relation and an integral 
relationship between basically periodic solutions of Hill’s equation with three terms are also dScussed. 


Key-words and phrases : Periodic differential equation, paraboloidal coordinates, basically periodic 
functions. 
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1. INTRODUCTION 


The main source of periodic differential equations is the type of problem in which we 
have to find a solution of a partial differential equation, the wave equation, say, where the 
solution has to be such as to satisfy given boundary conditions at certain special surfaces, 
in particular spheroids, ellipsoids or paraboloids. This involves introduction of new co-ordinates 
and then transforming the partial differential equation with the help of these co-ordinates into 
two or three ordinary periodic differential equations in the new variables. 


In this paper, the three dimensional wave equation is separated into three periodic 
differential equations with the help of paraboloidal co-ordinates. [For other examples 
illustrating this method see 1, §1.2 ] These equations are again transformed into Hill’s equation 





d?w cty? 
with three terms which is of the form -pi (A + u cosz dz — ; cos 4z) w = 0 (1.1) 
dz 
d?w 
Hill’s equation is an equation of the form a le J(z} w = 0 (1.2) 


Z 


where J(z) = 0, + » 20 cos 2rz, the series converging in an infinite strip of the z- 
0 r 8 p 
l 


plane which includes the real axis. For a discussion on Hill’s equation see [1, ch.7]. 


If 8 = 0 for r 2 2, then (1.2) becomes an equation known as Mathieu’s equation which 


d?w 


is of the form y + (a — 2q cos dz) w = 0 and when 6 = 0 for r 2 3, (1.2) becomes 


dz 
Hill’s equation with three terms. Mathieu’s equation and Hill’s equation with three terms have 
many properties in common. Some of these properties are discussed in this paper. The question 
naturally arises whether Hill’s equation with three terms which has so many properties in 
common with Mathieu’s equation has also the feature that two basically periodic solutions 
cannot co-exist. i 


A basically periodic function is a function f(z) which satisfies f(z + m) = + f(z). [1] 
gives a discussion of basically periodic function. With the help of a conjecture by Magnus 
and Winkler in [3], it can be shown that co-existence does not occur in the form of the 
Hill’s equation deduced in this paper i.e., the equation (1.1). 


In §2, we give an outline of the method of deduction of the special from of Hill’s 
equation with three terms. §3 deals with the properties common to (1.1) and Mathieu’s eauation. 
The problem of co-existence of basically periodic solutions is also dealt in this section. An 
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orthogonality relation between basically periodic solutions of (1.1) and an integral relat:onship 
between two solutions of (1.1) are discussed in §4. 


2. AN OUTLINE OF DEDUCTION OF HILL’S EQUATION WITH THREE TERMS 


2 2 2 
The three dimensional wave equation ee + "E + Ba = —y°w (2.1) is 
x dy Oz 


transformed by using paraboloidal co-ordinates a, B, y given by 
X= = (cosh Za + cos 2B — cosh 2y) 


y = c cosh a cos B sin y (2.2) 


z = c sinh @ sin B cosh y 


2 2 2 
oe oo eps Zo yR E, Fw = 0 (2.3) 


to F 
Sy” 3 522 


where F, = cos 2B + cosh 2y, F,= cosh 2y + cosh 2a, F, = cosh 2a — cos 28 


Assuming a separated solution of (2.1) in the form w = A(q@) B(B) C(y), we obtain 
the equation 


A” + (-p + q cosh 2a + Lep cosh? 20) A = 0 
B” + (p - q cos 28 — = gcos 2B) B = 0 (2.4) 


C” + (—p — q cosh 2y + Leg cosh? 2y)C = 0 
p, q being separation constants. 


Putting a = iz. B = z, y = -iz + each equation (2.4) can be reduced to the form 


2 2 nga 


d'w cX 
8 





a (% + u cos 2z — cos4z)w = 0 (2.5) 
z 


which is a spesial form of Hill’s equation with three terms. The method of separation 
of co-ordinates is explained in [1, 1.2]. 


— 


-ç + 
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3. PROPERTIES OF (2.5) AND CO-EXISTENCE PROBLEM 


In this section we state without proof'some properties which hold for Mathieu’s equation 
as well as Hill’s equation with three terms (2.5). The proofs of these theorems are similar 
to the proofs of corresponding theorems for Mathieu’s equation, see [1, 2.1]. 

Go 


Theorem 1. If w,(z) is a solution of (2.5) then w,(nz + z), where n is an integer is 
also its solution. | 


Theorem 2. (2.5) always has one even and one odd solution. 


Corollary. (2.5) always has one solution which is even and one which is odd about 


any point z = tn integral) i.e., we +zp=t wu — Z) 


Theorem 3. (2.5) iays possesses two solutions w,(z), w,(z)-such that 
(i) w,(z) is even and w,(z) is odd. 
Gi) w,(o) = w3(0) = 1, w/(0) = w,(o) =.0 
(iii) w (z + n) = w (7) w(z) + w (7) w,(z) 
(iv) WAZ E 1) = E wn) WZ) + wi) w) 
(v) wz) w3(z) - wz) w (2) = 1 
(vi) w (m) = w(t). | 
As mentioned in $1, the question naturally aves whether Hill’s equation with three 
terms which has many properties in common with Mathieu’s equation has also the feature 


that two basically periodic solutions cannot co-exist. As explained in §1, a basically periodic 
function is a function f(z) which satisfies f(z + m) = + f(z). 


In 1922, Ince proved a theorem of considerable importance to the effect that if one 
solution of Mathieu’s equation is basically periodic, the other has neither of these periods. 
The theorem proved by Ince is 


Theorem 4. Except in the trivial case q = 0, Mathieu’s equation never possesses two 
basically periodic solutions for the same values of a and q. For proof of this theorem see 


fi]. 


In 1943, Klotter and Katowski [2] showed that in the case of Hill’s equation with. three 
terms, there are certain values of 8,, 6,, 8, for which two basically periodic solutions, one 
even and one odd co-exist. On the other hand in 1958, Magnus and Winkler [3] proved that 
co-existence does not occur if 0, < 0. 


N 
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2 nyt 


cx 
8 





In eqn (2.5), 0, i.e., the coefficient of cos 4z is — which is negative. Henc2 with 
the help of the result proved by Magnus and Winkler, we conclude that two basically periodic 
cy? 
solutions cannot co-exist, in (2.5) for the same value of A, u and a 
4. AN ORTHOGONALITY RELATION AND AN INTEGRAL RELATION 


We now prove an orthogonality relation between basically periodic solution in the 
following theorem : 


Theorem 1. Let w (z) and w,(z) be basically periodic solution of (2.5) with the same 
value of u and c?%? but different values A, A, of A. 


27 
Then [w,(z) w,(z) dz = 0. 
0 


Proof. From (2.5) 








2 a2 

w” + (A, +p cos 2z- —# cos 4z) w, = 0 (4.1) 
c? x 

wy + (A, + H cos 2z — 3 cos 4z) w, = 0 (4.2) 


Multiply (4.1) and (4.2) by w, and w, respectively, subtract and integrate between the 
limits O and 27. 


27 l 27 
| Then fwi, —w3w;)dz + (A, — À) | mw, dz = Q 
0 0 


on 2 
n [w(2)w,(2)dz = A,- 2,)7 | wiw, -wiw ) ao 
0 8 


r 27 on 
7 f r LAR d 
= (À -— A! [wim — 5m; J - [is ae + | ww; dz} 
0 
0 


f , 2x 
= -(A,- A) ili, “Wai f 
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Since w, and w, are basically periodic, both they and their derivatives will certainly 
have 27 as a period and the terms in bracket vanishe, since À, — A, # 0, the left-hand side 
is equal to zero. 


We now establish an integral relationship between solution of (2.5). 
Theorem 2. Let (a) w(z) be solution of (2.5) 
(b) G(z,z’) be a solution of the equation 


2 2 2,2 
Sr ~ Sor = (C4 cos 22 + p cos 22) + al 


G(z, z’) is analytic when z, z’ are in regions R, R’ respectively of the complex z, z’ planes. 





(cos 4z — cos 4z’)] G such that 


(c) c be a path in the z’ plane lying wholly within the region R’ and such that 


dw(z") _ wed 


ô G(z,z’) 
dz’ 62’ 


| has the same value at the two ends of c. 


(i) otc’ 


(ii) the integral faz’ w(z’) dz’ exists for all z in R and if singular, converges 


uniformly in z for all z in R then 
w(Z) = faez) w(z’) dz’ satisfies (2.5) for z in R for the same A, u and c*y? as 


w(z). 


Proof. By condition c(ii) we may differentiate w with respect to z under the integral 
sign. This gives 














d*w &°G 
ee es Aa , d ? 
dz? A 5z” Nae 
2 2,2 
So o + (À + H cos 2z — ax cos 4z) w 
z 
2 159 
= iiwas ucos2z— £ : cos4z)G za z’ 
G cy? 
5 w(z’) + (ucos2z’ — Ucos2z)w(z’)G + A (cos4z — cos 42’) w(z’)G 
= Z a,2 d , 
J +(A + pcos2z — CA cos 4z)G w(z’) Í 





€ 
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2 c? 2 
= J{ E4264 ueosare~! = cosa hcz’) dz’ (1) 





2 
Now on integrating <2 w(z’) by parts twice, we get 


EG on a [unda] _ ¢ due’) 8G, 
Jao dz = wer | J dz’ y 














r 2 r 
= [mer] - [o] + f Paar 





2 
= | a) Gaz ' by efi) 


c 


substituting in (1) 











2 9 
Se + Q + p cos 22 - =f cos 4z) w 

2 22 
ae o z + (À +u cos 22’ — 4 cos 4z’) G w(z’) dz’ 


£ 








2 , 2 a2 
= ite Ath cos 3z- cos 4z’) maa dz’ 
Z 


0 as w(z’) is a solution of (2.5) 


Hence w(z) is a solution of (2.5). 
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CONCERNING MINIMALITY OF BITOPOLOGICAL SPACES 


S. K. Sen*, G. K. BANERJEE AND M. N. MUKHERJEE 


ABSTRACT : The Purpose of this paper is to find characterizations of certain minimal bitcpological 
spaces. The sole motivation for such a study is to establish that certain restriction in the corresponding 
formulations given by Raghavan and Reilly [5] can indeed be dispensed with. Incidentally, it is found 
that minimal pairwise Hausdorff spaces are associated in some sense to the semiregularizations of 
the spaces. 


Raghavan and Reilly [5] proved some characterizations for minimality of bitopological spaces 
with regard to certain bitopological separation axioms like pairwise Hausdorffness, pairwise Urysohn 
property etc. The intent of this article is to establish equivalent formulations of such minimal spaces, 
which exhibit that certain restriction in the corresponding formulations given in [5_ can be 
dispensed with. 


INTRODUCTION 


Before we explain our motivation in more clear terms, let us clarify as prerequisities 
certain concepts and terminologies to be used in the sequel. By (X,Q,,Q,) (or (X,P,,P,)) we 
shall mean a bitopological space [3] X endowed with two topologies Q, and Q, (respectively, 
P, and P,). For any subset A of (X,Q,,Q,), Q-clA and Q-int A respectively denote the closure 
and interior of A in (X,Q), for i = 1, 2. A subset A of (X,Q,,Q,) is said to be ij-regular 
open [6] if A = Q-int (Q-clA), where (and hereafter also, in any such statement -nvolving 
both i and jJ) i, j = 1, 2 and i # j. A space (X,Q,,Q,) is called ij-semiregular [6] if Q has 
a base of 1j-regular open sets; the space X is called pairwise semiregular if it ts 12-and 
21-semiregular. For a given space (X,Q,,Q,), the collection of all ij-regular open sets forms 


an open basis for a topology Q? on X coarser than Q, [6]. The space (X, Qf, 25) which 


is pairwise semiregular, is called the semiregularization of (X,Q,,Q,). Listed below are some 
other definitions that will be required in course of the deliberation. 


* The first author is thankful to the University Grants Commission, New Delhi, for sponsoring 
this work under grant of Minor Research Project. 
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Definition 1. A space (X,Q,,Q,) is said to be 


(a) pairwise Hausdorff [3] (pairwise Urysohn [7]) if for any two distinct points 
x,y of X, there exist a Q -open neighbourhood U of x and a Q,-open 
neighbourhood V of y such that U A V = ® (respectively, Q,—clU ^ Q —elV 
= 0); 

(b) ij-regular [3] if for each Q-open set V of X and each x € V, there is a Q- 

open set U containing x such that Q-clU c V; 


(c) pairwise regular [3] if X is 12-regular as well as 21-regular. 


Definition 2. [5] Let R denote any one of the properties : pairwise Hausdorff, pairwise 
Urysohn, pairwise regular. Then a space (X,Q,,Q,) with property R is called minimal R if 
for any space (X,P,,P,) possessing the property R and such that P, œ Q, for i = 1, 2, one 
has P = Q, for i = 1 and 2. 


In [5] it is proved that a pairwise Hausdorff space (X,Q,,Q,) is minimal pairwise 
Hausdorff iff whenever 7, is a Q,-open filterbase with a unique Q,-adherent point p and Z 
is a Q,-open filterbase with the same point p as the unique Q,-adherent point, then Z, is Q,- 
convergent to p and J is Q,-convergent to p. In practice, the information derived from the 
theorem is somewhat difficult to apply in a minimal pairwise Hausdorff space, because one 
has to ensure the same point p as the unique Q,-(respectively Q,-) adherent point of two 
filterbases of which one is Q,-open and the other is Q -open respectively. Similar restriction 
regarding sharing of the same point p is also assumed in the characterizations of minimal 
pairwise Urysohn and minimal pairwise regular spaces in [5]. We propose to establish here 
equivalent criteria for such minimal spaces, where the above stated restriction can be dispensed 
with. We first take up the case of minimal pairwise Hausdorffness as follows. 


Theorem 3. A pairwise Hausdorff space (X,Q,,Q,) is minimal pairwise Hausdorff iff 
the statements S(1,2) and S(2,1) are true, where S(i,j) stands for the statement : “every Q- 
open filterbase on X with a unique O-adherent point p, is Q-convergent to p,”. 


Proof. Let (X,Q,,Q,) be minimal pairwise Hausdorff and if possible. at least one of 
S(1,2) and S(2,1) be false. Let S(1,2) be false, then there exists a Q,-open filterbase 7 with 
a unique Q,-adherent point q such that for some V, € Q, with q € Vo no member of T is 
contained in v. Let P, = {U:UeQ andqg £ UJ}U{VUF:qeVeQ and F is 
a Q,-open set which contains some member of 7}. Then P, is a topology on X such that 
Pc Q,. Clearly, V, € P, so that P, # Q,. Let P, = Q,. We show that (X,P,,P,) is a pairwise 
Hausdorff space. Let Xy €X such: that x # y and both are different from q. By pairwise 
Hausdorff property of (X,Q,,Q,), we take A, € Q, and B € Q such that x € A, q € A, 
ye B,qe B, and A, N B, =@; then A, € P, and B, e P. Now let x be a point distinct 
from q. There is F e 7 such that x ¢ Q-cIF. Choose C, € Q, and D, e€ Q, such that 
xe C,qe D, and C, ^ D, =. Let V =C, Nn (X\Q, —clF) and W, "=D, U F; then 
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xe V qE W, and V, 9 W, = 9, also W, € P, and V, € P, If x € U, €Q, znd q € 
U, e€ Q, with U, A U, = Ọ, then U, € P, and V, € P,. Hence (X,P ,P,) is pairwise Hausdorff 
which is strictly weaker than (X,Q,,Q,) which is a contradiction. Thus S(1,2) and 5{2,1) are 
ture. 


Conversely, let (X,Q,,Q,) be a pairwise Hausdorff space which is not minimal Jairwise 
Hausdorff. Then there is a pairwise Hausdorff space (X,P,,P,) which is strictly coarser than 
(X,Q,,Q,). Let P, # Q, where we necessarily have P c Q fori = 1,2. Let U € Q such 
that U ¢ P,. Then there exists a point p € U such that U is not a P -neighbourhood of p. 
Let T= {F : pe F e P}. As (X%P,,P,) is pairwise Hausdorff, {p} = ^ {P —IF : F € 7. 
Since Q-cIF c P,—lF and pe Fe Q, for all F € 7, Tis a Q -open filterbase with a unique 
Q,-adherent point p. But U contains no member of 7 and then J is not Q, -convergent to 
p. Thus S(1,2) is false. Hence the theorem is completely proved. 


Having furnished an equivalent and simplified verson of Raghavan and Reilly’s criterion 
for minimal pairwise Hausdorff spaces, we now like to ascertain, incidentally, that such minimal 
Spaces are associated in some way to the semiregularizations of the spaces. For this we need 
to recall certain definitions and results as follows : 


For any A c X, the ij-@-closure of A, to be denoted by ij-@-clA, is defined to be 
the set consisting of precisely the points x of X such that for every Q-open neighbourhood 
(henceforth nbd, for short) U of x, (Q-clU) OA # ọ [1,2]. It is known that 


Lemma 4. For a subset A of (X,Q,,Q,), 
(a) 2] A € Q = Q-clA = ij-6-clA 
(b) [4] ij-9-clA = A{Q-clV : AC Ve Q}. 
A point x in a space (X,Q,,Q,) is called an ij-9-adherent point of a filterbese 7 on 
X, or Tis said to ij-O-adherent at x [2] if x €  {1-O-clF : F eZ}. The set of all ij-0-adherent 


points of 7 is called the ij-@-adherence of Z denoted by ij-0-adT The filterbase Ton X is 


said to ij-6-converge to a point x of X [2], written as 7T — => x, if for each Q-open nbd 


U of x, there exists F € 7 such that F c Q —clU. We shall denote, as usual, by Q-ad7 the 
set of all adherent points of a filterbase Ton a topological space (X,Q). With the concepts, 
explained so far, we now have : 


Theorem 5. In a space (X,Q,,Q,), every Q -open filterbase with a unique Q.-adherent 
point Q;-converges to the point iff every filterbase with a unique ij-@-adherent pcint ji-6- 
converges to the point. 

Proof. First suppose that every Q -open filterbase in X with a unique Q -adherent point 
is Q'-convergent to the point. Let Tbe a filterbase on X such that ij-O-adfT = {x}. Let G 
={VeE Q, : F c V, for some F € 7}. The G isa Q -open filterbase on X and by Lemma 
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4(b) we easily get Q-adT= {x}. Then by hypothesis, G is Q;-convergent to x, Now, if x 


eVeQ then since x € O -int Q-cl Ve Q;, there is U e G such that U c Q-int Q-clV. 


Thus if F e Tsuch that F œ U, then F c Q-clV, i.e., Tis ji-O-convergent to x. Conversely, 
let G be a Q -open filterbase such that © {Q-cl U : U € G} = {x}. Then in view of Lemma 


4(a), it follows that ij-6-adG = {x} and hence G is ji-O-convergent to x. Let x € W, € Q; 
with W, = Q-int Q-clW,. Then there is U € G such that U c Q-cl W, Since U € Q, 
U c Q-int Q-cIW, = W,. Hence G is Q -convergent to p. 


Theorem 6. In a pairwise Hausdorff space (X,Q,,Q,) the following statements are 
equivalent : 


(a) Every Q-open filterbase with a unique O -adherent point, Q; -Converges to the 


point, and Q = Qj. 


e 


(b) Every Q-open filterbase with a unique Q, -adherent point is Q -convergent to 
the point. 
Proof. ‘(a) = (b)’ is obvious, since Q;= Q. For establishing ‘(b) = (a)’ it suffices 


to prove that Q œ Q. Let U € Q and x £ U. As X is pairwise Hausdorff, it is easy to 
see that AX) = {V:xeVeEQ and V = Q-int O-clV} is a Q-open filterbase with the 
unique Q-adherent point x. So for some V £ AX), V c U. Since V is an ij-regular open 


set containing x, we have U € Q°. Hence the theorem is proved. 


Combining the results deduced so far, we obtain the following theorem which also relates 
minimality of a pairwise Hausdorff space with the pairwise semiregularity of the space. 


Theorem 7. For a pairwise Hausdorff space (X,Q,,Q,), the following statements are 
equivalent : 


(a) (X,Q_,Q,) is pairwise semiregular and every filterbase with a unique ij-0-adherent 
point p, is ji-6-convergent to p, 


(b) Every Q-open filterbase with a unique Q-adherent point p, is Q-convergent 
to p. 


(c) X is minimal pairwise Hausdorff. 
(In statements (a) and (b), we mean, as usual, ij = 1,2 and i + j). 


We now turn our attention to minimal pairwise Urysohn and minimal pairwise 
regular spaces : 
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Definition 8. [5] A Q-open filterbase 7 on a space (X,Q,,Q,) is said to bs 


(a) Q-Urysohn with respect to Q if for each point p € Q-adZ there IS & Q -open 
set U containing p and a set F € T such that Q-clU N Q -clF = D; 


(b) Q-regular with respect to Q if for each F € J there exists a G € T such that 
Q-clG ck 


Theorem 9. A pairwise G-space (X,Q,,Q,) is minimal pairwise G iff the statements 
T(1,2) and T(2,1) are true, where ‘G’ stands for “Urysohn’ or ‘regular’, and T(i,j) stands 
for the statement “every Q-open filterbase on X, which is Q-G with respect to Q and which 
has a unique Q -adherent point p, is Q -convergent to p”. 


Proof. We prove only the case of pairwise Urysohn property, the other case of pairwise 
regularity being quite analogous. 


Let (X,Q,,Q,) be minimal pairwise Urysohn and if possible, let at least one of T(1,2) 
and T(2,1), say T(1,2), be false. Then there exists a Q,-open filterbase 7 on X, which is 
Q,-Urysohn with respect to Q,, and with a unique Q,-adherent point q, such that for some 
V, E Q, with q € V,, no member of Tis contained in V. Let, as in the proof of Theorem 
3,P={UeQ:qéeU}U{VUF:qeveQ and F is a Q -open set which contains 
some member of T}, and P, = Q,. Then P, is clearly a topology on X such that P, œ Q, 
Clearly V ó £ P, so that P, + Q,. To arrive at a contradiction, it suffices to show that (X,P P.) 
is a pairwise Urysohn ‘space. 


Let x £ X such that x # q. Now, since Tis Q.-Urysohn with respect to Q,, there exists 
a Q,-open nbd U of x such that Q.-clU ^ Q,-cIF = ® for some F € Z. Again, (X,Q,,Q,) 
being pairwise Urysohn, there exist V € Q, and W € Q, such that q € V, x e W and Q,- 
clV U Q-clW = P. Then W A U e P, We claim that Q-cl(W ^ U) = P -cl (W ^ U). 
In fact, Q,-cl (W A U) c P -el (W A U) is clear. Now, let y ¢ Q-cl(W ^ U), ie., there 
exists a V, € Q, such that y € V, and V, ^ (W ^ U) = ®. If q € V, then V, € P, which 
implies that yP -cl (W ^ U). If qe Vy then we can assume q + y (indeed, q £P -cl(W 
N U). For, geP,-cl(W ^ U) > [V o (KAQ-clID)] AN (WAU4#FPSVAWOU# 
®, a contradiction). By pairwise Urysohn property of (X,Q,,Q,), there exists W, € Q, with 
y € W, such that q € W. We see that y € Lome! W, € P, for which (V, A W,) nWo 
U) = ®. Hence y ¢ P -cl (W A^ U), and our claim is justified. Now, since q € V U F and 
Q,-cl (V U F) = P,-cl (V U F), we have P -cl (W A^ U) A P,-cl (V U F) = ©. Further, 
if xg U €Q, andge V €Q, and Q-clU A Q,-clV = Ọ, then U € P, and V = P,. We 
show that P,-cl U ^ P,-clV = ® for which we only prove that P-clV ¢Q--clV. IF not, let 
z € Q,-clV, then there exists W € Q, with z e W such that W N^ V = ©. If q £ W then 
W e P, with z e W so that z ¢ P-clV. If q e W, then by pairwise Urysohn property of 
(X,Q,,Q,), there is W, € Q, with z e W, such that q ¢ W, then ze W ^ W, € Q, such 
that (W ^ W) A V = ®. Hence P -clV œ Q-clV. 


78 S. K. SEN, G. K. BANERJEE AND M. N. MUKHERJEE 


If x and y are distinct points of X, both different from z, then clearly they can be 
separated by suitable sets. Hence (X,P,,P,) is pairwise Urysohn with P, c Q, and we arrive 


at the desired contradiction. 


Conversely, let (X,P,,P,) be pairwise Urysohn such that P Cc Q, for i = 1,2, but P, 
+ Q, or P, # Q,. For definiteness, suppose P, # Q, so that for some U € Q, U £ P.. Then 
there exists a point q € U such that U is not a P -open nbd of q. Let T= {Fe P :q 
e F}. Clearly, Tis a Q -open filterbase. Let x £ Q,-ad7. As x # q and (x,P,,P,) is pairwise 
Urysohn, there are a P,-open nbd U of x and a P -open nbd V of q (Le., V € T} such that 
P -clU ^ P,-clV = ® and hence Q,-clU ^A Q, aV = @. 


Thus J is Q,-Urysohn with respect to Q,. Also, Thas a unique Q,-adherent q. In fact, 
let p € X such that p + q. By pairwise Urysohn property of (X,P,,P.), there exist a P,-open 
nbd W of p and a P -open nbd V of q such that P-clW ^A P,-clV # . Then V € Tand 
W is a Q,-open nbd of p with W ^ V = ®. Thus p cannot be a Q,-adherent point of T 
But U contains no member of T and thus Tis not Q -convergent to q. Hence T(1,2) is false. 
This completes the proof. 
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ON A TYPE OF KENMOTSU MANIFOLD 
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ABSTRACT : The object of the present paper is to study a Kenmotsu manifold which is Ricci- 
generalized pseudosymmetric. It is proved that a Ricci-generalized pseudosymmetric Kenmotsu manifold 
is either locally isometric with the Hyperbolic space H°(1) or an Einstein manifold. 
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0. INTRODUCTION 


Let M"(0,€,7,g) (n = 2m+1) be an almost contact Riemannian manifold with a contact 
form n, the associated vector field &, (1-1) tensor field and the associated Riemannian metric 
g. In 1971 K. Kenmotsu [3] studied a class of contact Riemannian manifold which satisfy 
some special conditions. We call it Kenmotsu manifold. 


A Riemannien manifold (M*,g) (n 2 3) is said to be Ricci-generalized pseudos»mmetric 
(2] if and only if the relation 


R.R = L Q (S,R) (0.1) 


holds on the set L = {x e M" : Q(S,R) # 0O at x}, where L is a constant on U, R is the 
curvature tensor of type (1,3) and S is the Ricci tensor of type (0,2). R.R is defined by 


(R(X, Y).RXU, VW = R(X, Y)R(U, VW — R(R(X,Y)U, VW - R(U,R(X,Y)VyW 
— R(U,V)R(X,Y)W (0.2) 


where R(X,Y) denotes the derivation of the tensor algebra at each point of the tangent 
space and Q(S,R) is defined by 


Q(S,R) = (X4sY).R)(U,V)W 
= (X4sY)R(U,V)W — R((X^sY)U,V)W 
— RU,X*sY)V)W — R(U,V)(X4sY)W (0.3) 


for all X,Y,U,V,W = %(M"), ¥(M") being the Lie algebra for all differentiable vector fields 
on M where the endomorphism X^sY is defined by 


(X^sY)Z = LCY,Z)X - SCKZ)Y. (0.4) 
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It is clear that any semi symmetric (R.R = 0) as well as any Ricci flat (S = 0) manifold 
is Ricci-generalized pseudosymmetric. In the present paper we prove that a Ricci-generalized 
pseudosymmetric manifold is either locally isometric with the Hyperbolic space H"(1) or an 
Einstein manifold. 


1. KENMOTSU MANIFOLD 


Let (M°,0,€,n,g) be an n dimensional (where n = 2m+1) almost contact Riemannian 
manifold where ọ is a (1,1) tensor field, Ẹ is the structure vector field, n is a 1-form and 
g is a Riemannian metric. It is well known that (9,6,n,g) structure satisfy [1]. 


05 = 0 (1.1) 
n(§) = 1 (1.2) 
nX) = 0 (1.3) 
yx = -X + n(X)% (1.4) 
g(X§) = nX (1.5) 
g(OX,0Y) = g(X,Y) - n(X) nY) (1.6) 


for every vector fields X,Y. 
If more over, 


(VOY = -g(QONg - NYX (1.7) 
VE = X- nw (1.8) 


where V denotes the Riemannian connection of g, then (M’,9,€,n,g) is called a Kenmotsu 
manifold. 


We have [3] | 

R(YY)G = nY - n(Y)X (1.9) 
SX% = (nn) (1.10) 
where S denotes the Ricci-tensor. From (1.9) it easily follows that 

RX%Y§)Y = g%&YE - n(Y)X (1.11) 
R(%w8)§ = qX% -X (1.12) 


2. RICCI-GENERALIZED PSEUDOSYMMETRIC KENMOTSU MANIFOLD 


Let (M",g) (n 2 3) be a Ricci-generalized pseudosymmetric Kenmotsu manifold. Then 
we have the relation (0.1) which can be written by virtue of (0.3) 
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(R(X, Y).R)(U,V)W = LI(X^sY).RXU, VW] (2.1) 
for all X,Y,......... W e x (M). From (2.1), it follows that 
(R(X,E).RU,V)W = L[((X4s§).R)(U,V)W] (2.2) 


By definition we have 
(R(X,E).R)(U,VJW = R(X,E)R(U,V)W-R(RCX,G)U, VY) W 
—R(U,RCK,E)V)W—RU, V)RCX,E)W. (2.3) 
Applying (1.11) we obtain from (2.3) 
(R(X,§).R)(U,V)W = ’R(U,V,W,X)E-1(R(U,V)W)X4+n (ORC, VW 
-2(X,U)R(E, V) W+n(V)R(U,X)W-2(X, V)R(U,§)W 
+n(W)R(U,V)X-2(XW)RU,V)E (2.4) 
where ‘R(U,V,W,X)= g(R(U,V)W,X). 
Also from definition we have 
((X4sE).R(U,V)W = (X4*sE)R(U,V)W-R((X48E) U,V) W 
—R(U,(X4sE)V)W—R(U, V) (X86) W. (2.5) 
In view of the definition (0.4), it follows from (2.5) that 
((X4sE).R)(U,V)W = S(E,RCU,V)W)X-S(X,R(U, V)W)E-R(S(E,U) X-S(X, UE, V) W 
-R(U,S(§, V)X-S(X,V)§)W-RU,V)(S(E,W)X-SCKW)§). (2.6) 
By virtue of (1.10) we obtain from (2.6) 
((X4s§).RU,V)W = —(n-1)[n(RU,V)W)X-n(U)R(X, V) W 
—n(V)R(U,X)W-n(W)R(U, V)X]-S(X,R(U, VW) 
+S(X,U)R(E, V)W+S(X%, V)R(U,E)W+S(X,W)R(U, VIE (2.7) 
Using (2.4) and (2.7) in (2.2) we get 
’R(U,V,W,X)E-7(R(U, V) W) X47 (U) R(X, V) W-2(X, U)R(E, VW 
+n(V)R(U,X)W—2(X, VJR(U,E)W4n(W)R(U, V)X-2(K, W)R(U, VE 
=~(n-1)L[n(RCO,V)W)X+n(U)(RCX, Vy W)+n(V)R(U,X)W 
+n(W)R(U, V)X]-L[S(X,R(U, V) W)E-S(X, UR(E, V) W--S(X, V)R(U,E) W 
—S(X,W)R(U,V)6]. (2.8) 


Taking the inner product on both sides of (2.8) by € we obtain by virtue of (1.2), 
(1.5), (1.10) and n(R(U,V)E) = 0, 
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‘R(U,V,W,X)-n(R(U, VW) n(X)4+n(U) (RK, V) W)-2(K, U)n(RE,V)W) 
+n(V)n(R(U,X)W)-2(X, Vyn(RC,G) W)4+n(W)n (RU, V)X) 

=n- DLINR(U, VWM (Un (RE, V)W)-n(V)n(RU,4)W) 
—1(W)n(R(U,V)X)]-LISCKR(U, V)W)-S(XU)n(RE,V)W) 

-S(X,V)n(R(U,G)W))]. (2.9) 
Putting W = & in (2.9) and noting that n(R(U,V)E) = 0 for all U,V, we obtain 
L[m—1)n(RU,V)X-S(X,R(U,V)E)] = 0, 


from which it follows that 


either L = 0, . 
or, (n—1)n(R(U,V)X-S(X,RIU,VIE) = 0. : (2.10) 
If L = 0, then from (2.1) we have 

RR = 0. (2.11) 


which implies that the manifold is semi symmetric and hence by the proposition 7 of [3] 
is a space of constant negative curvature-1. Consequently the space is locally isometric with 
the Hyperbolic space H%1), [4]. 


Again, replacing U by € in (2.10) and applying (1.2) and (1.10) we obtain 
S(X,V) = —(n—-1)g(X,V) for all X,V. (2.12) 
This ‘plies that the manifold is an Einstein manifold. Contracting (2.12) we get 
r = ~n(n—1), where r is the scélar curvature. (2.13) 
This leads to the following : 


Theorem 1. A Ricci-generalized pseudosymmetric Kenmotsu manifold (M",g) (n 2 3) 
is either locally isometric with the Hyperbolic space H°(1) or an Einstein manifold. 


Now for a Kenmotsu manifold (M",g) (n 2 3) satisfying the condition (X“sY).R = 0 
we have the relation (2.10) and hence (2.12). Thus we have the following : 


Theorem 2. A Kenmotsu manifold (M",g) (n 2 3) satisfying the condition (X“sY).R 
= Q for all X,Y is an Einstein manifold. 
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